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FOfiEWORD 

With the  advent of turbojet   engines  for  aircraft   propulsion,  the 
necessi ty   for   intense  research  effor t  on the  axial-flow  type o f  compres- 
sor  became apparent. During  succeeding  years, stimulated by the  demand 
f o r  improved gas-turbine  engines  for  both  military and c iv i l   appl ica t ion ,  
compressor research e f for t s  have  been accelerated  both  in  this  country 
and abroad. 

The pertinent  results  of  these  research  investigations have been 
summarized i n  numerous publications by government, industry,  and  the 
universities.  Unfortunately,  the  published material has become so  com- 
prehensive that it is  d i f f i c u l t   f o r  even the  compressor spec ia l i s t   t o  keep 
abreast of the  information  in   the  f ie ld .  A def in i t e  need fo r  a summari- 
zation  of aerodynamic design  information on compressors  has,  therefore, 
been  recognized.  Several  excellent  teicts on th i s   subjec t  have been pub- 
lished,  intended  primarily  for  educational  use.  In  addition,  the volume 
on Aerodynamics of Turbines  and Compressors,  which is  t o  be published i n  
the  Princeton series on High-speed Aerodynamics and Jet Propulsion,  rep- 
resents  a valuable  addition t o   t h e   l i t e r a t u r e .  However, since  these pub- 
lications  contain  only  unclassified  information,  there  remains  an  urgent 
need for a summary including  those  recent  research  results which, because 
of their   s ignif icance,  have  been placed i n  a classified  category. 

Recognizing th i s   s i t ua t ion ,   t he  staff of t he  Compressor and  Turbine 
Research  Division  of  the NACA Lewis laboratory  has  prepared  this compen- 
dium, intended t o  form a comprehensive integration  of  available  aero- 
dynamic design  information on axial-flow  compressors. O f  course,  detailed 
treatment of a l l  of the   ava i lab le   l i t e ra ture  w a s  impossible.  Instead,  the 
attempt was made t o  provide  an  accurate   picture   of   the   s ta te   of   the  art 
by  judicious  selection of source material. The references  used are con- 
s idered  to   be  technical ly   per t inent  and representative  of  other  l i terature 
i n   t h e   f i e l d .   I n   o r d e r   t o  summarize the  material as c lear ly  and succinct- 
l y  as possible, it is presented as a series of reports  o r  chapters,  each 
concerning a separate  aspect of  compressor  design. 

In   the  preparat ion  of   this  compressor design summary, spec ia l   c red i t  
should be given  to  those members of t h e  Lewis staff who a s s i s t e d   i n   t h e  
edi t ing of the   repor t s .   In   par t icu lar ,   the   e f for t s   o f  Messrs. I rving A. 
Johnsen,  Robert 0. Bullock, William A. Benser,  Harold B. Finger, and John 
F. Klapproth, who comprised the  permanent technical  editorial   board,  were 
invaluable to   the   au thors .  

This series of reports,  therefore, i s  dedicated t o   t h e  summarizing 
and  consolidating  of  current  information on t h e  aerodynamic design  of 
axial-flow  compressors. It is hoped t h a t   t h i s   e f f o r t  w i l l  be of  value 
to   t hose   i n t e re s t ed   i n   t he   f i e ld .  

Oscar W. Schey 
Chief, Compressor and Turbine 

Research  Division 
c 
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AFRODYNAMIC DESIGN OF AXIAL-FLOW COMl?FiESSORS 

CHAPTER I 

OBJECTIVES AND SCOPE 

By Irving A. Johnsen and Robert 0. Bullock 

SUMMARY 

This f irst  chapter of a report  on the  aerodynamic design of axial-  
f low compressors  presents  the  general  objectives and scope of t he  over-  
a l l  report .  The basic problem of compressor design i s  outlined, and 
the  approach  generally  taken t o  accomplish i t s  solution i s  pointed out .  
The sixteen  succeeding  chapters  in  the  report  are summarized. 

INTRODUCTION 

Currently,  the  principal  type of  compressor  being  used i n   a i r c r a f t  
gas-turbine  powerplants i s  the  ax ia l - f low compressor.  Although some of 
the  early  turbojet  engines  incorporated  the  centrifugal compressor, the 
recent  trend,  particularly  for  high-speed and  long-range  applications, 
has  been to  the  axial-flow  type.  This dominance i s  a r e su l t  of the   ab i l -  
i t y  of the  axial-flow compressor to   sat isfy  the  basic   requirements  of the 
aircraf t   gas   turbine.  

These basic  requirements of compressors for   a i rcraf t   gas- turbine 
appl icat ion  are  well-known. In  general,  they  include high efficiency, 
high  air-flow  capacity  per  unit   frontal  area, and  high  pressure  ratio 
per  stage. Because  of the demand f o r   r a p i d  engine acceleration and f o r  
operation  over a wide range of f l igh t   condi t ions ,   th i s  high l eve l  of 
aerodynamic  performance must be maintained  over a wide range  of  speeds 
and flows.  Physically,  the compressor  should have a m i n i m u m  length  and 
weight. The mechanical  design  should  be  simple, so as t o  reduce manu- 
factur ing time and cos t .  Tkie result ing  structure  should be  mechanically 
rugged  and re l iab le .  

It i s  the  function of the  compressor design system t o  provide com- 
pressors   that  will meet these  requirements ( i n  any  given aircraft   engine 
.application).  This design  system  should  be  accurate i n  order   to  minimize 
cost ly  and time-consuming  development. However, it should  also be as 
Straightforward and  simple as possible,  consistent  with  coqletene.ss  and 
accuracy. 
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I n  an   e f for t   to   p rovide   the   bas ic   da ta ,   for  such a design system, 
and  stimulated by the  urgent  need  for  improving  gas-turbine  engines,  re- 
search on axial-flow  compressors has been accelerated  both  in   this   country 
and.abroad. The r e s u l t s  of this research have  been presented  in  numerous 
publ icat ions.   In   the  major i ty  of instances,  each of these  reports  pre- 
sents  only a fragmentary b i t  of information which taken by i t s e l f  may ap- 
pear   to  have inconsequential  value. Taken al together  and properly  corre- 
la ted,  however, this information  represents  significant advances i n   t h a t  
science of f l u i d  mechanics  which is  pertinent  to  axial-flow  compressors. 
It was the  opinion of t he  NACA Subcommittee on Compressors  and Turbines 
and o t h e r s   i n   t h e   f i e l d   t h a t  it would be  appropriate   to   ass imilate  and. 
correlate   this   information,  and to   p re sen t   t he   r e su l t s   i n  a s ingle   se r ies  
Of reports .  Such a compilation  should  be of value to  both  neophytes and 
experienced  designers of axial-flow  compressors.  Realizing  the  necessity 
and importance of a publication of t h i s  type, the  NACA Lewis laboratory 
began  reviewing  and  digesting  existing data. The chap te r s   i n   t h i s   s e r i e s  
represent   the  current   s ta tus  of t h i s   e f f o r t .  

A s  the  first in   the  ser ies ,   th is   chapter   out l ines   the  general   objec-  
t i ves  and the  scope of the  design  report. The general compressor design 
problem.and the  approach  usually  taken t o  accomplish i ts  solut ion  are   in-  
dicated. The various  aspects of compressor des ign   to  be t rea ted   in   the  
over-al l  compendium are  outl ined, as well  as the  specif ic  sequence i n  
which they w i l l  be  presented. Thus, in  addition  to  presenting  the  over- 
a l l  scope of t h i s   r epor t  on axial-flow-compressor  design, it indicates  
the  chapters  in which each specific  phase of compressor  design  informa- 
t i o n  i s  discussed. 

Because axial-flow  compressors  are most extensively  used  in  the 
f i e l d  of aircraft   propulsion, and  because this f ie ld   requires   the  high-  
e s t  degree of excellence i n  compressor design and  performance,  the a t -  
tent ion  in   this(over-al1  report   has  been  focused  primarily on t h e  problems 
pertinent  to  the  axial-flow compressor of turbojet  or turboprop  engines. 
The resul ts   presented,  however, should be applicable to any c lass  of 
axial-flow  compressors. 

DESCRIPTION OF AXIAL-FLOW COMPRESSOR 

The basic  function of a compressor i s  t o   u t i l i z e   s h a f t . w o r k   t o   i n -  
crease  the  total  or stagnation  pressure of the air. A schematic  drawing 
of an axial-flow  compressor  as  installed  in a turbojet  engine i s  shown 
i n   f i g u r e  1. I n  the  general   configuration,  the  f irst  row of blades ( in -  
l e t  guide  vanes)  imparts a ro ta t ion   to   the  air t o   e s t a b l i s h  a specified 
veloci ty   dis t r ibut ion ahead  of  the f i rs t  ro to r .  The ro ta t ion  of the air 
i s  then changed i n   t h e   f i r s t   r o t o r ,  and  energy i s  thereby added i n  ac- 
cordance  with  Euler ' s  turbine  equation. This e n e r a  i s  manifested as 
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increases i n   t o t a l  temperature and to ta l   p ressure  of a i r  leaving  the ro- 
tor. Usually accompanying these  increases   are   increases   in   s ta t ic   pres-  
sure and i n  absolute  velocity of the a i r .  A par t ,  or a l l ,  of the  rota-  
t i on  i s  then removed in  the  following  stator,   thus  converting  veloci%y 
head to   s t a t i c   p re s su re .  This s t a to r   a l so   s e t s  up the   d i s t r ibu t ion  of 
a i r  flow  for  the  subsequent  rotor. The a i r  passes  successively  through 
ro tors  and s t a t o r s   i n  this manner to   increase   the   to ta l   p ressure  of the 
air t o   t h e  degree  required in  the  gas-turbine  engine  cycle. A s  the air 
i s  compressed, the  density of the air i s  increased and the  annular  flow 
area i s  reduced t o  correspond to  the  decreasing volume. This change i n  
area may be  accomplished  by means of varying t i p  or  hub diameter or  both. 

g n   t h i s  compression  process  certain  losses are incurred, which re- 
s u l t   i n  an increase  in   the  entropy of the air. Thus, i n  passing  through 
a compressor, the  velocity,  the  pressure,  the  temperature,  the  density, 
the  entropy,  and  the  radius of a given  particle of air are  changed across 
each of the  blade rows. The compressor design system must provide  an 
adequate  description of this  f low  process.  

HISTORICAL BACKGROUND 

The basic  concepts of multistage  axial-flow-compressor  operation have 
been known f o r  approximately 100 years,  being  presented t o   t h e  French 
Academie des  Sciences i n  1853  by  Tournaire (ref. 11. One of the earliest 
experimental  axial-flow  compressors (1884) w a s  obtained by C .  A. Parsons 
by  running a multistage  reaction-type  turbine i n  reverse  (ref.  2 ) .  Ef- 
f i c i enc ie s   fo r  this type of un i t  were very low, primarily  because  the 
blading was not  designed for   the  condi t ion of a pressure r ise i n  the di- 
rect ion of flow.  Beginning at the  turn of the  century, a number of axial- 
flow  compressors were bui l t ,  i n  some cases.  with  the  blade  design  based on 
propeller  theory, However, the  eff ic iency of these  units was s t i l l  low 
(50 t o  60 percent).   Further development of the  axial-flow compressor was 
retarded by the  lack of knowledge of the  underlying  principles of f l u i d  
mechanics. 

The advances in   aviat ion  during  the  per iod of World W a r  I and the 
rapidly  developing background i n   f l u i d  mechanics  and  aerodynamics  gave 
new impetus to   research  on compressors. The performance  of axial-flow 
compressors was considerably improved by the  use  of  isolated-airfoil  
theory. A s  long as moderate  pressure  ratios  per  stage were desired, 
isolated-airfoi l   theory was quite  capable of producing  compressors  with 
high  efficiency (ref. 3, e.g.). Compressors of this class were used i n  
such  machinery as ventilating  fans,   air-conditioning  units,   and steam- 
generator  fans . -& r 

Beginning i n  the middle 1930's, in te res t   in   the   ax ia l - f low compres- 
sor was greatly  increased as t h e   r e s u l t  of the  quest for air superiority.  



4 NACA RM E56B03 

Efficient  superchargers were necessary  for  reciprocating  engines  in  order 
to  increase  engine power output  and  obtain improved high-alt i tude air- 
c r d t  performance. With the development of e f f i c i e n t  compressor  and tur- 
bine components, turbo  jet   engines f or a i r c r a f t   a l s o  began receiving at- 
t e n t i o n .   I n  1936 the  Royal Aircraft  Establishment i n  England  began the 
development  of axial-flow compressors for   j e t   p ropuls ion .  A se r ies  of 
high-performance  compressors was developed,  culminating i n   t h e  F. 2 engine 
i n  1941 ( r e f .   4 ) .   I n  Germany, research  such as that reported  in   reference 
5 u l t ima te ly   r e su l t ed   i n   t he  use of axial-flow  compressors i n  the Jumo 004 
and the B.M.W. 003 turbojet   engines .   In   the United States ,  aerodynamic 
research  resul ts  were appl ied  to   obtain high-performance  axial-flow  units 
such as that reported  in   reference 6. I n   t he  development of a l l  of these 
units,   increased  stage  pressure  ratios were sought by ut i l iz ing  high  blade 
cambers  and closer  blade  spacings. Under these  conditions  the  flow  pat- 
terns  about  the  blades began to   affect   each  other ,  and it became apparent 
t h a t   t h e   i s o l a t e d - a i r f o i l  approach was inadequate. Aerodynamic theory 
was therefore   developed  specif ical ly   for   the  case of a l a t t i c e  or cascade 
of airfoils.   In  addition  to  theoretical   studies,   systematic  experimental  
invest igat ions of the  performance  of a i r f o i l s   i n  cascade were conducted 
t o  provide  the  required  design  information. 

By 1945,  compressors of high  efficiency  could be attained  through 
the employment of cer ta in   p r inc ip les   in   des ign  and  development ( re fs .  2 
and 7 ) .  Since  that  time,  considerable  research  has  been  directed at ex- 
tending aerodynamic l i m i t s   i n  an  attempt t o  maximize compressor  and  gas- 
turbine  performance. One of the major  developments i n   t h i s   d i r e c t i o n   h a s  
been the  successful  extension of a l lowable   re la t ive   in le t  Mach  numSjers 
without accompanying s a c r i f i c e s   i n   e f f i c i e n c y   ( r e f .  8). The subject of 
allowable  blade  loading, or blade  surface  diffusion,  has  also been at- 
tacked  with a degree of success  (ref. 9 ) .  Accompanying improvements such 
as these have  been an  increasing  understanding of the  physics of flow 
through  axial-f low compressor  blading,  and  corresponding improvements i n  
techniques of  aerodynamic design.  Therefore, i n  view  of the  rapid ad- 
vances in  recent  years, it appears  appropriate  to summarize the  present 
s t a t e  of t he  art of  compressor design. 

COMPRES3OR DESIGN APPROACH 

The flow  through  the  blading of an  axial-flow compressor i s  an  ex- 
tremely  complicated  three-dimensional phenomenon. The flow i n   t h e  com- 
pressor  has  strong  gradients  in  the  three  physical  dimensions (axial, 
radia.1, and circumferential) ,  as well as t ime.   Viscosi ty   effects   in  com- 
pressors   are   s ignif icant  and must be.accounted for. In  general ,   the de- 
sign  control problem becomes  more c r i t i c a l  as the   l eve l  of  compressor 
performance i s  increased.  In  order  to  provide  ease of application,  the 
compressor  design  system must reduce  these  complications and es tab l i sh  
r a t iona l  and usable  procedures. 
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Because  of the  complexity  of  the problem, no complete solution i s  
currently  available  for  the  three-dimensional,  time-unsteady,  viscous 
flow  through  an  axial-flow  compressor. In   the  main, designers have re- 
solved  these  diff icul t ies  by making approximations  that  permit  the  use 
of two-dimensional  techniques. These approximations are usually  based 
on the  assumptions  of (1) blade-element  flow  and (2)  axial symmetry. 

The blade-element  approach assumes that  f low  in  the  blade-to-blade 
or circumferential  plane  can be described  by  considering  the  flow  about 
blade  prof i les  formed  by the   in te rsec t ion  of a flow  surface of revolution 
and the compressor  blading  (fig. 2 ) .  

Axial symmetry assumes t h a t  an  average  value  can  be  utilized t o  
represent  the state of the air in  the  blade-to-blade  plane.  Equations 
describing radial var5ations of these  average  values may then  be  written 
for  continuity,   energy  addition, and  equilibrium in   the   hub- to- t ip   o r  
meridional  plane  (fig. 3 ) .  I n  essence,  then, a combination of two- 
dimensional  solutions i n   t h e  two principal  planes  (circumferential,  and 
meridional) i s  used t o  approximate  the  complete  three-dimensional  flow. 

In  applying  this  approach  to compressor  design,  second-order  cor- 
rections  are  used  to  account  for  three-dimensional  variations  from  this 
simplified  flow  picture.  Experimentally  obtained data are u t i l i z e d   t o  
account f o r   e f f e c t s  such as those  ar is ing from viscosity,  time-unsteady 
flow,  and  blade-row  interactions.  Empirical limits are   es tab l i shed   for  
such  aerodynamic f ac to r s  as maximum permissible Mach  number and blade 
loading. 

No r igorous   theore t ica l   jus t i f ica t ion  of this  simplified  design  ap- 
proach  can be  made. It appears  sufficient  to  state  that   comparatively 
excellent  compressors  can be and  have  been  designed by simplified  ap- 
proaches  such as these.   In  the  absence  of a more complete three- 
dimensional  solution  to  the  design problem, this  quasi-three-dimensional 
approach  has  achieved  general  acceptance i n   t h e  f ie ld .  

In   p rac t ice ,   the  aerodynamic design of a multistage  axial-flow com- 
pressor may be considered t o   c o n s i s t  of three principal  phases: 

(1) Determination  of  stage-velocity diagrams for  design-point 
operation 

(2) Selection of  stage  blading 

(3) Determination of aff-design  performance 

The first pa r t  of the  design  involves the determination  of  the  various 
air veloc i t ies  and  flow  angles  from hub t o   t i p  at the   in le t   and   ou t le t  
of  each  blade row, to  best  achieve  the  design-point  requirements  of  the 
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compressor (i .e., pressure  ra t io   and w e i g h t  flow) . The annular  configura- 
t ion   (var ia t ion  of hub and t i p  contours  through  the compressor} i s  deter-  
mined. Next, the  blading i s  selected to satisfy  the  design-point  velocity 
diagrams.and to   obtain  high  eff ic iency.   Basical ly ,  this select ion re- 
quires knowledge  of loss,  and  turning  character is t ics  of  compressor blade 
elements. With the compressor geometry es tab l i shed ,   the   f ina l   s tep  i s  
the  estimation of the performance cha rac t e r i s t i c s  of the compressor  over 
a range of speeds  and  flows. I n  v i e w  of the  importance of off-design 
operation,  this  procedure may be i t e r a t e d  so as to properly compromise 
design-point  operation  and  the  range  requirements of the  engine. 

A more complete  discussion of the compressor  design  system  adopted 
fo r   t h i s   ove r -a l l   r epor t  i s  given in   chapter  111. The genera l i t i es  of 
the  concepts  involved have  been  given  merely t o  c la r i fy   the   genera l  ap- 
proach t o   t h e  problem. 

OBJECTIVES OF DESIGN REPORT 

The desire   to   provide a sound compressor  design  system  has  formed 
t h e   b a s i s   f o r  most research on axial-flow  compressors. A s  a r e s u l t ,   i n  
thjs country  and  abroad,  design  concepts  and  design  techniques have  been 
es tab l i shed   tha t  will provide  high-performance  compressors. In  general ,  
these  various  design  systems,  although  they may differ i n   t h e  manner  of 
handl ing   de ta i l s ,   u t i l i ze   the  same basic  approach to the  problem. T h i s  
over-all   report  i s  therefore  dedicated  to summarizing  and consolidating 
th i s   ex is t ing   des ign   in formt ion .  This e f f o r t  may be  considered t o  have 
three  general   objectives:  

(1) To provide a single  source of  compressor  design  information, 
within which the major ( representat ive)   contr ibut ions  in   the lit- 
erature a re  summarized 

(2) To cor re la te  and  generalize  compressor  design  data  that  are 
present ly   avai lable   only  in  many d i f fe ren t  forms  and i n  widely 
sca t te red   repor t s  

(3) T.0 indicate   the most e s sen t i a l  avenues for   future   research,  
since, i n  a summarization of this  type,  the  missing  elements (and 
t h e i r  importance to   the  design system) become readily  apparent 

I n   t h i s  compressor report ,  an e f f o r t  i s  made to   p resent   the  data i n  
a fundamental  form. To i l l u s t r a t e   t h e  use of these data, a representative 
design  procedure i s  u t i l i zed .  However, since  the  design  information i s  
reduced to   basic   concepts ,  it can be f i t t e d   i n t o  any detailed  design 
procedure. 
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SCOPE OF DESIGN REPORT 
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Because  of t h e  complexity of t he  compressor design problem, even t h e  
simplest  design  system  necessarily  includes many different  phases.   In 
order t o  summarize exis t ing compressor information as clearly  and  logical-  
l y  as possible ,   th is   over-al l  compendium is  divided  into a series of  chap- 
ters, each  concerning a separate  aspect  of compressor  design. The degree 
of completeness  of these  chapters v a r i e s  great ly .   In  some cases,  rather 
complete information is  available, and specif ic  data are  given  that  can 
be f i t t e d   i n t o   d e t a i l e d  compressor design  procedures.  In  other  cases, 
the  information is not  yet  usable  in  design. The chapters may give  only 
a quali tative  picture  of  the problem, o r  they may merely  indicate  the  di-  
rect ion of future  research. Those aspects of the  compressor  problem  which 
are  considered  pertinent  are  included, however, regardless  of  the  present 
appl icabi l i ty  of the  information. 

The following  discussion  provides  an  over-all  perspective  of  the 
material  covered i n   t h i s  compressor design compendium. Each chapter i s  
summarized br ie f ly ,  and the   r e l a t ion  of  each to   the   over -a l l   repor t  i s  
indicated. 

In  order  to  provide  proper emphasis in  the  design  summarization, it 
i s  des i r ab le   t o   e s t ab l i sh  and evaluate   the  essent ia l   character is t ics  of 
compressors.  Chapter I1 accomplishes th i s   ob jec t ive  by f i rs t  evaluating 
engine  requirements  with  respect t o   a i rp l ane  performance. These required 
engine  characterist ics are then  used to  identify  essential   requirements 
of the compressor. Characterist ics of the compressor t h a t  are d i rec t ly  
r e l a t e d   t o  engine  performance,  such as compressor pressure   ra t io ,   e f f i -  
ciency,  air-flow  capacity,  diameter,  length, and weight,  are  discussed. 
Other  considerations i n  compressor  design,  including  off-design  require- 
ments and the   re la t ion  of the compressor t o   t he   i n l e t   d i f fuse r ,  com- 
bustor,  turbine, and j e t  nozzle are discussed. Compressor design ob- 
jectives,  based on these  considerations, are summarized; these  objectives 
ind ica te   the   d i rec t ion   in  which compressor designs  should  proceed. 

Chapter I11 provides a general  description of the compressor design 
system that  has  been  adopted f o r  t h i s   r epor t  on t h e  aerodynamic design 
of  axial-flow  compressors. The basic  thermodynamic equations are given, 
and the  simplifications commonly introduced t o  permit  the  solution of 
these  equations  are summarized. Representative  experimental  data are 
presented to   just i fy   these  s implif icat ions.   This   chapter   thus  provides  
a valid  simplified model of t h e  flow, which i s  the  real bas i s  of a design 
system. The elements  of the  resulting  design  system are then  individual-  
l y  summarized; basic  equations  and  techniques are given.  Finally,  the 
l imitat ions of t h i s  adopted  system are pointed  out, and  promising  direc- 
t ions  for   fbture   research are indicated. 
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The  literature  on  plane  potent5al  flow  in  cascades  is  next  reviewed 
(ch. IV). Many  of  the  methods  are  evaluated  within  the  bounds  of  lim- 
ited  available  information  on  actual  use.  Some  of  the  methods  that  have 
been  used  successfully  are  presented  in  detail  to  illustrate  the  mathe- 
matical  techniques  and  to  indicate  the  nature  of  the  actual  computation. 
The  potential-flow  theories  discussed  include  both  the  design  and  analy- 
sis  problems  and  consider  both  high-solidity  and  low-solidity  applica- 
tions.  Compressibility  is  considered,  but  effects  of  viscosity  are 
ignored. 

A necessary  adjunct  to  this  subject  of  two-dimensional  potential 
flow  is  the  consideration  of  two-dimensional  viscous  effects,  presented 
in  chapter  V. In this  chapter,  the  problem  of  boundary-layer  growth  in 
the  calculation  of  two-dimensional  flow  about  compressor  blade  profiles 
is  reviewed. A qualitative  picture  of  boundary-layer  behavior  under 
various  conditions  of  pressure  gradient,  Reynolds  number,  and  turbulence 
normally  encountered  in  two-dimensional  blade-element  flow  is  presented. 
Some  typical  methods  for  computing  the  growth  and  separation  of  laminar 
and  turbulent  boundary  layers  are  presented.  Analyses  for  determining 
the  total-pressure loss and  the  defect  in  circulation  are  discussed. 

Because  of  recognized  limitations of theoretical  calculations  such 
as  those  presented  in  chapters IV and V, experimental  blade-element  data 
are  generally  required by the  designer.  The  available  experimental  data 
obtained  in  two-dimensional  cascade  are  surveyed  and  evaluated  in  chap- 
ter  VI  (ref. 10). These  data  (for  conventional  compressor  blade  sections) 
are  presented  in  terms of significant  parameters  and  are  correlated  at a 
reference  incidence  angle  in  the  region  of  minimum loss .  Variations of 
reference  incidence  angle,  total-pressure loss ,  and  deviation  angle  with 
cascade  geometry,  inlet  Mach  number,  and  Reynolds  number  are  investigated. 
From  the  analysis  and  the  correlations  of  the  available  data,  rules  and 
relations  are  evolved  for  the  prediction  of  blade-profile  performance." 
These  relations  are  developed  in  simplified  form  readily  applicable  to 
compressor  design  procedures. 

Because  of  modifying  effects  (wall  boundary  layers,  three-dimensional 
flows,  etc.2,  blade-element  characteristics  in an annular  cascade  can  be 
expected  to  differ  from  those  obtained  in  two-dimensional  cascades.  Chap- 
ter VI1 {ref. 10) attempts  to  correlate  and  summarize  available  blade- 
element  data  as  obtained  from  experimental  tests  in  three-dimensional 
annular  cascades  (primarily  rotors  and  stators  of  single-stage  compres- 
sors). Data  correlations  at  minimum loss are  obtained for blade  elements 
at  various  radial  positions  along  the  blade  span.  The  correlations  are 
compared  with  those  obtained  from  two-dimensional  cascades  (ch.  VI  (ref. 
10)). Design  rules  and  procedures  are  recommended,  and  sample  calcula- 
tion  procedures  are  included  to  illustrate  their  use. 
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A s  discussed in  the  preceding  paragraphs,  chapters IV t o  V I 1  deal 
with  the  two-dimensional  blade-element  aspect  of  design. The design 
problem in  the  meridional  or  hub-to-tip  plane i s  introduced and summa- 
r ized  in   chapter  V I 1 1  (ref. 10).  This  meridional-plane  solution presumes 
the  existence of the  required  blade-element  data t o  sat isfy  the  veloci ty  
diagrams that   are   es tabl ished.  The general  flow  equations are presented, 
together  with  the  simplifying  assumptions  used t o  determine  the  design 
veloci ty   dis t r ibut ion and  flow-passage  configuration.  Techniques  for  ac- 
counting f o r  e f fec ts  of viscosi ty   (par t icular ly  f o r  wall boundary layers)  
are  described. The application of these  design  techniques i s  c l a r i f i e d  
by a sample stage  design  calculation. 

Since  procedures  for  determining  the  design  velocity  distribution 
and  flow-passage  configurations in  the  meridional  plane are u s u a l l y   i t e r -  
a t i v e ,  it i s  des i r ab le   t o  have approximate  techniques  available t o  ex- 
pedi te   this   process  of stage  design. The equations  for  radial   equilib- 
rium, continuity,  energy  addition,  efficiency, and diffusion  factor ,  as 
w e l l  as vector  relations,   are  presented  in  chart  form i n  chapter IX 
( r e f .  10). An example of the  appl icat ion of the  chart  technique t o  stage 
design i s  included. 

In   addi t ion  to   the  design-point  problem, the  compressor designer i s  
v i t a l l y  concerned  with  the  prediction of compressor  performance  over a 
range of f l o w  conditions and  speeds.  Three  techniques for  estimating 
compressor off-design  performance are presented in   chapter  X (ref. 10). 
The f i rs t  method establ ishes   the blade-row and over-all  performance  by 
means of the  integration  of  blade-element  characteristics. The second 
method ut i l izes   general ized  s tage performance  curves  and a stage-by-stage 
.calculation. The t h i r d  method, which i s  based on the  over-al l  perform- 
ance character is t ics  of exis t ing compressors, may be  used t o  estimate  the 
complete  performance map of a new compressor i f  the  compressor design 
conditions are specified. The advantages and l imitat ions of  each  of 
these  three  off-design  analysis  techniques  are  discussed. 

Chapter X I  (ref. 11) is  the  f irst  of a group  of three c:ncerning 
the  unsteady compressor operat ion  that   ar ises  when compressor blade ele- 
ments stall. The f i e l d   o f  compressor s ta l l  ( rotat ing stall,  individual 
blade stall, and stall  f l u t t e r )  is reviewed. The  phenomenon of ro ta t ing  
stall  i s  par t icu lar ly  emphasized. Rotating-stall   theories proposed i n  
the  literature are reviewed.  Experimental  data  obtained i n  both  'single- 
stage and multistage  compressors  are  presented. The e f f ec t s  of t h i s  
s ta l led  operat ion on both aerodynamic  performance  and the  associated 
problem  of  resonant  blade  vibrations are considered. Methods t h a t  might 
be  used t o  alleviate the  adverse  blade  vibrations due t o   r o t a t i n g  stall 
are discussed. 

Another  unsteady-flow phenomenon resul t ing from t h e   s t a l l i n g  of com- 
pressor  blade elements i s  compressor  surge. It may be  distinguished from 
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the  condition  of  rotating  stall  in  that  the  net  flow  through  the  compres- 
sor and  the  compressor  torque  become  time-unsteady.  Some  theoretical 
aspects  of  compressor  surge  are  reviewed  in  chapter XI1 (ref. 11). A 
distinction  is  made  between  surge  due  to  abrupt  stall  and  surge  due  to 
progressive  stall.  Experimental  observations  of  surge  in  compressor 
test  facilities  and  in jet engines  are  summarized. 

The  blade-element  approach  to  the  prediction  of  off-design  perform- 
ance  (as  presented  in  ch. X (ref. 10)) is  essentially  limited  to  the  un- 
stalled  range  of  operation.  Because  of  the  complexity  of  the  flow  phe- 
nomenon  when  elements  stall,  no  quantitative  data  are  available  to  permit 
a  precise  and  accurate  synthesis  of  over-all  compressor  performance  in 
this  range. A prerequisite  to  the  complete  solution  of  this  off-design 
problem,  however,  is  a  qualitative  understanding  of  the  phenomena  in- 
volved.  An  analysis  of  the  part-speed  operating  problem  in  high-pressure- 
ratio  multistage  axial-flow  compressors  is  presented  in  chapter XI11 (ref. 
11). The  principal  problems  considered  are  poor  low-speed  efficiency, 
multiple-valued  performance  characteristics  at  intermediate  speeds,  and 
poor  intermediate-speed  surge or stall-limit  characteristics;  The  ef- 
fects  of  compromising  stage  matching  to  favor  part-speed  operation  are 
studied.  Variable-geometry  methods  for  improving  part-speed  performance 
are  discussed. 

The  design  approach  adopted for this  series  of  reports  is  based  es- 
sentially  on  two-dimensional  concepts,  assuming  axial  symmetry  and  blade- 
element  flow.  With  the  continuing  trend  toward  increasing  requirements 
in  compressors,  however,  a  condition  may  be  reached  where  this  simplified 
approach  may  no  longer  be  adequate.  Therefore,  chapter XIV (ref. 11) is 
devoted  to  a  summarization  of  those  existing  design  methods  and  theories 
that  extend  beyond  the  simplified-radial-equilibrium  axisymmetric  design 
approach.  Design  procedures  that  attempt  to  remove  the  two- 
dimensionalizing  restrictions  are  presented.  Various  phases  of  three- 
dimensional  flow  behavior  that  assume  importance  in  design  are  discussed,- 
including  radial  flows,  the  over-all  aspects  of  secondary  flows,  and 
time-unsteady  effects. 

As  pointed  out  in  chapter XIV (ref. ll), secondary  flows  represent 
one of the  most  critical  aspects  of  the  three-dimensional  design  prob- 
lems. In view  of  the  growing  importance  of  this  subject,  existing  liter- 
ature  on  secondary  flows  and  three-dimensional  boundary-layer  behavior 
is  summarized  in  chapter XV (ref. 11). The  material  is  discussed  from 
two  aspects: (1) the  principal  results  obtained  from  experimental  studies, 
and (2) the  theoretical  treatment of the  problem.  The  experimental  phase 
is  directed  at  providing  a  qualitative  insight  into  the  origin  and  nature 
of  the  observed  secondary-flow  phenomena.  The  theoretical  results  in- 
clude  a  summary  and  evaluation  of  both  the  nonviscous  and  the  boundary- 
layer  approaches. 



E ." 

NACA RM E56B03 11 

Errors  in  blade-element  design can ser iously  affect   over-al l  compres- 
sor  performance, since  these  errors  not  only  cause  deviations from desired 
blade-row  performance,  but  also a l te r   the   in le t   condi t ions  t o  the  next 
blade row.  The e f fec ts  of errors  in  the  three  basic  blade-element  design 
parameters  (turning  angle,  total-pressure loss, and loca l   spec i f ic  mass 
f l o w )  on compressor  performance are  analyzed i n  chapter XVI ( r e f .  11). 
The r e su l t s  are presented  in   the form of formulas and charts.  These 
charts m&y be  used to   indicate   those  design  types  for  which the  design 
control problem is  most c r i t i c a l  and to   es t imate   the limits i n  perform- 
ance t h a t  can be  anticipated f o r  design  data o f  a given  accuracy.  Typi- 
cal  design  cases are considered,  and  significant  trends are discussed. 
A second  phase  of this  chapter  concerns  accuracy of experimental  measure- 
ments.  Proper interpretat ion and analysis of experimental  data  require 
t h a t  measurements be  precise.  This  chapter  presents a systematic  evalua- 
t i on  of the   e f fec t  of measurement errors  on the  measured  compressor per- 
formance.  These resu l t s ,  which are also  presented  in  chart  form, can be 
used to  estimate  the  required  accuracy of instrumentation. 

One of t he  most important  aspects of gas-turbine  engine  design, 
par t icu lar ly  f o r  applications where high power oirtput  and wide operating 
range are required, i s  t h a t  of compressor  and turbine matching. The ex- 
i s t i n g   l i t e r a t u r e  on compressor  and turbine matching  techniques, which 
can  be  used t o  compromise properly  the aerodynamic design  of  the compres- 
sor  and turbine t o  achieve  the  best  over-all  engine, is summarized i n  
chapter XVII (ref. 11). Both single-spool and two-spool  engines  are con- 
sidered. For equilibrium  operation,  the  basic matciling  technique, which 
involves  the  superposition of compressor  and turbine maps, i s  presented, 
as w e l l  as a simplified and more approximate method. In  addition, a 
simple  technique  for  establishing  an.engine  operating  line on a compres- 
sor map is  reviewed. An available  technique  for  matching  during  transient 
operation i s  also  discussed. The use of t h i s  method permits  engine  ac- 
celerat ion  character is t ics  and acceleration time t o  be  approximated fo r  
either  single-spool or two-spool  engines. 

CONCLUDING REMARKS 

The subsequent  chapters i n   t h i s   r e p o r t  summarize available informa- 
t i on  on the  aerodynamic design of axial-flow  compressors. It i s  recog- 
nized  that  many techniques have  been  proposed for  describing  the  flow i n  
an  axial-flow compressor  and for  accounting  for  the complex flow phenomena 
t h a t  are encountered.  Obviously,  consideration  of a l l  of these  techniques 
i s  impossible. However, the  avai lable  literature i n   t h e   f i e l d  i s  reviewed 

and pertinent.  In  general,  the  attempt is made to   present   the  information 
i n  i t s  most bas ic  form, s o  t h a t  it may b e   f i t t e d   i n t o  any generalized  de- 
sign system. 

3 extensively,  and  the material presented i s  considered t o  be representative 
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Because of t h e  many d i f f i c u l t  and  involved  problems  associated  with 
compressor  design,  very f e w  of  these  underlying  problems are t reated  with 
f ina l i t y .   In  some cases, the  problem i s  only  partly  defined.  Neverthe- 
less, many successful  designs (by present  standards, at least) have  been 
made with  the use of this  information. The voids in   the  information 
clearly  indicate  the  research problems f o r   t h e  f’uture. 
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Figure 3. - Flow in meridional plane. 
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CHAPTER I1 

COMPRESSOR DESIGN REQUmmN’rS 

By Robert 0. Bullock and .Ernst I. F’rasse 

SUMMARY 

The important  requirements of axial-flow  compressors  for  aircraft 
gas-turbine  engines and the  reasons  for  these  requirements  are  reviewed. 
Attention i s  f irst  directed  to  the  over-all  requirements  of  the  engines 
themselves;  then  the  desired  properties of compressors a re  examined. 

Cycle  analyses  of  the  turbojet and turboprop  engines  are  presented 
t o   i l l u s t r a t e   t h e   e f f e c t s  of  compressor pressure  ra t io  and efficiency on 
engine  performance. The significance of high  flow  capacity  in compres- 
sors i s  indicated. The compromises i n  compressor design  dictated by 
aerodynamic design  l imitat ions  in   the compressor i tself  as w e l l  as aero- 
dynamic  and s t ruc tura l   des ign   l imi ta t ions   in   o ther  components are inves- 
t igated.  The pertinent  off-design problems resul t ing from the  necessi ty  
of matching the compressor with  the  inlet  and with  the  turbine  over a 
range of f l ight   condi t ions  are  enumerated,  and some avai lable  methods of 
coping  with  these problems are  discussed. From these  studies,   the  basic 
objectives of a compressor design  system  are  evolved. 

LNTRODUCTION 

The information  presented  in  this  series  of  reports i s  primarily 
concerned  with  the problems encountered i n  designing  axial-flow compres- 
sors for  gas-turbine  engines  used  in  aircraft  propulsion.  In  order  to 
enumerate these problems, the  important  characteristics  required  of  such 
compressors  should  be  defined. Reviewing these  requirements is the  object 
of this   chapter .  

A compressor,  being  only one  component of  an  engine, must have  char- 
a c t e r i s t i c s  consonant  with  those  required  of  the  engine. The requirements 
of  an  engine, in   tu rn ,  are dictated by the  demands of  the  airplane. Be- 
fore   the  desired  propert ies   of  a compressor  can  be  given,  therefore,  the 
in te r re la t ions  between  an airplane and i t s  engines must be examined. 
Similarly,  the  important compressor  requirements are found  from a study 
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of   the  interrelat ions between the  engine and i ts  compressor. In t h e  
s t r ic tes t   sense ,  a l l  these   in te r re la t ions  are obtained  only after a de- 
ta i led  s tudy  of  many airplane-engine  designs  and  flight  paths. Fortu- 
nately, however, broad  design  objectives may be  indicated by a more cursory 
analysis,  such as that  used i n  the  present  report .  

What an  airplane  requires of i t s  engLne i s  viewed  from generalized 
f l ight   s i tuat ions  to   obtain  the  broad  object ives   for   engine  design.  
The important  engine  variables  such as specif ic   weight ,   specif ic   fuel  con- 
sumption,  and thrust   per   uni t  of f r o n t a l  area are  thus  defined. !!$e re la -  
t i v e  importance  of  these  engine  performance  variables i s  then examined 
with  regard t o   t h e   f l i g h t   c o n d i t i o n s   t o  which the  a i rplane w i l l  be 
subjected. 

Compressor characterist ics  having a direct   bear ing on engine  per- 
formance are then  discussed.  Attention is given t o  compressor  efficiency, 
pressure  ra t io ,  and flow  capacity and the i r   quant i ta t ive   e f fec ts  on spe- 
c i f i c   f u e l  consumption, s i z e  and air-flow  capacity  of  engine components 
downstream of  the compressor,  and turbine aerodynamic limits. Other im- 
portant  considerations  in compressor design  are  discussed,  including  the 
mutual  problems  of  compressor, turbine, combustor,  and in le t   d i f fuser ,  
f o r  both  design and off-design  conditions.  Exact  quantitative  relations 
a re  developed whenever t h i s  can  readily  be done; otherwise,   quali tative 
resul ts   are   presented and representative examples are used to   under l ine  
the  t rends.  

Present compressor design  objectives,  based on the  requirements  in- 
dicated by the  analyses of th i s   repor t ,  are summarized.  These objectives 
ind ica te   the   d i rec t ion   in  which compressor designs  should  proceed. 

SYMBOLS 

'The following symbols a re  used i n  t h i s  chapter: 

A area, sq f t  

B engine  weight  parameter  (eq. (7b)) 

C f r  coeff ic ient  of sk in   f r i c t ion  

jet-nozzle  velocity  coefficient 

Cm coeff ic ient  o f  maneuver 

C P specific  heat  at  constant  pressure,  Btu/(lb)(OR) 
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D 

9 

d 

E 

es hp 

F 

F( s f c )  

f 

G 

H f  

J 

k 

P 

Q 

R 

r 

s f c  

T 

diffusion  factor  (eq.   (29)) 

diameter 

drag,   lb  

pressure-ratio parameter (eq. (20 ) )  

equivalent  shaft power,  hp 

t h r u s t ,   l b  

th rus t   spec i f ic   fue l  consumption, l b / (h r ) ( lb )  

f u e l - a i r   r a t i o  

pressure-ratio parameter  (eq. (16)  ) 

acceleration due to   g rav i ty ,  32 .17  f t /sec2 

total  or  stagnation  enthalpy,  Btu/lb 

fuel  heating  value,  Btu/lb 

mechanical  equivalent  of  heat, 778.2 ft-lb/Btu 

fraction  of  gross  airplane weight  taken by s t ruc tu ra l  weight 
and useful  load, ( WSt + Wu) /Wg, 

lift, lb  

length, f t  

Mach  number 

ro t a t iona l  speed, rpm 

t o t a l  o r  stagnation  pressure,  lb/sq f t  

s t a t i c  or stream pressure,  lb/sq f t  

pressure-ratio parameter  (eq. (13)) 

gas  constant, 53.35 ft-lb/(lb)(OR) 

range  of  f l ight,  f t  

radius 

power spec i f ic  fue l  consumption, lb/hp-hr 

t o t a l  or stagnation  temperature, OR 

. .  
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u rotor   speed,   f t /sec 

v air ve loc i ty ,   f t / sec  

W weight 

w weight  flow,  lb/sec 

3~ a i rp l ane   acce le ra t ion   i n   d i r ec t ion  of f l i g h t ,   f t / s e c  2 

j3 air  angle,  angle  between a i r  ve loc i ty  and  z-axis,  deg 

r' turbine  blade  metal   densi ty ,   lb /cu f t  or lb/cu  in .  

y r a t i o  of  spec i f ic   hea ts  

6 r a t i o   o f   t o t a l   p r e s s u r e   t o  NACA s tandard  sea- level   pressure  of  2116 
lb/sq f t  

E angle  between  thrust   axis and d i r ec t ion   o f   f l i gh t ,  deg 

11 ef f ic iency  

0 r a t i o  of t o t a l   t empera tu re   t o  NACA standard  sea-level  temperature 
of 518.7' R 

p densi ty ,   lb /cu f t  

pV air weight  flow  per  unit f l o w  area ,   lb / (   sec) (  sq f t )  

u so l id i ty ,   ra t io   o f   chord   to   spac ing  

?; tu rb ine   b lade   cen t r i fuga l  stress, psf or p s i  

$ tu rb ine   b lade   t aper   fac tor  

o angular  velocity  of  rotor,   radians/sec 

Subscripts: 

ad ad iaba t ic  

B combust o r  

C compressor 

d design  value 

a 

I 
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e 

ef f 

F 

f 

g 

h 

i 

3 

M 

min 

n 

n- fr 

PT 

P r  

r e f  

S l  

s t  

T 

t 

U 

W 

X 

Z 

engine 

e f f e c t i v e  

f r o n t a l  

f u e l  

gross 

hub 

a i rp l ane   t akeof f   cond i t ion   o r   t ha t   a f t e r   r e fue l ing  

j e t   nozz le  

mechanical power 

minimum 

nace l le  

nace l l e - f r i c t ion  

power turb ine  

propulsive 

reference 

NACA standard  sea- level   condi t ions 

s t r u c t u r e  

turb ine  

t i p  

us e f   u l  

wetted 

a rb i t r a ry   eng ine   s t a t ion  

a x i a l   d i r e c t i o n  
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Stations i n  engines (fig. 6): 

0 f r e e  stream 

1 s ta t ion  a t  compressor i n l e t  

2 s t a t ion  at combustor i n l e t  

3 s t a t ion  a t  tu rb ine   i n l e t  

4 turbine  discharge  for  turbojet  engine 

5 turbine  discharge  for  turboprop  engine 

6 exhaust-nozzle  exit 

Superscripts: 

1 condi t ions  re la t ive  to   rotor   blade 

- denotes  average  over  flight  path 
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EFFIETS OF ENGINE CHARACTERISTICS ON AIRPLANE  PERFORMANCE 

The s u i t a b i l i t y  of  an  engine for   a i rcraf t   propuls ion i s  frequently 
judged by three  quant i t ies  - the  specific  weight,   the  thrust   specific 
f u e l  consumption,  and the   th rus t   per   un i t   f ron ta l   a rea .  While it i s  
patent ly   desirable  for engines t o  have low values of  the  f irst  two 
quant i t ies  and high  values  of  the  third, it frequently happens tha t   the  
best possible  values a t  a l l  these  quantities  cannot  be  obtained  simul- 
taneously. Some important  requirements  for low thrust   specif ic   fuel  
consumption, f o r  example, are  incompatible  with  those  for  either low 
specific  weight or high  thrust   per  unit   of  frontal   area.  Moreover, some 
o f  the  requirements  for low specif ic  weight may be  different  from those 
for   high  thrust   per   uni t   f rontal   area.  Thus, the  design of  an  engine . 

and i t s  components i s  always a compromise i n  which one feature  of  engine 
performance i s  favored  over  another. The direct ion and degree  of  the 
compromise depend, among other  things, on the  design and the  intended 
use  of  the  airplane. 
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The bes t  compromise is ,  of course,  pinpointed  only  after  detailed 
studies of a number of   def ini te   a i rplane and engine  designs. On the  other 
hand, some basic  knowledge of the  way the  design and  mission  of  an air- 
plane  affect   these compromises may be  obtained  from a more general  study. 
Some of the  over-al l   resul ts   out l ined by such a study are discussed i n  
this   sect ion.  The significance of specif ic  weight is  f irst  examined. 
The role   of   thrust   specif ic  fuel consumption i s  then  reviewed, and 
t h e   r e l a t i v e  importance  of  specific  weight and th rus t   spec i f i c   fue l  con- 
sumption i s  noted. Some ef fec ts  of the  drag associated  with  the  engine 
installation  are  then  indicated.   Finally,   other  engine  features  that  af- 
fect   the   design and performance  of an airplane  are  discussed. 

Engine Weight 

Specific  engine  weight i s  one of the  important  factors  determining 
how  much of the  load-carrying  capacity  of  an  airplane is  consumed by 
engine  weight.  Since  specific  engine  weight is defined  by Web, the 
required  ra t io  of engine  weight to  airplane  gross  weight  for any 

' specif ic   f l ight   condi t ion is 

where F i n  We/F represents  the  thrust   the  engine can  produce,  and the  
same symbol i n  F/Wg stands for the   th rus t  demanded by the  a i rplane.  
The  two thrus ts ,  of  course, must always  be  equal. Both the   th rus t  
produced  by  the  engine and the  thrust  demanded by  the  airplane  vary  with 
f l i gh t   a l t i t ude  and speed. 

Since  the  thrust  of a given  engine varies wi th   a l t i tude  and speed, 
the  value of We/F must also  vary.  An example of t h i s   va r i a t ion   i n  a 
turbo  jet   engine i s  shown i n  f igure  1, where specific  weight i s  plot ted 
aga ins t   a l t i t ude   fo r   f l i gh t  Mach numbers of 0.8 and 2.0. A point is  a l so  
shown for  corresponding  sea-level  static  conditions.  For t h e  purpose of 
generalization,  the  specific  weights are divided  by  the  specific  weight 
f o r  a f l i g h t  Mach  number of 0.8 at sea level.  It may be  noted  that  spe- 
c i f i c  weight is  approximately  doubled for  every  15,000-foot  increase i n  
a l t i tude  in   the  s t ra tosphere.   This   var ia t ion i s  inversely  proportional 
t o   t h e  change i n  a i r  density.   Increasing  the  f l ight Mach  number from 0.8 
t o  2 .0  also  increases  the  density  of  the a i r  i n  the  engine  because  of  the 
effects of ram. In   t h i s  example, the   spec i f ic  weight is  about  halved  for 
t h i s   i nc rease   i n   f l i gh t  Mach numbers. 

The curve   for   the   f l igh t  Mach  number of 0.8 i s  a l so  more or l e s s  
applicable t o  turboprop  engines. The sea-level s ta t ic   va lue   o f   spec i f ic  
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weight for  these  engines, however, is usual ly  much lower than   t ha t   fo r  p 
t he  je t  engine; i t s  value depends as much on the  select ion of t he  pro- c 

pe l l e r  as on the   engine   i t se l f .  

The term F/Wg, which represents  the  thrust   required  for a unit   gross 
weight, i s  a function  of a number of var iables .  The trends may be con- - 
veniently  studied by the  following  procedure: A t  any poin t   in   f l igh t ,   . the  
thrust   required of the  engines is determined  by the   r e l a t ions  

F C O 6 e = d + W  
U 

g i i  

I, = CmWg - F s i n  e 

L a  Cm+xg " F 

4 cos e + s i n  e 
- 

d 

where L/d i s  t h e   r a t i o  of the aerodynamic l i f t i ng   fo rce   t o   t he   d rag  
force.  When the  a i rplane i s  i n   l e v e l   f l i g h t  and moving with a constant 
velocity,  then Cm = 1 and a = 0. Moreover, when the  thrust   axis  i s  
along  the  direction of f l ight ,   then e = 0. Under these  conditions, 
equation { 2 becomes 

For the  sake of simplicity,   the complete  form of equation (2)  is expressed 
by  analogy  as 

F 1 
" - 

wg W e f f  

Because (L/d)eff is a function  of a large nurnber of variables, its 
trends  cannot  be  generally  plotted as a function of a l t i t u d e  and f l i g h t  
&ch number alone  without  leaving some misleading  impressions. The 
trends  described  in  the  following  paragraphs may be  noted, however. 
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b As the  design  a l t i tude of the  airplane  increases,   the maximum at-  
tainable  value of L/d tends to   increase.  This t rend   resu l t s  from  in- 
creases   in   the  aspect   ra t io  of t he  wings and  from the   f ac t   t ha t   t he  
fuselage  drag becomes a smaller portion of the   to ta l   d rag .  High values 
of L/d  may be  obtained  with  subsonic  airplanes  during  level  flight. 
Values i n   t h e  neighborhood of 20 are  not uncommon, and values  approaching 
30 have  been  sought.  Airplanes  designed for  high  values of L/d with 
subsonic  flight, however,  would have very poor values  of L/d a t  super- 
sonic   f l ight .  In airplanes  designed  exclusively  for  supersonic  flight, 

'values of L/d approaching 6 have  been  observed i n  some model tests, and 
reasonably  higher  values  might  be  obtained in   the   fu ture .  Again, the 
value of  L/d may increase  with  alt i tude.  In  general, an airplane de- 
signed  exclusively  for  supersonic  flight would have undesirably low 
values of L/d a t  subsonic  speeds. 

When reasonably good performance is desired  at  both  subsonic and 
supersonic  speeds,  the  attainable  values of L/d must be compromised fo r  
both  regimes. For subsonic  speeds, the  value of L[d  may be  expected t o  
be   s l igh t ly  more than 10. The corresponding  value  of L/d for  supersonic 
f l i g h t  may be of the  order of 3 or lower. The possible  increase  in L/d 
with  design  alt i tude is  again  noted  for  both  regimes. 

A t  takeoff  conditions,  the  value of (L/d)eff  can become very low 
for  a l l  types of airplanes.  With ver t ical   takeoff ,   the   thrust  of  t he  
engine must  overcome the  acceleration of gravity;  the  value of F/Wg 
in  equation  '(2b) must then  be  greater  than  unity. The magnitude of 
(L/dleff i s  therefore  less  than  unity.  Less  stringent  takeoff  condi- 
tions  permit  the  value of (L/d)eff to   be somewhat improved. For an 

' ordinary  takeoff,  the va lue  of (L/d),ff may be of the  order of 4. 

A high-maneuverability  requirement also reduces  the  value of 
('/a) eff A 2g turn, for example, makes the  value  of Cm equal 2 i n  
q u a t i o n  ( 2 ) ,  and (L/d),ff could  be  reduced  by more than 50 percent. 

A study  of  the combined effects  of  specific  engine weight and 
(L/d) eff on We/Wg may  now b e  made by combining equations (1) and (2b) 
to   give 

'e - 
F 
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Since  the  gross  weight a t  any instant  equals  the i n i t i a l  weight minus the  
f u e l  expended (Wg = Wg,i - AW,), equation ( la) may also  be wri t ten as 

The i n i t i a l  gross  weight  of the  a i rplane i s  the  sum of the   s t ruc tura l  
weight, useful  weight or payload, i n i t i a l  f u e l  weight, and engine  weight: 

wg, i = W s t  + wu + W f , i  + we 

Using th i s   equa t ion   to   e l imina te  Wg,i i n  the   r igh t  
( lb )   ( se t t ing  .Wst + Wu = kWg,i) gives 

(3 1 
s ide  of equation 

Some trends of t h i s   r e l a t i o n   a r e  shown i n   f i g u r e  2, where we/Wg,i i s  
plotted  against  (We/F)/(L/d)eff. One of the  curves of this   f igure  appl ies  
t o  conditions a t  or short ly   af ter   takeoff ,  where AWf/Wf, = 0 and 
We/Wg,i = (We/F)/(L/dleff. The other four curves  apply to   t he   ca se  where 
AWf/Wf, = 0.4; t h a t  i s  , a f t e r  40 percent of t h e   f u e l  weight  has  been 
expended. These curves  successively  represent  the  condition where 
k = (Wst + Wu)/Wg,i = 0.3, 0.4, 0.5, and 0.6. 

For conditions a t  or short ly  after takeoff ,   the  magnitude of 
We/WgJi is independent  of k and varies  l inearly  with (We/F)/(L/dIeff. 
When AWf/WfJi = 0.4, t he  assumption tha t  We/Wg,i i s  proportional  to 
(We/F)/(L/d)eff i s  again a good approximation as long as (We/F)/(L/d)eff 
is  0.2 or smaller  for k = 0.6. Compared with  the  takeoff  value of 
We/Wg, i, however, We/Wg,i i s  reduced  about 12  percent for k = 0.6 and 
30 percent for k = 0.3. For the  same c r i t i ca l   f l i gh t   cond i t ions  (a 
given  value of (We/F)/(L/d)eff ), the  required  engine  weight  decreases as 
AWf/Wf ,i i s  increased and as k i s  decreased. Near the  end of the  



NACA RM E56B03 27 

f l ight ,   equat ion ( 4 )  becomes 
b 

For reasonably small values of (We/F)/( L/d)eff,  the  required  value of 
We/Wg,i i s  then  approximately k times i t s  required  value a t  takeoff 
f o r  the same magnitude of ( We/F) /( L/d) eff .  

The value  of  required  in  an  airplane i s  determined I by the  
values of We/F, (L/d>eff,  and AWf/Wf, a t  t h e   c r i t i c a l   f l i g h t  condi- 
t ion .  The value  of  the  r ight  side of  equation (4)  here i s  the  maximum 
encountered  for  the  f l ight.  A t  a l l  other  f l ight  conditions  for  the air- 
craf t ,   the   value of We/Wg,i i s  of course  the same, and the  requirements 
of equation (4 )  a re   then   sa t i s f ied   e i ther  by reducing F by   th ro t t l ing  
or by  reducing  (L/d)eff  below i t s  attainable  value.  

Since  the  attainable  value of  (L/d>eff i s  r e l a t ive ly  low a t  take- 
off,  the  requirements a t  takeoff may determine  the  value of We/Wg,i. 

For example, if the  takeoff  value of (L/d),ff i s  4.0 and the  sea-level 
s ta t ic   va lue  of We/F i s  0.4, the  value  of W e / W g , i  i s  0.10 ( f ig .  2 ) .  
Suppose now that  the  value  of  (L/d)eff becomes  20 shortly after take- 
off.  Since We/Wg, is. unchanged, the  required  value of We/F is 2.0 
( f ig .  2 ) .  The value  of F  must be  reduced e i the r  by th ro t t l i ng   t he  
engine or by increas ing   the   f l igh t   a l t i tude .  The value  of We/F of 
2.0 corresponds t o  a value  of ( We/F) /(We/F) ref of’  about 5.9 ( f ig .  1). 
For   the   f l igh t  Mach  number of 0.8, the  ordinate  of f igure 1 is  5.9 at 
the   a l t i t ude  of about 52,000 feet. As long as t h e   f l i g h t  is below t h i s  
alt i tude,   the  takeoff  condition would govern the  select ion of engine 
weight i n   t h i s   p a r t i c u l a r  example.  Suppose, however, tha t   the   a i rp lane  
(with k = 0.5) must achieve  the  alt i tude of 63,000 feet  and the Mach 
number of 0.8 after 40 percent of t h e   f u e l  is expended. If the  takeoff 
value of We/F i s  s t i l l  0.4, the  value of We/p at the  required  f l ight  
condition is now 3.4. Moreover, if the  value of (.L/d),ff i s  s t i l l  20, 
the  required  value of We/Wg,i is 0.145. Since We/Wg,i only  had t o  
be 0.10 at takeoff,   the  condition at 63,000 feet  would now determine  the 
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required  engine weight. Notice that Wf ,i/Wg,i would have t o  be  reduced 
by 0.045 in   o rder  t o  compensate for  the  increased  engine weight if k 
remains at 0.5. A t  t he  same time, however, the  takeoff  requirements  can 
be made more stringent;  (L/d)eff  can  be  reduced t o  2.76 if the   s t ruc tur -  
a l  s t rength of the  a i rplane is adequate. 

A requirement  of  supersonic  flight may 'decide  the  value of We/Wg,i, 
because  the  attainable  value of  (L/d)eff i s  comparatively low. Although 
supersonic  f l ight i tself  tends t o  decrease We/F ( f ig .  11, t h i s   t r end  may 
be  offset   by  the need for making the  engines  operate a t  h igh   f l igh t  al t i-  
tudes. (High altitudes may be   des i red   to  make (L/dleff as high as pos- 

s ib l e ,   t o   ob ta in  a reasonable  level of wing loading  for  takeoff and land- 
ing,  and t o  reduce  aerodynamic  heating.) The low value  of (L/d)eff com- 
bined  with  the  high  values  of We/F a t  h igh   a l t i tudes   resu l t s   in   h igh  
values of we/wg, 

Consider the  case where k = 0.5 and (L/d)eff = 4.0 f o r   l e v e l   f l i g h t  
a t  t he  Mach  number of 2.0. If the  value of We/F i s  again 0.4 a t   s t a t i c  
sea-level  conditions, it would have the  value  of 1 .2  a t  t he   a l t i t ude  of 
about 56,000 f ee t .   I n   o rde r   t o  meet these  conditions after 40 percent', 
of t h e   f u e l  i s  exhausted, We/WgJi must be 0.27 ( f ig .  2 ) .  An additional 

requirement. of high  maneuverability (Cm > 1) would have t o  be answered 

by an added increase  in  engine  weight. Even if the  value of Cm i s  
only 1 .25 ,  then (L/d) eff becomes 3 .2  and We/Wg, i s  increased t o  
0.35. Only 15 percent of the  gross  weight  could  then  be  allotted  for  fuel. 

This b r i e f  sampling shows how engine  weight  depends on the  conditions 
of f l i g h t .  O f  par t icu lar   in te res t  i s  the  increase  in   associated 
with  increases   in   f l ight   a l t i tude and Mach number. It i s  under these 
conditions  that   reductions  in We/F are most appreciated.   In   the f irst  
of the  preceding examples (subsonic  flight a t  comparatively low a l t i tudes) ,  
the  value of was 0.1 f o r  We/F = 0.4 a t   s e a - l e v e l   s t a t i c  con- 
di t ions.  A 50-percent  reduction in   specif ic   engine weight would reduce 

weight, f u e l  weight, and structural  weight. For the  last example, on the  
other hand, such a reduction  in  specific  engine  weight would reduce 
We/Wg,i by 0.19. A much larger  weight movement i s  avai lable   to   the  other  
par ts  of the  a i rglane.  The f u e l  weight, f o r  example, could  be more than 
doubled. To meet the  requirements  for  high  altitude or supersonic  f l ight,  
every  effort  should  be made t o  make We/F as small as possible. 

by 0.05. This  saving i n  weight  could  be  distributed among useful 
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Engine Efficiency 

The previous  discussion was centered  about  the  size  of  engines needed 
t o  meet certain  thrust   requirements.  O f  equal  importance is the  weight 
of   fuel   required  to  meet the  various  range  requirements demanded of the  
airplane.  The range  requirements may be examined with  the  aid of the 
familiar Breguet  range  equation, which can  be  written as 

where the  bars  denote  average  values  over  the  entire  f l ight  path.   This 
expression i s  modified by using  equation (3); it then becomes 

Since i s  determined from equation (4) a t  t h e  most c r i t i c a l  
flight  condition,  equation (sa> may be  writ ten as 

We - 
1 - k -  F 

1 -  

It is immediately  noted that   the   range of f l i g h t  i s  proport ional   to   the 
average  efficiency  of  the  engine and the  heating  value of t h e   f u e l  used. 
In  other words, the  weight of fuel   required  for  a given  mission is in- 
versely  proportional  to  both  the  heating  value of t h e   f u e l  and the  engine 
efficiency. The range is also  proportional  to  the  average  value of 
(L/d)eff  over the  entire  f l ight  path.   Finally,   the  range is  proportional 
t o   t he   func t ion   i n   t he   b racke t s .  

The trends  of  this  function are i l l u s t r a t e d   i n  figure 3. The ab- 
sc i ssa   o f   th i s   f igure  i s  (We/F)/(L/d)eff at the  most c r i t i c a l   f l i g h t  
condition  of  the  airplane. The ordinate is the  calculated  range  divided 
by the  range when (We/F)/(L/d)eff = 0.1, k = 0.5, and AWf/Wf, = 0. The 
curves  represent  conditions where k i s  again 0.3, 0.4, 0.5, and 0.6, 
and where' AWf/Wf,i i s  0 and 0.4 a t  t he   c r i t i ca l   f l i gh t   cond i t ion .  These 
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curves show tha t   there  i s  always an  incentive  for making (We/F)/(L/d)eff 
as low as possible,   but  the need f o r  low specific  engine  weights becomes 
more imperative  as (We/F)/(L/d)eff increases above 0.1. This  statement 
is par t icu lar ly  true for  the  higher  values  of k and fo r   s i t ua t ions  where 
t h e   c r i t i c a l   f l i g h t   c o n d i t i o n  i s  reached  before  an  appreciable amount of 
f u e l  i s  used. 

With r e spec t   t o  range,  therefore,  light  engines  are  required whenever 
h igh-a l t i tude   f l igh t  i s  required; when stringent  take-off  conditions  are 
imposed; when a high  degree of maneuverability is demanded; o r  when high 
supersonic  flight  speeds must be  attained.  Notice  in  this  connection 
tha t   h igh   des ign   f l igh t   a l t i tudes  may permit  the  attainment of r e l a t ive ly  
high  values of (Lid),,, and  range, and t h a t  low values of We/F are   re -  
qu i red   for   th i s  accomplishment. 

As previously  noted, it frequently happens t h a t  some of the  design 
requirements  for  light  weight  are  incompatible  with some of the  require- 
ments for  high  efficiency. A s  shown by equation (62, the  range i s  d i -  
rect ly   proport ional   to   the  average  eff ic iency  during  f l ight .  Decreases 
i n  engine  weight t h a t  unduly  prejudice  the  efficiency  are  therefore un- 
welcome. A t  point A of f igure 3, a  decrease  in  specific  engine  weight of 
10 percent imp;oves the  range  about 3 percent, i f  there  i s  no  change i n  
(L/d)erf o r  'le. If, however, the  efficiency  also  decreased 3 percent, 
there  would be no change i n  range. A t  this point,  then,  the  efficiency 
would not  be  upset i n   o r d e r   t o   o b t a i n   t r i f l i n g  improvements i n  engine 
weight. A t  point B, on the  other hand, a 10-percent  reduction in   spec i f i c  
engine  weight  increases  the  range by about 2 3  percent.   In  this  case  a 
23-percent  reduction i n  engine  efficiency i s  equivalent   to  a 10-percent 
reduction  in  specific  engine  weight.   Significant  reductions  in  efficiency 
could be tolerated  here   to   obtain moderate  reductions i n  engine  weight. 

A comparison  of t he   r e l a t ive   e f f ec t s  of a small change in.   efficiency 
and a small change i n   s p e c i f i c  engine  weight may be  directly  obtained by 
different ia t ing  equat ion (6)  with  respect  to ve  and We/F.  The values 
of k and (L/d)eff a r e  assumed to  be  f ixed,  along  with  the  value of 
AWf/Wf,i, s ince  these  are  the  values at the most c r i t i c a l   f l i g h t  condi- 
t ions,  which determine We/Wg, 1: 
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where 

We - 
F 

B = 1  

2 

B I n  B 
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The implications  of  this  equation  are shown i n   f i g u r e  4, where the  ordinate 
i s  

o r  - 

and the  abscissas and  parameters a re   the  same as those i n  f igure  3. 

For a long-range  airplane, where (We/F)/(L/d)eff may be of the  order 
of 0.05, a 1-percent  increase  in  efficiency  increases  the  range 1 percent 
(eq. (7a)); a 7-percent  decrease  in  specific  engine  weight ' i s  necessary 
to   ob ta in   t he  same range  increase i f  k = 0.5 ( f ig .   4 (a ) ) .  If high- 
altitude  requirements  cause We/F t o   b e  doubled, the  1-percent  increase 
in   e f f ic iency  i s  about  equivalent t o  a 3-percent  decrease i n  spec i f ic  
weight. For supersonic   f l ight ,   wi th  (We/F)/(L/dIeff = 0.33, k = 0.5, and 
AWf/Wf,i = 0.4, a 1-percent  increase i n  eff ic iency i s  equivalent t o  a 
1/2-percent  decrease i n  specific  engine  weight  )fig. 4(b 1 ) . A maneuvera- 
b i l i t y  requirement  of Cm = 1 .25  increases (We F)/(L/d),ff t o  0.413. 
Here, 1-percent change i n  eff ic iency i s  equiva.lent t o  about 
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0.2-percent  change i n   s p e c i f i c  engine  weight. If the  required  a l t i tude 
i s  increased by 15,000 feet, however, specific  engine  weight must be 
reduced, regardless of t h e  consequences,  because the  required  engine 
weight would be so  la rge   tha t   there  would be no room for   fue l .  

When engine  efficiency must be compromised with  specific  engine 
weight, the  design and intended  use of the  airplane  determine  the  direc- 
t i o n  and the  degree of t h e  compromise. When range is the  main objective 
and (L/dIeff and the  required weight  of fuel  are large, some l iberties 
can  be  taken  with  specific  engine  weight to   favor   eff ic iency.  There is  
the  provision,  of  course,  that  the loss in   a t t a inab le   a l t i t ude  does  not 
reduce  the  value  of (L/dIeff by a s ignif icant  amount. A t  the  other ex- 
treme, when the  combination  of  high f l i g h t  speeds,  high  altitudes, and 
maneuverability make (L/dJeff low and tend   to  make We/F high, the  
compromise must favor  specific  engine  weight. 

Thrust  per  Unit  Frontal Area 

Part  of t he  drag d of t he  airplane results from the  drag of t h e  
i n l e t  supplying  the  engine  with air and from the  drag of the  nacel le  or 
tha t   par t  of the  fuselage housing the  engine. If t h i s  drag i s  denoted 
by an, then 

Equation (2 )  could  then be wri t ten as 

F 

The term on the  l e f t  side i s  again  denoted  by l/(L/d) eff. For small 
values of E, the  following  can be wri t ten:  

When dn/AF i s  high,  obtaining low values of  d,/F requires  high  values 
of F/AF. Since  the  highest  values of d d A F  are usually  obtained a t  
supersonic  flight  conditions,  large  values of F/AF are par t icular ly  
desired  for  supersonic  f l ight.  

...... 
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The drag of the i n l e t  mainly consists of  an "additive drag" (ref. 11, 
a drag resul t ing from the pressure  forces  acting on the  outer  curved  por- 
t i on  of the  i n l e t   ( f i g .  51, and the drag  resulting from f r i c t ion .  In some 
cases, for  supersonic  flight, it may be desirable  to  bypass some of the 
air entering the i n l e t   t o  the outside. I n  this   case a "bypass" drag is 
added. The "additive" and  "bypass"  drags depend on the  matching of t h e  
i n l e t  with the  engine, which is discussed i n  more detail  i n  a later 
section. 

The drag  result ing from pressure  forces depends on the  difference 
between the maximum f ronta l  area of t h e  engine  housing and t he  open area 
of the  i n l e t .  It a l so  depends on the slope and curvature of the outer 
surface of the  inlet .  The open area of the i n l e t  depends on the  mass- 
flow  requirements  of  the  engine and t h e  speed of f l igh t ;  i ts  order of 
magnitude i s  given  by 

where (P OvO Imin i s  t h e   m i n i m   v a l u e  of poVo anticipated  for  steady 
f l i g h t .  The maximum f ronta l   a rea  of the engine  housing has usually  been 
determined  by the  f ron ta l  area of the  engine with i t s  accessories. Small 
engine diameters and, in   par t icular ,  small compressor diameters are 
therefore   des i red   to  keep the drag  resulting from pressure  forces  from 
being  greater  than it has t o  be. 

It should  be  noted i n  passing tha t  the  inlet   design i tself  usually 
r equ i r e s   t he   f ron ta l   a r ea   t o  be greater  than the capture area f o r  super- 
sonic   f l igh t .  The i l l u s t r a t i o n  of f igure 5 shows such a design. This 
requirement  follows from the  necessity of  meeting cer ta in  area require- 
ments wi th in   the   in le t  and  from the  necessity  of  avoiding  abrupt changes 
in  flow  direction  within the in l e t .  Some requirements  of  variable  inlet 
geometry aggravate this trend. 

Most of t h e  rest of the drag associated with an  engine in s t a l l a t ion  
is due t o   f r i c t i o n .  An estimate of t he  magnitude  of t h e   f r i c t i o n  drag is 
given by t h e  formula 

As shown in  reference 2, a value of Cfr of 0.00168 i s  i n  agreement with 
available  data.  A t  a Mach rider of-1.0 at  35,000 feet, t h i s  formula 
then becomes 
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I n  the   i n t e re s t  of  keeping t h i s  drag low, both  the  diameter 9 and the  
length 2 of the  engine  should  be small. In   par t icu lar ,  small compressor 
lengths and diameters  are  desired. 

Another component of  drag i s  tha t   resu l t ing  from the  pressure  forces 
a t  the  rear end of t he  engine.  This  drag i s  much more c lose ly   re la ted   to  
other  engine components than it i s  t o   t h e  compressor, however, and it is 
therefore  dismissed from further  consideration. 

Other  Engine  Requirements 

Besides  affecting  airplane  drag,  the  length and  diameter  of t h e  en- 
gine may a f f ec t   t he   s t ruc tu ra l  weight  of the  a i rplane.  I n  particular,  
long  engines  require a long and f a i r ly   r i g id   fu se l age ,  which adds  weight 
to  the  airplane  without  noticeably improving the   l i f t -d rag   r a t io .  

Engine  weight a l so   a f f ec t s   t he   s t ruc tu ra l  weight  and  other  proper- 
t i e s  of the  airplane,  because  the  concentration of weight i n   t h e  engine 
must be  supported  by  the  airplane.   In  fuselage  installations,   for ex- 
ample, the  design of the  airplane  can  be  unfavorably compromised t o  keep 
the  center of gravi ty  of the  a i rplane and i t s  load   i n   t he   r i gh t   l oca -  
t ion.  For nacelle or pod ins ta l la t ion ,   the  wings  must be  strong enough 
t o  support  the  engines  for  landing  shocks or other  violent maneuvers. 
Again, l ight  engines  tend  to  lessen  structural   weight.  

The  manner i n  which compressor design  influences  the  length and di-  
ameter of t he  engine i s  t r ea t ed   i n  subsequent  sections of this   chapter .  
The re la t ions  between  compressor  diameter  and the  diameters of the  other 
components of the  engine are studied  and some of the  factors   involved  in  
engine  length  are enumerated. 

EFFECTS OF COMPFEESSOR PRESSURE RATIO, COMPRESSOR  EFFICIENCY, 

AND FLIGHT CONDITIONS ON ENGINE PERFORMANCE 

For a specified performance  of i t s  components, the  efficiency and 
specif ic   thrust  of  an  engine are calculated by cycle  analyses  (refs. 3 
and 4).  The analysis  presented  here i s  similar t o   t h a t  of these  refer-  
ences.  Sketches of typical  turbojet-  and turboprop-engine  installations 
with  numerical  stations are shown in  f igure 6. (Note that  the  condition 
of t he  engine  gases  after  the work needed t o   d r i v e   t h e  compressor  has 
been  extracted from the  turbine can  be  indicated a t  s t a t ion  4 of the  
turboprop  engine, and tha t   s t a t ion  5 is at   the   discharge of t h e   f i n a l  
turbine.  For the  turbojet   engine,   stations 4 and 5 coincide.) 
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The efficiency  of  each component is  f ixed   in   th i s   ana lys i s .  The ef- 
f e c t  of compressor pressure   ra t io  is examined f o r  a range of f l i g h t  condi- 
t ions and turbine-inlet  temperatures. The gas  charts  of  reference 5 were 
used f o r  determining gas properties.  

Assumptions Used i n  Cycle  Analyses 

. The following  values were assumed for   the  several   var iables   involved 
I in  the  cycle  analyses of  both  the  turboprop and the  turbojet  engine: 

I Flight I Inlet-diffuser  I 
Mach number, total-pressure 

Mo recovery, 
pl/po .,I 2 . 0  .90 

3.0 .60 

Compressor adiabatic  efficiency, vad,c . . . . . . . . . . . . . .  0.88 

Combustion efficiency,  primary  burner, qB . . . . . . . . . . . . .  0.98 

Heating  value of fuel,  Hf, Btu/lb . . . . . . . . . . . . . . . .  18,570 
Hydrogen-carbon r a t i o  of   fue l  . . . . . . . . . . . . . . . . . .  0.167 
Temperature  of fue l   in jec ted  as a l iquid,  Tf, OR . . . . . . . . .  600 
Total-pressure  ratio  across  primary  burners, P3/Pz . . . . . . . .  0.95 
Turbine  adiabatic  efficiency, qad,T . . . . . . . . . . . . . . . .  0.90 
Exhaust-nozzle  velocity  coefficient, C j  . . . . . . . . . . . . . .  0.98 

No accounting was made for  turbine  cooling or other  cooling  that might be 
necessary a t  the  high  temperature  levels.  For the  afterburning  turbojet  
engine, t he  combustion effiGiency  of  the  afterburner was 0.95, t he   t o t a l -  
pressure  ratio  across  the  afterburner was 0.95, and the  af terburner-out le t  
total   temperature was 3500' R. 

For the  turboprop  engine,  the combined propeller and gearbox effi-  
ciency was assumed t o  be 0.86. In addition,  the  division of power between 
the  propeller  and j e t  was  assumed t o   b e  such  that   the   pressure  ra t io  
P5/po was 1.087 t o   o b t a i n  a reasonable  nozzle area for   the  sea- level  
s ta t ic   case .  For the  other  f l ight  conditions  considered, P5/po was as- 
sumed equal t o  P1/po, a condition  approximating  that  for maximum power. 
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The selected  value  of compressor eff ic iency  appears   to   be  a t ta inable  
up t o  at least a compressor pressure  ra t io   of  12. The eff ic iency  of   the 
turbine is high compared with  the  values  observed in engine tests. It is 
comparable, however, t o  experimental  efficiencies  observed  with  uniform 
inlet   conditions on cold-air  turbines. 

Effects  of Compressor Pressure  Ratio and Flight  Conditions 

on Turboprop-Engine Performance 

Cycle analysis  of a turboprop  engine  yields  the power de l ivered   to .  
the  propeller,  the th rus t  developed  by the  jet nozzle, and t h e   f u e l  burned 
per pound of  engine a i r .  To pu t   t he   t o t a l  developed power of the 
grogeller- j e t  combination on a common basis,  it i s  necessary  to  use  the , 
propeller  propulsive  efficiency qpr. A power spec i f ic  fuel consumption 
s f c  may then  be  determined. 

For l e v e l   f l i g h t ,  thrust F is related t o  developed power by the  
equation 

= (Propeller power 1 -I- ( Je t  power 1 
VO 

The propeller power is the power delivered  to  the  propeller  multiplied by 
the  eff ic iency  of   the  propel ler  and reduction  gear. The je t  power equals 
t he   t h rus t  developed  by the   j e t   mul t ip l ied  by the a i rp l ane   f l i gh t  speed 
Vo. Hence, t he   t h rus t  may be   re la ted   to   quant i t ies   ob ta ined   d i rec t ly  
from cycle  analysis  by  writing  equation ( 9  ) as 

[(Power de l ivered   to   p rope l le r )  3. [ Je t   power/^)^^)] 
F = T  

VO (10 1 Pr  

The term in   b racke ts  is defined as the  equivalent  shaft  power eshp of 
t h e  engine, which  depends t o  some extent on the combined propeller-gearbox 
eff ic iency qpr. Since  the  je t  power is usually small compared with  the 
propeller power, the  equivalent  shaft  power is essentially  unaffected by 
minor  changes i n  this eff ic iency;   therefqre ,   the   resul ts  are expressed i n  
terms of equivalent shaft power. Equation ( 9 )  i s  not   appl icable   to   the 
s ta t ic   sea- level   case,   s ince Vo = 0. For this condition,  the  equivalent 
shaft power i s  simply  the power delivered by the power turbine, and the 
value of t he   t h rus t  depends on the  propeller  selection. 

Curves  showing specif ic   equivalent   shaf t  power eshp/q  against  power 
spec i f i c   fue l  consumption s f c  and over-all   engine  efficiency ye, with 
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compressor total-pressure  ra t io  Pz/P1 and tu rb ine - in l e t   t o t a l  temper- 
a ture  T 3  as parameters, are presented  in   f igure 7. Specif ic   fuel  con- 
sumption i s  used as the main variable  for  the  abscissas  because  this term 
i s  more generally  used  than  engine  efficiency. These two quant i t ies  are 
re la ted  by the  equation 

The efficiency i s  practically  independent of the  heating  value of the  
fuel,   while  the  specific  fuel consumption i s  inversely  proportional  to  the 
f u e l  he.ating  value.  Figures 7(a)  and  (b)  represent  sea-level  f l ight at 
Mach numbers  of 0 and 0.8, respectively,  while  figure  7fc)  represents con- 
d i t i ons   fo r  a f l i g h t  Mach number of 0.8 in   the  s t ra tosphere.   In   f igure 8, 
the  curves of f igure 7 are  repeated,  except  that compressor pressure  ra t io  
i s  replaced by enthalpy rise i n   t h e  compressor AHc as one parameter. 
This  parameter i s  used  because  the  enthalpy r i s e   i n  a compressor tends t o  
be more constant  over a range of fl ight  conditions  than  pressure  ratio 
when the  mechanical  speed of the  engine i s  fixed. 

The general  properties  of  the  turboprop  engine  can  be  noted  from 
f igures  7 and 8. The turboprop  engine is  fundamentally  capable  of  de- 
veloping  high  shaft  efficiency or low spec i f ic   fue l  consumption. The net 

, efficiency of the  engine i s  the  product  of the  shaf t   eff ic iency and the  
efficiency of the  reduction  gears and the  propeller.  The shaft   efficiency 
a t  a given  turbine-inlet  temperature  increases  with  flight speed,  because 
ram eff ic ient ly   increases   the c)cJie pressure  ratio.   Shaft   efficiency also 
increases  with  alt i tude up t o   t h e  tropopause,  because  the  inlet-air t e m -  
perature i s  reduced and the  engine  total-temperature  ratio T3/T1 i s  in- 
creased. The specif ic  power of  the  engine  follows similar trends. 

The ac tua l  power developed  by the  engine at various  flying  conditions 
is  the  product of specif ic  power and the  mass flow  of air through  the 
engine. The mass flow  of air, in   tu rn ,  depends on the  value of w @/6 
of the  compressor  and the   to ta l   p ressure  and temperature a t  the compressor 
i n l e t .  The  way the  value of w@/S changes  with fl ight  conditions de- 
pends on the  character is t ics   of   the  compressor  and the  value of t h e  
equivalent  speed N/@. One observed  variation of with N/@ 
i s  shown in   f i gu re  9. In   t h i s   f i gu re   t he   r a t io  of t o  i t s  design 
(sea-level)  value i s  plot ted  against   the   ra t io  of 
value. This Curve represents  the  general  trend,  although  the  specific 
values change from one  compressor design t o  another. 

A t  a f l i g h t  Mach  nuniber of 0.8 in   the  s t ra tosphere,   the   value  of  
@ is about 0.92. For a constant  value  of  mechanical  speed N, t h e  
value of w@/S i s  of the  order  of 106 percent of i ts  sea-level  value. 
A t  an   a l t i tude  of 40,000 f ee t  and a f l i g h t  Mach  nuniber of 0.8, the  value 
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of S/@ is 0.300. "he weight  flow  through  the'  engine is  thus  about 
32 percent of i t s  sea-level  value  ( including  the effects of   the assumed 
diffuser  recoveries).  For a compressor enthalpy rise of 110 B t u  per 
pound and a turbine-inlet  temperature of 2000' R, the power developed  by 
an  engine  under  these  conditions is about 55 percent of i t s  value at sea- 
leve l   s ta t ic   condi t ions .  

Because  of t he  low power at high  a l t i tudes,   the   specif ic  weight  of 
turboprop  engines  (including  the  propeller) may vary  between 1!5 and 3.0 
a t  40,000 feet. When f lying a t  sea level,  the  corresponding  specific 
weights are about half  these  values. A t  takeoff ,   the   specif ic  weights 
depend on propeller  design as w e l l  as on engine  design;  values  of  specific 
weights  under  0.2 are pract ical ,  however. 

When the  takeoff  problem i s  secondary, one of  the  principal  design 
problems is  exploiting  the  inherently  high  efficiency  of  the  engine. The 
select ion of t h e  compressor enthalpy r i s e  or pressure   ra t io  i s  then gov- 
erned  by'the  requirement  of  high  efficiency. The desired  value  of  either 
of the'se  quantities depends on the  turbine- inlet   temperature ,   the   f l ight  
speed, and the   a l t i t ude .  However, f l i g h t  speed and a l t i t u d e  do not 
great ly   affect   the   desirable   value of  enthalpy  rise; and an  enthalpy 
r i s e  % of 170 Btu  per pound gives  approximately maximum efficiency 
fo r  2000° R turbine-inlet   temperature  for  the three f l ight   condi t ions 
considered. The corresponding  compressor  pressure  ratios  are  about 13 
fo r  a f l i g h t  Mach  number of 0.8 a t  sea level ,  1 6  fo r   s ea - l eve l   s t a t i c  
conditions, and 22 f o r  a f l i g h t  Mach number of 0.8 in   the  s t ra tosphere.  

Engine  weight may be  adversely  affected by these  high compressor 
pressure  ra t ios ,   but   this   t rend i s  a t  least p a r t i a l l y  overcome by in- 
creasing  the  turbine-inlet  temperatures. Although  an  important  fraction 
of the  engine  weight i s  fixed  by  the weight  of t he  gearbox and propeller 
(which  depend on t h e  maximum output  required  of.  the  engine),  attractive 
gains  are  offered by using  high  turbine-inlet  temperature  together  with 
the  corresponding  high  pressure  ratios. Employing turbine  cooling  for 
t h i s  purpose may reduce  the  indicated  gains  by a small amount but would 
not al ter the  general   trend of the  curves. 

On the   bas i s  of this  discussion, compressor design  information must 
cover t h e  problem  of designing compressors for   pressure  ra t ios   of  16 or 
higher. Although  compressor efficiency  has  not  yet  been  discussed, it 
i s  obvious that   h igh  levels  of eff ic iency  are   required  to   obtain  the 
highest  levels  of  engine  efficiency. While compressor  weight may be of 
r e l a t ive ly  minor importance a t  low design  pressure  ratios,  it can  rep- 
resent a large  portion of t he  engine  weight when designs  are made fo r  
the  higher  press-ure  ratios. Minimizing  compressor weight for   these  con- 
ditions,  without  hurting  the  engine  efficiency, is therefore  an  important 
design  objective. 
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Effects of Compressor Pressure  Ratio and Flight  Conditions 

on Turbo jet-Engine Performance 

Some results  of  the  cycle  analysis of the  turbojet   engine are given 
i n  figures 10 t o  1 2 .  Figure 10 presents  specific  thrust  F/wl plot ted 
against   thrust   specific fue l  consumption  FCsfc) or  over-all  engine effi-  
ciency qe, with compressor to ta l -pressure   ra t io  Pz/P1 and turbine-inlet  
total   temperature T3 as parameters, for a nonafterburning  engine. 
Thrust   specific  fuel consumption instead of over-all  engine  efficiency i s  
again  used as the  main abscissa  because it is  a more familiar term and 
because  the  efficiency of a turbojet  engine i s  always zero   for   s ta t ic  
conditions. The re l a t ion  between F(sfc) and ?le i s  given by 

3600 Vo 

'e - H f J  F(s fc )  
- 

The eff ic iency is  again  pract ical ly  independent  of the  heating  value  of 
the  fuel,   while  F(sfc) i s  almost  inversely  proportional t o  it. Figures 
lO(a> and (b)   represent   sea- level   a l t i tude  for   f l ight  Mach numbers of 0 
and 0.8, respectively.  Figures  lO(c), (a), and (e) represent  conditions 
i n  the   s t ra tosphere   for   f l igh t  Mach numbers of 0.8, 2.0, and 3.0, re- 
spectively.  Figure 11 i s  ident ical   wi th   f igure 10, except t ha t   l i nes  of 
constant compressor total-pressure  ra t io   are   replaced by l i n e s  of  constant 
enthalpy r i se  i n   t h e  compressor +. Figure 12 ,  f ina l ly ,  i s  a carpet 
plot   depicting  the same engine  variables as f igure 10, f o r  an afterburning 
turbojet  engine  with  an  afterburner-outlet  total  temperature  of 3500' R. 
The carpet  plot i s  used t o  spread  the  curves  apart. The auxiliary  curves 
show the   r e l a t ion  between thrus t   spec i f ic   fue l  consumption  and efficiency. 

The thermodynamic efficiency of a turbojet   engine  (over-all   effi-  
ciency  divided by propulsive  efficiency) i s  ju s t  as high as that   of  a 
turboprop. It also  follows  the same trends.  The propulsive  efficiency 
of the  turbojet  engine, which i s  approximately  given  by 

ZV, 

cannot  be  independently  controlled, however. A t  subsonic  flight  speeds, 
the  propulsive  efficiency i s  of  the  order  of 0.50 or less, and t h e  over- 
a l l  engine  efficiency i s  therefore  low compared with  that  of  the  turbo- 
prop. A t  supersonic  flight  speeds,  the  propulsive  efficiency  increases 
because of t he  lower values of F/w and the  higher values of VO. The 
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thermodynamic efficiency  of  the  engine  increases at the  same time because 
of the  greater   cycle   pressure  ra t ios   resul t ing from ram. The net result 
i s  an  increase  in   the  a t ta inable   over-al l   eff ic iency  with  increasing 
f l i g h t  Mach  number . 

By t h e  same token, the   spec i f ic  thrust of a nonafterburning  turbojet 
engine i n  a subsonic  airplane i s  inherently  lower  than  that  of a turbo- 
prop. For two otherwise  identical  engines  flying at a given  f l ight  speed 
and a l t i t ude ,   t he   r a t io  of the   spec i f ic  thrust of a turboprop  engine t o  
t h a t  of a turbojet  engine i s  direct ly   proport ional   to   the  ra t io   of   their  
respective  propulsive  efficiencies.  The turbojet  engine i s  unencumbered 
by a gearbox  and  propeller, however, so i ts  specif ic   weight   in   level  
f l i g h t  i s  about half   that  of the  turboprop.  This comparison i s  consid- 
erably  different  at takeoff, where the   t h rus t  and power coefficients of 
the  propeller  play a dominant role .  

Subsonic f l i gh t .  - As previously  noted,  the  weight  flow  through  the 
engine a t  a f l i g h t  Mach number of 0.8 and an  a l t i tude  of  40,000 feet may 
be  about 32 percent  of  the  weight  flow at sea- level   s ta t ic   condi t ions,  
for  a constant-mechanical-speed  engine. The thrus t  produced  by the  non- 
afterburning  engine at th i s   a l t i tude   f l igh t   condi t ion  is about  30  percent 
of i t s  s ea-level s t a t i c   va lue   fo r  a turbine-  inlet   temperature of 2000' R 
and a compressor enthalpy  r ise  % of 110 B t u  per pound. A turbojet  
engine  having a specif ic  weight  of  0.4 at sea level  thus  has a specif ic  
weight of about 1.3 at this   a l t i tude  condi t ion.  

If a subsonic  turbojet  engine  has  about  half  the  efficiency and about 
ha l f   the   spec i f ic  weight  of a turboprop  engine, it i s  profitably  used when 
t.he ordinate  of  f igure 3 i s  more than  doubled by  reducing (We/F)/(L/dIeff 
by 50 percent. For example, reducing (We/F)/(L/d)eff  from 0.4 a t  point 
B t o  0.2  increases  the  ordinate from  0.44 t o  1.0. The same c r i t i c a l  
f l ight   condi t ions are met, and the  net  improvement i n  range is about  14 
percent. A t  point By however, a 1-percent  decrease in   spec i f i c  engine 
weight is equivalent t o  a 2.2-percent  increase in   e f f ic iency   ( f ig .   4{a)> .  
A t  the  new point  (for  the  turbojet   engine) a 1-percent  decrease in   spec i f -  
i c  weight i s  eq.uivalent to  only a 0.65-percent  increase in   e f f ic iency .  
Even though the   l i gh te r  and less efficient  turbojet   engine i s  more su i tab le  
for  the  f l ight  than  the  turboprop  engine,  improvements i n  i ts  efficiency 
a re  now somewhat  more desirable  than improvements in  specific  weight. 
Compressor pressure  ra t ios   greater   than  that   for  maximum specif ic   thrust  
are thus  desired. For the  conditions  of  figure  lO{c),  pressure  ratios of 
16 o r  higher might be  indicated. The rate  a t  which the  compressor  weight 
increases  with  pressure  ratio is the  governing  factor, however, i n   t h e  
selection  of  pressure  ratio.  Design information  permitting  the  develop 
ment of  high  pressure  ratios  with  lightweight  compressors i s  thus  neces- 
sary,   just  as it was for  the  turboprop  engine. 
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When the  high  thrust   levels  are required  for  only a short  time or 
f o r  a short   distance,   the  use of afterburning i s  advantageous. Comparison 
of f igure 1 2  (c)  with  f igure 1O(c 1 shows tha t   the   spec i f ic   th rus t  can be 
increased 50 t o  100 percent  by  afterburning. A t  the  same time, however, 
the  engine  efficiency is reduced  by  the  order  of 50 percent. If the  use 
of  afterburning i s  l imi t ed   t o  a short  period  of  time,  the extra weight  of 
f u e l  expended is small and the  average  efficiency is  only  slightly  reduced. 
The reduct ion   in   the   c r i t i ca l   va lue  of We/F i s  s u f f i c i e n t   t o  more than 
overcome t h i s  loss  in   eff ic iency,  and an  increase i n  the  range re su l t s .  
Referring t o  figures 3 and 4, the  value  of (We/F)/(L/d)eff i s  now de- 
cided  by  the  afterburning  condition. The  mean efficiency, however, i s  
p rac t i ca l ly   t ha t  a t  the  nonafterburning  conditions. Because  of t he  low 
value  of  engine  specific  weight a t  the   c r i t i ca l   f l igh t   condi t ion ,   fur ther  
improvements should  favor a small increase i n  the  average  efficiency 
rather   than a further  decrease  in  specific  engine  weight.  There i s  the  
provision,  of  course,   that   the  cri t ical   condition is  t h e  one desired and 
not compromised to   favor   range  to   begin  with.  

Employing an  afterburner may increase  the  engine  weight  from 10 t o  
30  percent. The specific  engine  weight i s  consequently  not  reduced i n  
proport ion  to   the  increase  in   specif ic   thrust .  Because it o f fe r s   r e s i s t -  
ance t o   t h e  flow, the  afterburner  also  decreases  engine  efficiency even 
when it is not  burning  fuel. Moreover, i ts  added length  increases  nacelle 
drag, moves the  center of gravity of t he  engine  rearward,  and  increases 
the   s t ruc tu ra l  weight of the  a i rplane.  The net  gains from i t s  use are 
thus  less  than  those  indicated by the  simple  calculations  of  specific 
thrust .  

Supersonic  flight. - The turbojet  engine,  by i tself ,  i s  capable  of 
providing  the  thrust  for  takeoff,  climb, and acceleration t o  Mach  num- 
bers between 2 and 3. It i s  therefore  being  seriously  considered f o r  
t h i s  range  of  supersonic  flight. A t  t h e   f l i g h t  Mach nurdber of 2 .0  i n   t h e  
stratosphere,   the  value  of N/@ is 86 percent  of i t s  sea-level  value 
for a constant-speed  engine. It is 69 percent  of i t s  sea-level  value a t  
t h e   f l i g h t  Mach  number of 3.0. The corresponding  values of  w$/6 are 
about 80 and 50 percent  of  their  sea-level  values  (fig. 9 ) .  Witn the 
previously assumed inlet   recoveries  a t  an   a l t i tude  of 55,000 feet, t he  
associated  values  of 6/@ are about 0.5 and 1.4. Under these condi- 
tions,  the  weight  flow  of air at a f l i g h t  Mach rimer of 2.0 is approxi- 
mately 40 percent of t ha t  a t  sea level; at MO = 3.0, it is about 70 
percent  of i t s  sea-level  value. 

The r a t i o  of t h e  developed th rus t   fo r   t hese   f l i gh t   cond i t ions   t o   t ha t  
at sea  level  depends on the   en tha lpy ' r i se   o r   p ressure   ra t io   o f   the  com- 
pressor as well as the  turbine- inlet  and afterburner-exit  temperatures. 
If the  s ta t ic  sea- level   pressure  ra t io  i s  8, if the  turbine- inlet  tempera- 
ture is 2000' R, and if the  afterburner-outlet   temperature i s  3500' R, 
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then  the  specific  thrust  at a f l i g h t  Mach  number of 2 i s  about  the same 
as that  for  sea-level  static  conditions  for  the  afterburning  engine.  At 
55,000 f ee t  and the Mach  number of 2, t h e   t o t a l   t h r u s t  would be about 40 
percent of i t s  sea-level  value. If the  specif ic  weight  of the after- 
burning  engine were 0.3 at sea level ,  i t s  specif ic  weight at 55,000 feet 
and a Mach  number of 2 would be  about  0.75.  For  values  of  (L/d)eff  of 
the  order of 3, (We/F)/(L/d)eff becomes 0.25. A t  70,000 feet, 

(W,/F)/(L/d),ff is increased  to 0.50. The range  of  f l ight i s  thus 
drast ical ly   cur ta i led  by  the combination  of  high  specific  engine  weights 
and low values  of (L/d)eff ( f i g .  3) . With lighter  engines,  higher 
a l t i t udes  are available  and  larger  values of (L/d),ff might  be  obtained. 
Even a t  the  same value of (We/F) /( L/d) eff, a greater  range would then  be 
obtained i f  (L/d)eff i s  increased  (eq. (6)  ) . Ehphasis i s  thus  placed on 
low engine  weights f o r  this type of f l ight   condi t ion.  A s  i nd ica t ed   i n  
equation (7a ) ,  however, engine  efficiency i s  of equal  importance and must 
not  be  unduly  prejudiced by e f f o r t s   t o  reduce  specific  engine  weight. 

In   order   to   obtain low specific  weights a t  f l i g h t  Mach numbers of 
the  order of 2, the  use of afterburning  engines i s  a t t r ac t ive .  According * 

to   f igures   12(d)   and  (e) ,   h igh  pressure  ra t ios  and high  turbine-inlet  
temperatures would be  desired  for  afterburning  engines,  since  the  highest 
specific  thrust   and  efficiency are thereby  attained. This des i re  i s  
tempered, however, by  the  weight problems a t  the  high  pressure  ratios 
and the problems associated  with  the  use of high  turbine-inlet  temper- 
atures.  A t  lower turbine-inlet  temperatures,  there i s  a maximum de- 
s i rable   pressure  ra t io .  A t  higher o r  lower  pressure  ratios,  both  the 
specific  thrust  and  efficiency  decrease. A t  a f l i g h t  Mach  number  of 2, 
the   pressure  ra t io   for   the  highest   specif ic   thrust  and efficiency i s  a 
about 8 f o r  a turbine-inlet  temperature between 2000° and 2500' R. The 
corresponding  pressure  ratio a t  sea   l eve l   for  a constant-mechanical- 
speed  engine i s  about 14. 

High turbine-inlet  temperatures  without  afterburning  are  also at- 
t r ac t ive  a t  t he   f l i gh t  Mach  number of 2 ( f ig .   10(d)) .  Although the  
specif ic   thrust  i s  reduced  from the  afterburning  case,  the  engine effi-  
ciency i s  increased. Moreover, the  afterburning  engine i s  penalized  by 
the  engine and airframe weight penalties  previously  discussed. These 
e f fec ts  may more than  counterbalance  the lo s s  in   spec i f ic   th rus t .  The 
pressure  ratios  desired  for  the  nonafterburning  engine are of  course 
higher  than  for  the  afterburning  engine. 

A t  the   high  f l ight   mch number of 3, the  required compressor pres- 
sure r a t i o s  are low.  With a turbine-inlet  temperature of 2000° R, a 
pressure   ra t io  of the  order  of 2 is  desired  for   e i ther  an  afterburning 
or nonafterburning  engine  (figs.  lO(e) and 12(e)) .  This value  corresponds 
t o  a pressure  ratio  of  about 4 at sea  level.  Since  the  resulting  subsonic 
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performance i s  poor, higher  turbine-inlet  temperatures must be  used t o  
real ize  the  advantages  of  the  higher compressor pressure  ra t ios .  A t  the  
turbine-inlet  temperature  of 2500' R, the   desirable   pressure  ra t io  l i es  
between a value  of 3 and 4 at the  high  f l ight  Mach nunibem. For constant- 
mechanical-speed  engines, the  corresponding  sea-level  pressure  ratios are 
between 8 and 12. The necessity  for  l ightweight compressors  developing 
th i s   o rder  of  pressure  ratio at sea l eve l  i s  again apparen-c. 

Other  Engine  Cycles 

There a re  many thermodynamic cycles  suggested  for  aircraft  propulsion. 
The ducted-fan o r  bypass  engine, for  instance,  is an  intermediate  engine 
between the  turboprop  and  the  turbojet  engines. The desired  characteris-  
t i c s  of the main compressor  and fan  are   thus  expected  to   be similar t o  
the ones just   out l ined.  The design data required  are  consequently  the 
same. Similarly,  the  design data would be  applicable  to  the  design of 
other  low-pressure-ratio  compressors  such as those  used in   the  turborocket .  

Effects of Compressor Efficiency on Engine  Performance 

The e f f ec t  of a change i n  compressor efficiency on the   r e su l t s  of 
the  preceding  section  can be estimated  by  the  following  considerations. 
A t  a given  flight  speed and al t i tude,   the   enthalpy  r ise  due t o  r a m  i s  
fixed, as i s  the  temperature T1 ( f ig  . 6 1. With a given  inlet  recovery, 
t he  r a m  pressure   ra t io  P1/po i s  constant. For a given  enthalpy  rise 
i n   t h e  compressor, the  combustor-inlet  temperature T2 i s  fixed. The 
compressor to ta l -pressure   ra t io  Pz/P1 i s  then a function  of compressor 
efficiency  only. The turbine-inlet  temperature T3 i s  given a fixed 
value as i s  t h e  combustor pressure   ra t io  P3/P2. Since  the work done by 
the  turbine  approximately  equals  the  enthalpy  r ise  through  the compres- 
sor,  the  turbine-outlet  temperature T4 i s  fixed. For a given  turbine 
eff ic iency,   the   turbine  pressure  ra t io  P4/P3 i s  also  f ixed.   Since  the 
output and efficiency  of  the  engine  ultimately become functions  of T4 
and P4/po, the   e f fec t  of  compressor efficiency i s  examined by noting i t s  
e f f ec t  on p4/p0 = p2/p1 times a constant. 
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Compressor eff ic iency is defined by the  equation 

NACA RM E56B03 

Rearranging this   expression and d i f fe ren t ia t ing  it, while  holding  the 
value of AHc/Tlcp constant,  yield  the  following result: 

Q 

where 

& =  
YC 

(:) yc - 1 

Yc - 1 

The effect  of a percent change i n  compressor to ta l -pressure   ra t io  on the  
to ta l   p ressure  Px a t  any point  in  the  engine downstream of the  compres- 
sor i s  thus 

Turboprop  engine. - For a turboprop  engine,  neglecting  the  contribu- 
t i o n  of t h e   j e t ,   t h e  mechanical  energy AHM developed i n  a complete 
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expansion of the  engine  gases  through  the power turbine i s  given  by 

and 

" 

Po p1 

For  given  values of compressor pressure  ra t io  Pz/P1 and  engine 
temperature  ratio T3/T1, the  value o f  P4/P1 may be  found  from  figure 
13. ( I n  this figure,   the  quantity P4/P1 i s  plot ted  against  Pz/P1 
with T3/T1 as a parameter. These data are a by-product of the  cycle 
calculations of the  previous  section. For a constant  value o f  specif ic  
heat and y, these  curves would be independent of the  f l ight   condi t ion.  
Actually,  the  variations  in  these  quantities  cause  these  curves  to  vary 
about &6 percent from the  values shown over  the  entire  range of f l i g h t  
conditions  considered. The important  trends of the  curves  are  not af- 
fected, however. ) Since  the ram pressure  ra t io  Pl/pO i s  a l so  known, 
po/P4 may be  determined. 

Differentiating  equation  (15)  and  utilizing  equation  (14)  while 
holding (qad,PT T4cp) constant  yield 

d(Dp4) dqad, C 

AHM 
= G  (16a) 

qad, C 

where 

G =  

Equation  (16a) shows the  general   effect  of a small change i n  compressor 
efficiency on the  power output of a turboprop  engine.  Since.this equa- 
t i on  was derived  with  the  assumption of a constant   heat   input   to   the 
engine,  the  percent change i n  power output i s  the  same as the  percent 
change i n  engine  efficiency or spec i f ic   fue l  consumption. 
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Figure  14 shows the  quant i ty  G from  equations (16) plotted  against  
compressor to ta l -pressure   ra t io  P2/P1, w i th   t he   r a t io  pO/P4 as a pa- 
rameter. In the  calculat ion of th i s   f igure ,   va lues   for  yc and yT of 
1.4 and 1.3, respectively, were assumed. Examination  of f igure  14  reveals 
t h a t  G i s  la rge  when both P2/P1 and pO/P4 are large.  For these con- 
d i t ions ,   the  power output  and  efficiency  of a turboprop  engine  are  sensi- 
t i v e   t o  small changes i n  compressor efficiency  (eq.  (16)). 

For a turboprop  engine  developing a pressure  ra t io   of  16  while  flying 
a t  a Mach  number of 0.8 in   the  s t ra tosphere,  a 1-percent  decrease i n  com- 
pressor  efficiency  reduces  the power and  engine  efficiency  by a l i t t l e  
less   than 1 percent. The r e su l t s  of f igures  13 and 14 also show t h a t   t h e  
effect   of compressor efficiency  diminishes  sl ightly as turbine- inlet  tem- 
perature i s  increased.  Since compressor p re s su re   r a t io   fo r  a given en- 
thalpy  r ise   decreases  as the  efficiency  decreases,  a drop i n  compressor 
efficiency  decreases  the  pressure  ratios  for  both maximum specif ic  power 
and maximum engine  efficiency. 

Turbojet  engine. - In   the   case  of a turbojet  engine, a small change 
i n  compressor eff ic iency  affects   the  total   pressure Ps i n   t h e   j e t  noz- 
zle, which i n   t u r n   a f f e c t s   t h e  je t  veloci ty  and the   th rus t .  The magnitude 
of these   e f fec ts  may be examined as follows. The j e t  veloci ty  Vj  i s  
expressed i n  terms of the  je t -nozzle   pressure  ra t io  po/P5 as 

Differentiating  this  equation  while  holding  the  quantity C jd- 
constant  provides  the  relation 

1 - (2) yT 
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using  equation (14) .  The specif ic   thrust  F/wl is  r e l a t ed   t o   t he   j e t  
velocity V j  by 

F (1 + f ) V j  - vo 

Then d(F/wl) = (1 + f 1 dVj/g, assuming a constant   fuel-air   ra t io  f ,  and 
hence 

where 

using  equations 
seen  to  be  half  

(18) and (19) .  The expression  for  the  parameter E i s  
the  value of G if t h e  power-turbine  pressure  ratio 

is  replaced  by  the  jet-nozzle  pressure  ratio po/P5. Figure 14 

may therefore  be  used  to  evaluate E for  given  values of P2/P1 and 
po/P5 by taking E = G/2. The value  of po[P5 i s  determined  from f ig-  
ure  13 i n   t h e  same way tha t  po/P4 is found for  the  turboprop  engine. 

Equation (2Oa) shows the   e f fec t  of a percent change i n  compressor 
efficiency on the   spec i f ic   th rus t  of a turbojet  engine. A s  in   the   case  
of the  turboprop  engine,  the  percent change in   spec i f i c   t h rus t  may be  
taken as equal t o   t h e  corresponding  percent change i n  engine  efficiency 
o r  t h rus t   spec i f i c   fue l  consumption. 

For t he   s t a t i c   ca se  (Vo = 01, t he   e f f ec t  of a percent change i n  com- 
pressor  efficiency on e i ther   spec i f ic   th rus t  or efficiency can  be  deter- 
mined directly  by  evaluating E from f igure  14. Equations ( 2 0 )  and f ig-  
ure  14 show tha t   fo r   t h i s   ca se   spec i f i c   t h rus t  or  engine efficiency i s  
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sens i t ive  t o  small changes i n  compressor eff ic iency when both P2/P1 and 
po/P5 are large.   This   s i tuat ion  for   the  turbojet   engine,  as f o r   t h e  tur- 
boprop  engine,  corresponds to   h igh  compressor pressure   ra t ios  and low 

' turbine-inlet  temperatures.  Figure lO(a) shows that  these  conditions  are 
required  for  high  values of  engine  efficiency. When engine  efficiency i s  
highly  important a t  sea- level   s ta t ic   condi t ions,   therefore ,   h igh compres- 
sor   eff ic iencies  are necessary. 

When a reasonably  high  flight  speed is involved, t h e   r a t i o  
Vo/(l + f )Vj cannot  be  ignored.  Notice, however, t h a t   t h e  denominator 
O f  the   coeff ic ient  of  dqad,C/vad,c in  equation (20a) can  be  written as 

If F/wl i s  80 pounds per pound per  second a t  a f l i g h t  Mach  number  of 
3, the  value  of  this  expression i s  about 0.5, and the  coeff ic ient  of 
dqad,C/%d,C i n  equation  (20a)  approaches  the  value of G .  If F/wl 
i s  60 pounds per pound per  second a t  a f l i g h t  Mach  number of 0.8, this 
expression has the  value of  about 0.7.  

For the  subsonic  airplane,  in which the  compressor  pressure r a t i o  
i s  of the  order  of 16, a percent  decrease  in compressor efficiency  reduces 
the   spec i f i c   t h rus t  and  engine  efficiency  by a l i t t l e   l e s s   t h a n  1 percent 
for   constant   enthalpy  r ise   in   the compressor.  Since  the r a t i o  T3/T1 i s  
low for  supersonic  f l ight,   the  value of P4/P1 i s  low ( f ig .  13). On the  
other hand, the  value of P1/po i s  high,  and a percent  decrease  in com- 
pressor  efficiency  reduces  the  thrust  and eff ic iency by the  order  of  only 
0.5 percent. 

It i s  again  noted  that a reduct ion  in  compressor  pressure r a t i o  ac- 
companies a decrease   in   e f f ic iency   for   th i s   ana lys i s .  The  optimum pres- 
s u r e   r a t i o   f o r   e i t h e r  maximum spec i f ic   th rus t  or minimum spec i f ic   fue l  
consumption, therefore,  decreases as compressor efficiency  decreases. 

EFFECTS OF COMPRESSOR  PRESSURE RATIO, FLOW CAPACITY, AND EFFICIENCY 

ON FRONTAL AREA OF O T H E R  ENGINE COMPONENTS 

Compressor pressure  ratio,  flow  capacity, and efficiency  play a 
prominent ro le   in   de te rmining   the   re la t ive   f ronta l  areas of the  engine 
components. The f ronta l   a reas  of these components are also  involved  in 
engine  weight.  In this   discussion,   only  the  internal   f rontal   area is  
considered.  This area is defined  by n r t ,  where rt is  the   rad ius   to  2 
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the   internal   surface of the  casing of the component under  consideration. 
O f  in te res t  now is t h e   r a t i o  of the   in te rna l   f ron ta l   a rea  of a component 
t o   t h a t  of the  compressor. 

The flow area A of  any component is determined  by  stipulating  the 
weight f low and e i ther  a maximum velocity V o r  a B c h  number M a t  the  
entrance  or e x i t  of t he  component. These maximum values may be  e i ther  
absolute  or found  from  experience; i n  either  case,  undesirably  high  losses 
r e su l t  from  attempting t o  exceed these limits. The required  flow  area may 
be expressed i n  terms of the  veloci ty  V by the  equation 

A =  W m  
1 

o r  i n  terms of t he  Mach  nuniber M by 

When the  values  of w and M or V 
determined  by the   to ta l   p ressure  and 
The in te rna l   f ron ta l  area i s  re la ted  
equation 

L 

Since  the weight  flow  through a 

are given, t h e  
temperature at the  point  considered. 
t o   t h e  annular area 

conventional  engine 
constant ,   the   ra t io   of   the   f rontal  area of  any component 
area of t h e  compressor i s  given by 

A by the  

is essent ia l ly  
t o  the   f ron ta l  

The equivalent  weight f l o w  per unit f ronta l  area w@/A@ of the 



50 NACA RM E56B03 

compressor o r  of any other engine component may be  expressed  by 
subst i tut ing 

P = p  6 
SZ 

T = TsZO 

into  equations (21a) and (21bj. The results  are 

Notice  that, when V/d- or M i s  small, these  equations  are  approxi- 
mated by 

(22b ' ) 

A t  a value of V / , , / a  of 0.2, the   e r ror  i s  about 2 percent. For 
the  same value of M, the   error  i s  about 2 . 4  percent. A quant i ta t ive 
evaluation of equation ( 2 2 )  may be  obtained from f igures  15 and 16. In 
f igure 15(a), w,@/AF6 i s  plotted  against  V / d s ,  with  the  hub-tip 
r ad ius   r a t io  rh/rt as a parameter and with y = 1.4.  Figure  15(b) is  
the  same, except  that y = 1.3. In   f igure  1 6  t h e  flow Mach  number M 
replaces V/dm as the  abscissa.  
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When the  given or allowable  flow Mach  number is  known, together  with 
t h e   r a t i o  of the  inner  to  the  outer  radius,   the  value of w@/A@  may 
be  determined  from f igure  16. The r a t i o  of the  required  f rontal   area of 
any component t o   t h a t  of the compressor may be  expressed  as 

'm 
AF' x 

The value of t h e  last term in  parentheses  in  equation (23) may be  deter- 
mined from f igure  1 7  fo r   t he  conibustor i n l e t .  For the  turbine  discharge 
t h i s  term may be  evaluated from f igure 18. The data for   these   f igures  
were obtained as a byproduct of the  cycle  analyses  previously  presented. 
While f igure  1 7  exactly  represents  the  condition  for  the  given assump- 
t ions,   f igure 18 is subjec t   to   the  same error  discussed  in  connection 
with  figure 13. The value of ( P1/Px) dfi at other  engine  stations 
can  be calculated  readily  with  the  aid of these  curves. If the  flow 
velocity  rather  than  the  flow Mach number i s  of i n t e re s t ,   t he   t o t a l -  
temperature  ratio  across  the component must be known in  order  to  deter-  
mine V / d w ,  which i s  the  abscissa of f igure 15. These t o t a l -  
temperature  ratios may also  be  evaluated from f igure 1 7  f o r   t h e  combustor 
i n l e t  and  from f igures  13 and 18 for   the  turbine  out le t .  

Comparison of Frontal Areas f o r  Subsonic Flight 

Consider t he   s i t ua t ion   fo r  a f l i g h t  &ch number of 0.8 in the   s t ra to-  
sphere  with a  compressor pressure  ra t io  of 16. Assume wfi/AF8 of 30 
pounds per  second  per  square  foot  for  the compressor  and a turbine- inlet  
temperature of 2000° R. Component e f f ic ienc ies  are those  used i n   t h e  
cycle  analyses  previously  presented. 

Engine inlet. - Although it i s  not affected  by compressor pressure 
ra t io ,   the   a rea  of t h e   i n l e t  i s  also of i n t e r e s t  and will be  considered 
first.  For reasonably  high  f l ight   speeds,   the   internal   f rontal   area of 
t h e   i n l e t  i s  equal   to  or greater  than that of the  free-stream  tube  passing 
the  required mass flow. Assuming the   in te rna l  inlet  area  to   be  equal  t o  
the  free-stream area (the  capture  area),  the  value of w @/AF' fo r   t he  
i n l e t  i s  given  by  figure  16(a)  with M = free-stream Mach number and 
rh / r t  = 0. With a pressure  recovery of 0.98, t h e   r a t i o  of t h e   i n l e t  
f r o n t a l  area t o  compressor in te rna l   f ron ta l   a rea  i s  0.62. "his r a t i o  i s  
directly  proportional  to  both  the  total-pressure  recovery of t h e   i n l e t  
diffuser  and  the  f low  capacity of the compressor. 
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Combustor. - In determining  the  size of the  combustor, the  average 
v e l o c i t y   i n   t h e  annulus is  frequently  taken as a cr i t ica l   fac tor ,   a l though 
Mach number i s  probably  just  as applicable. The magnitude of the  veloci ty  
influences  combustion  efficiency as well as the  pressure  drop  through  the 
combustor.  For a l imiting  velocity  of  150 feet  per  second and rh / r t  of 
0.4, t he   i n t e rna l   f ron ta l   a r ea  of t he  combustor is 43 percent of  t he  com- 
pressor   in te rna l   f ron ta l  area. This number i s  inversely  proportional  to 
the  l imit ing  veloci ty   (eqs .  (22a ’ )  and ( 2 3 ) ) .  It increases  as compressor 
pressure  ratio  decreases;  a t  a pressure   ra t io  of 8, the   in te rna l   f ron ta l  
area of t he  combustor i s  70  percent  of  that o f  the  compressor,  other con- 
di t ions  being  the same. This r a t i o  i s  again  proportional  to  the  flow 
capacity  of  the  compressor. 

Turbine. - For the  turbine,   the axial Mach number a t  the  turbine  out- 
l e t  i s  decisive. T h i s  Mach number should  be less than  about  0.7 t o  avoid 
the  l imit ing  loading  discussed  in   reference 6.  For a leaving Mach number 
of 0.6 and a hub-t ip   radius   ra t io  of 0.6, t h e   r a t i o  of the  internal   f ron-  
t a l  area of t he   t u rb ine   t o   t ha t  of the compressor i s  0.54. With leaving 
Mach numbers of 0.5 and 0.4, the  respect ive  ra t ios  are 0.61 and 0.72. De- 
creasing  the compressor  pressure ra t io   increases  this number. A t  a com- 
pressor  pressure  ratio  of 8 it is 0.70 instead  of 0.54. Again, increasing 
the  turbine-inlet   temperature  to 2200’ R (T3/T1 = 5.0)  decreases  this num- 
ber from 0.54 t o  0.50. For a fixed  turbine-inlet  temperature, a reduct ion.  
in  compressor-inlet  temperature  increases T3/T1 with  an  attendant re- 
duct ion  in   this   internal-frontal-area  ra t io .  

The flow  capacity of the  turbine is  control led  by  the  s t resses   in   the 
turbine  blades and the  required work output of the  turbine,  as wel l   as   the 
Mach  number a t  the   tu rb ine   ex i t .  This e f fec t  i s  out l ined  in   reference 7 
and given  detailed  study  in  reference 8. Briefly,  the  permissible  annular 
flow  area A i s  proportional  to  the  allowable  centrifugal stress ‘I; at  
the  blade  root  according  to  the  equation 

where $ is  a taper  factor  defined as t h e   r a t i o  of  the  actual  root cen- 
t r i f u g a l   s t r e s s   t o   t h e   c e n t r i f u g a l   s t r e s s   i n  a blade  having a constant 
spanwise cross-sectional  area.  Combining this   re la t ion  with  equat ion 
(21b)  and  noting t h a t  U t  = rtu provide  the  result 
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If reference  values of compressor t i p  speed U t ,  T, and r are assigned 
and a t ten t ion  i s  focused on the  turbine,  equation ( 2 4 )  becomes 

fo r  a constant  weight  flow  throughout  the  engine. A quantitative  study 
of equation (25)  i s  obtained from f igure 19, i n  which a s e t  of  curves 
showing t h e  l e f t  s ide  of this  equation as a function of (P4/Pl)J= 
and M4 i s  adjoined t o   t h e  curves  of  figure 18. The following  values 
were assumed in   the  calculat ions  for   this   f igure,   wi th   appropriate   uni ts  
where necessary: y = 1.3, @ = 0.6, Ut,ref = 1000 feet   per  second, 
Zref = 30,000 pounds per  square  inch, and rref = 0.3 pound per  cubic 
inch. 

When r, 7, and Ut assume their   reference  values ,   the  l e f t  s ide  
of equation (25)  i s  ident ical ly  wl/Je;IAA$jl, the  f low capacity  of  the 
compressor as  l imited by turbine  s t ress .  For the  reference  condition, 
the  permissible  values of wl&/AFEjl are considerably  higher  than 
those assumed i n   t h e  previous  study. The assumed hub- t ip   r ad ius ra t io s  
are  thus  well  within  those  permitted  by  the assumed s t r e s s  limits and 
compressor  flow capacit ies.  Higher  compressor  speeds or lower turbine 
s t r e s s  limits would, of  course,  reduce  the compressor flow  capacity 
permit t ea. 

The r e l a t ion  between the  work output  of  the  turbine and the  flow 
capacity  of  the  compressor may be examined i n  a similar gross way. As 
a ru l e  of thumb, the  maximum output of a turbine  stage i s  determined  by 
the  quantity JAH/(curh) , which i s  inversely  proportional t o  the  square 
of the  blade-   to   je t -speed  ra t io .  A n  upper  limiting  value (of  about 2 )  
may be  assigned t o   t h i s   q u a n t i t y ,  and the  permissible  enthalpy  drop i n  a 
stage i s  given when the  speed of ro ta t ion  is known. Only a small enthalpy 
drop is  obtained  with  the low ro t a t ive  speeds and a t  t h e  hub of turbines  
with low hub-tip  radius  ratios;  accordingly, small enthalpy  drops are 
obtained  for  the  conditions  of  high  flow  capacity. High flow  capacity 
i s  thus  associated  with a re la t ive ly   l a rge  number of  turbine  stages. 

2 
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High rotative  speeds and large  hub-t ip   ra t ios ,  on the   o ther  hand, reduce 
the  f low  capacity  but  tend  to  decrease  the number of  turbine  stages. 

Afterburner. - A t  t he   i n l e t   t o   t he   a f t e rbu rne r ,  a l imit ing  veloci ty  
i s  again  used  for  the same reasons  that  govern i ts  use i n   t h e  primary com- 
bustor.  For  the  present example the   l imi t ing   ve loc i ty  i s  assumed t o  be 
550 fee t   pe r  second. With t h i s  l i m i t ,  t h e   r a t i o  of t he   i n t e rna l   f ron ta l  
area of the   a f te rburner   to   tha t  of the compressor i s  0.58, (rh/rt = 0). 
Changing the  cycle  pressures and  temperature w i l l  vary this number i n  
about  the same proportions as those  given  for  the  turbine.  

Nozzle. - The area of the   j e t   nozz le  depends on the amount of a f t e r -  
burning,  the amount of supersonic  expansion in   the  nozzle ,  and  whether os  
not   an  e jector  i s  employed. With sonic   veloci t ies  at the  nozzle  exit  and 
no af terburning,   the   area  ra t io  i s  0.29. Altering  the  cycle will change 
t h i s  number  somewhat in  proportion  to  the  corresponding  turbine  areas.  

It appears  that  a compressor  having a flow  capacity of 30 pounds pes 
square  foot (= (w@/AF6)c) could have the   l a rges t   in te rna l   f ron ta l   a rea  
of a l l   t h e  components i n  an  engine f o r  subsonic  flight.  Since  the  area 
ra t ios   a re   p ropor t iona l   to  compressor equivalent  flow  capacity,  there is 
a s t rong  incent ive  to  make the  f low  capacity  of  the compressor as high 
as possible. The  maximum value  of compressor  flow  capacity i s  49.4 pounds 
per  second  per  square  foot  (fig. 15(a)), however, so t h a t  a l l  the  other 
components could  presumably  have a smaller   f rontal   area  than  the compres- 
sor when the  high  pressure  ra t ios   requlred  for  good engine  efficiency  are 
us ed . 

Comparison  of R o n t a l  Areas for  Supersonic  Flight 

For a given mass flow,  the  free-stream-tube  area  increases  with Mach 
number i n  the  supersonic  regime. The temperature a t   t h e  compressor i n l e t  
increases  and  that a t  the  compressor out le t   thus  a l so  increases   with  f l ight  
Mach number. Both the  values of P2/P1 and T3/T1 are   general ly  lower 
for supersonic   f l ight   than  they  are   for   subsonic   f l ight .  As a r e su l t ,   t he  
values of P4/P1 and ( P 4 / P 1 ) d a  are reduced  (figs. 13 and 18). For 
a given  value of (W,@/A@)~,  the  value of (AF) /(AF)c therefore  in- 
creases   with  f l ight  Mach  number (eq. (23) ) .  A s  shown in   f i gu re  9, how- 
ever,  the  flow  capacity of the  compressor also  decreases  with  f l ight Mach 
number  when the  mechanical  speed  of  the  engine i s  fixed  (since 0 in- 

X 

creases   with  f l ight  Mach number). This behavior  decreases  the  value of 
@&/(A&. 

I n   o r d e r   t o  examine these   t rends ,   cons ider   the   s i tua t ion   a t   f l igh t  
Mach numbers of 2 and 3 in   the  s t ra tosphere.  Let the  respective  values 
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of P2/P1 be 8 and 4, and le t   the   turbine- inlet   temperature  be 2500' R 

for  both  cases.  Assume, moreover, tha t  ( W @ / A ~ G ) ~  is 30 pounds per 
second  per  square  foot  for  the  compressor at sea level .  

A t  the  flight Mach number of 2, the  equivalent  flow  capacity  of  the 
compressor may drop t o  24 (( lb/sec) /sq f t )  for  constant  engine  speed. 
With an inlet  recovery of 0.90, t h e   r a t i o  (AF)o/(AF)c becomes 0.74. A t  
t he   f l i gh t  Mach number o f ' 3  and a recovery of 0.6, the  value of 
(W @/AFG)c i s  15 pounds per  second  per  square  foot  and 
( A F ) ~ / ( A F ) c  = 0.77. Notice  that  this number appl ies   on ly   to   the   in -  
ternal   capture  area. A s  indicated i n  f igu re  5, the   ac tua l   f ron ta l  area 
of t h e   i n l e t  may be   subs tan t ia l ly   l a rger   than  this. 

With a limiting  average combustor veloci ty  of 150 fee t   per  second, 
the   ra t io   o f   the   in te rna l   f ron ta l  area of the  combustor t o   t h a t  of  the 
compressor i s  0.70 at t h e   f l i g h t  Mach  number of 2 (rh/rt = 0.4). It i s  
0.88 a t  t h e   f l i g h t  Mach number of 3. This value i s  almost  inversely  pro- 
po r t iona l   t o  compressor p re s su re   r a t io   fo r  a given  f l ight  condition. 

If the   hub-t ip   radius   ra t io  of the  turbine i s  0.6 and the  leaving 
Mch number i s  0.6, t h e   r a t i o  of the   in te rna l   f ron ta l  area of the   tu rb ine  
t o   t h a t  of t he  compressor i s  0.62 a t  t h e   f l i g h t  Mach  number of 2  and 0.58 
at  t h e   f l i g h t  Mach n u d e r  of 3. Increasing  either  the compressor  pres- 
su re   r a t io  or turbine- inlet   temperature   decreases   this   ra t io   in   inverse  
propor t iona l i ty   to   the   resu l t ing  change i n   ( P 4 / P 1 ) , J a  shown i n   f i g -  
ure  18. Notice  that   the assumed flow  capacity  of  the  compressor is low 
enough t o  satisfy  the  turbine  stress  requirements of f igure  19 f o r   t h e  
reference  conditions. 

Again using  an  afterburner-inlet  velocity  of 550 feet   per second, 
the   ra t io   o f   the   in te rna l   f ron ta l   a rea  of the   a f te rburner   to   tha t  of t he  
compressor i s  found to   be  0.77 at t h e   f l i g h t  Mach  number of 2.  A t  t he  
f l i g h t  Mach  number of 3, it i s  0.71. These values are again  almost 
inversely  proportional  to (P4/PI)d-, and changes i n  compressor  pres- 
sure   ra t io  and turbine-inlet  temperature w i l l  change th i s   ra t io   fo l lowing  
the  trends shown i n   f i g u r e  18. 

The area of  the  nozzle  again depends on the  factors   previously men- 
tioned. It is noted, however, t ha t   fo r  complete  expansion  the  outlet area 
of the  nozzle i s  92 percent   of   the   internal   f rontal   area of the compressor, 
at t he   f l i gh t  Mach  number of 2. A t  t h e   f l i g h t  Mach  number of 3, the  area 
r a t i o   f o r  complete  expansion is 1.14. When the  nozzle area equals  the 
f rontal   area  of   the  compressor, the jet velocity Vj is reduced  about 2.5 
percent,  with a resu l t ing  l o s s  of   thrust  of  about 1.5 percent compared with 
the  complete-expansion  case.  Although  the  developed  thrust i s  decreased 
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s l igh t ly   by   l imi t ing   t he  expansion,  the  actual  thrust minus drag is  prob- 
ably  increased.  Internal  plugs on an  e jector  have  been  frequently recom- 
mended  when large  nozzle  pressure  ratios are developed.  In  these  cases, 
the  actua1,flow  area is e f fec t ive ly  less than  the  internal   f rontal   area.  

For t h e  example  chosen, the  compressor has a grea te r   f ron ta l   a rea  
than  either  the  primary combustor or the  turbine.  The flow  through  the 
compressor is much less than i ts  natural  capacJty, however; and  a 20- t o  
100-percent  increase  in  the  flow  capacity of t h e  compressor a t  supersonic 
flight  speeds  could  easily  be  obtained by some  means or another. Thus, 
engines  could  be  designed  in which the compressor  diameter i s  smaller 
than  that   of any other  component in   the  engine.  If the  increase in flow 
capacity i s  obtained by increasing  the  mechanical  speed  with  flight Mach 
n u d e r ,  so as t o  reduce  the  severity of the   d rop   in  N/,@, then  turbine 
stress problems arise  (eq.   (25)).  On the  other  hand, if  the  value of N 
is s u f f i c i e n t l y  low t o  avoid  this  difficulty,   the  enthalpy  drop  per tur- 
bine  s tage is  low, and a large number of  turbine  stages i s  required. 
Therefore,   the  selection of  compressor  flow  capacity is frequently  based 
on a number of considerations  other  than  frontal   area.  Design  informa- 
t i o n  i s  required, however, t o  permit  designs  as  close  as  possible  to  the 
na tu ra l  limit of 49.4 pounds per second  per  square  foot of f ronta l   a rea .  
This  high  value  could  then  be  used when it is desired. 

Effects  of  Compressor Efficiency on Size of Components  Downstream 

Compressor eff ic iency  a lso  affects   the  s ize  of  engine components 
downstream  of t h e  compressor. The magnitude  and in t e r r e l a t ion  of  these 
e f f ec t s  me estimated by the  following  technique. When the  weight  flow 
w and the   ve loc i ty  or  Mach  number are  given,  the  annular  flow  area i s  
seen by equations (21)  t o   be  determined  by the   t o t a l   p re s su re  P and 
the  total   temperature  T at   the  point  considered. 

Presuppose a f ixed   en tha lpy   r i se   in   the  compressor  and  a  given f u e l  
flow so as t o  make the  total   temperature  T at any point  in  the  engine 
independent  of t h e  compressor efficiency and pressure  ratio.  Equation 
(14) then shows how a small change i n  compressor eff iqiency  affects   the 
t o t a l   p r e s s u r e  a t  any point  in  the  engine downstream  of t h e  compressor. 
Holding w, T, and V or  M constant and d i f fe ren t ia t ing   e i ther  equa- 
t i o n  (2la) or  f21b)  with  respect  to A and P give 

" dA dqad, C 
A - - &  

Tad,C 

u t i l i z ing   equat ion  (14). A curve showing the  parameter Q as a  function 
of P2,Pl f o r  yc = 1.4 i s  shown in   f i gu re  20. This  curve  indicates 
t h a t   t h e   s e n s i t i v i t y  of the  flow  area of the  components downstream  of the 
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compressor t o  small changes i n  compressor efficiency i s  greatest  when the  
compressor total-pressure  ra t io  P2/P1 is high. Under these  conditions, 
t he   f ron ta l  area of the  components behind  the compressor i s  usually low. 
When t h e  components behind  the compressor decide  the  frontal   area,  how- 
ever, low compressor eff ic iency  can  be  cost ly   with  respect   to   s ize  as well 
as  engine  efficiency and specif ic  thrust. 

FACTORS DETERIUXHE COMPRESSOR FLOW CAPACITY AND WEIGHT 

Flow Capacity 

The flow  capacity  selected  for a compressor represents a compromise 
among several   factors  that   also  control  engine weight. Some of these  fac- 
t o r s  are discussed  in  the  next main section  of  this  chapter.  For the  mo- 
ment it i s  suf f ic ien t   to   no te   tha t ,  among other  things,  the  flow  capacity 
depends on the   ro ta t iona l  speed  of the  engine. Two causes  of t h i s  depend- 
ency, turbine  blade  s t ress  and curbine work, were outlined  in  the  previous 
section. A similar l i m i t  involving  s t ress   in   the compressor blades  could 
a l so   be  deduced. The s t ress   in   the   tu rb ine   b lades  is  frequently  the gov- 
erning  factor, however, because  of the  elevated  temperatures. 

Another fac tor  making the  flow  capacity depend on the  speed of rota- 
t i on  arises from aerodynamic causes i n   t h e  compressor i t se l f .  A t  the  
present s ta te  of the  design art, d ic ta tes  of efficiency l i m i t  t he  Mach 
number r e l a t i v e   t o   t h e  compressor blades.  This  Mch nmiber may be  writ ten 
as 

The equivalent  weight  flow  per  unit of flow area a t  any radius is, how- 
ever, 

Because of other  considerations, the value of p1 is usually made 
as small as possible, and even  negative  values of p1 may be  desired. 
With a given  value  of p1 and a limiting  value of %, t he  flow capacity 
is c r i t i c a l l y  dependent on t h e  wheel  speed U, decreasing as t h e  wheel 
speed  increases. 
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If, now, t h e  wheel  speed is  independently  determined,  the maximum 
flow  capacity  of  the compressor i s  automatically  st ipulated  eisher  by  the 
l imitat ions of blade stress or by  the  l imitations  of compressor  blade Mach 
number. A t  low  compressor  pressure  ratios and  low r a t i o s  of  turbine-inlet  
t o  compressor-inlet  temperature,  turbine  blade stress tends t o   b e   t h e  de- 
c iding  factor .  A t  higher  levels of these  quantities,  with  cooled tur- 
bines, compressor blade Mach  number becomes t h e   c r i t i c a l  item. In  order 
t o  overcome t h i s  la t ter  l imitation,  considerable  attention must be  given 
t o   t h e  problem  of e f f i c i en t ly  coping  with  high Mach numbers r e l a t i v e  t o  
t he  compressor blades. 

The radial d is t r ibu t ion  of  w@/A6, as well  as the  hub-tip  radius 
r a t io ,  i s  required  to  determine  the  net   equivalent  f low  capacity of  t he  
compressor. The radial-dis t r ibut ion problem i s  t reated  in   chapter  VI11 
( r e f .  9 ) .  It w i l l  not  be  discussed  here  except t o  note   that   the   f low 
capacity  can  be  affected by the  dis t r ibut ion.  The hub-tip  radius  ratio 
i s  affected by two factors:  (1) the  problem of  at taching  the  blades  to 
the  disks ,  which i s  chief ly  a mechanical problem,  and ( 2 )  t he  aerodynamic 
problem  of  designing the  blades near  the hub.  The gains  in  flow  capacity 
a re  small when the  hub-t ip   radius   ra t io  i s  reduced  below  about 0.35 (see 
f ig s .  15 and 161, and it i s  a t  t he  lower values of hub-t ip   radius   ra t io  
that  the  attachment and  aerodynamic design problems may become serious.  
Below some value  of  hub-tip  radius  ratio,  therefore,  the  possible  gains 
i n  weight  flow  per  unit  of  frontal  area  could  be  too small f o r   t h e   e f f o r t  
and expense  required t o   g e t  them. 

Layout and Weight 

Some of t he  problems associated  with  the s i z e  and weight  of a compres- 
sor are i l lustrated  with  the  a id   of  a schematic  drawing  of a representa- 
t ive   cur ren t  compressor  and i ts  diffuser   ( f ig .  21) .  The pressure  ratio,  
turbine-inlet  temperature, and weight  flow  of a i r  of t he  engine  associated 
with  this  compressor are presumably  determined  from  preliminary  design 
studies.  The speed  of  rotation i s  a l so  assumed t o  have  been  selected from 
this   s tudy.  The flow  capacity  of  the compressor i s  t h e n . f a i r l y  w e l l  de- 
f ined,  ei ther by s t r e s s  or aerodynamic considerations. 

The  number of stages  required by the  compressor i s  determined  by  the 
pressure   ra t io  o r  enthalpy r i se  tha t  each  stage  can  produce. A t  t he  
present  time,  the  permissible  enthalpy  rise  per  stage may be  approximately 
expressed  by 

J 

where D i s  a measure  of the  blade  loading as presented in   reference 10. 
The enthalpy r ise  i n  a stage is  thus  direct ly   proport ional   to   the  blade 
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speed and to  the  stage-inlet   velocity  relative  to  the  rotor.   Obtaining 
high  flow  capacity  by  reducing  the  blade  speed  increases  the number of 
stages  required  to  obtain a given  enthalpy  rise.  This  result is similar 
t o  that   previously  noted  for  the  turbine.  

The en tha lpy   r i se   in  a stage  also depends on the   re la t ive   ve loc i ty  
r a t i o  V i / V i  across  the  stage.  If D has a limiting  value of 0.4, 

changing V i / V i  from 1 t o  0.9 reduces  the  enthalpy r i s e   i n   t h e   s t a g e  by 
25 percent. The l imitat ions imposed by t h i s   v e l o c i t y   r a t i o   a f f e c t   t h e  
layout and t h e  number of  stages  required by a compressor. In  order t o  
meet the  velocity  requirements  in  the combustor, t h e   a x i a l  component of 
air  veloci ty  i s  sometimes reduced  by a factor  of 5 or more between the  
compressor i n l e t  and t h e  combustor.  Avoiding excessive  losses  in  the 
diffusing  section  behind  the compressor requires   that  a considerable  part 
of this   decelerat ion  be  absorbed  in   the compressor. Inasmuch as 

vi 
vi 
- =  

t h e   r a t i o  VA/Vi 
blade rows. The 
ber of stages is  
greater  . 

must be  appreciably  less  than 1.0 in   the  major i ty  of t he  
enthalpy  r ise  per  stage i s  thus  res t r ic ted,  and the  num- 
greater  than  that   required i f  Vz,2[Vz,1 could  be 

Continuously  decreasing  the  axial  velocity  through  the compressor 
also  causes Vi t o  be  continuously  reduced. The enthalpy r i s e  per  stage 
is  consequently much less i n  the la t t e r   s t ages  of the  compressor than it 
i s  i n   t h e   e a r l y  ones.  Obtaining a reasonable  enthalpy r ise  i n   t h e  la t ter  
stages  thus  requires  the  use of fa i r ly   h igh   b lade  speeds,  even if the  in- 
le t   f low  capaci ty   of   the  compressor i s  prejudiced. Moreover, the  casing 
diameter at t h e  rear stages i s  usually  kept  large  to  obtain  these  high 
blade  speeds.  Continuity  requirements  then  dictate  the  use  of small blade 
heights  to  the  detriment  of  efficiency. 

The  nurdber of compressor stages and the  compressor layout shown i n  
f igure  2 1  were determined  by  these  principles. As a result of t h i s  par- 
t icular   layout ,  an awkward flow  passage is r equ i r ed   t o  connect t h e  com- 
pressor t o   t h e  combustor. Moreover, the  bulk and  weight  of t he  compressor 
are large. 

The length of each stage i s  decided  by  the ax ia l  clearance  required 
and the  chord  length of t h e  blades themselves. The spacing is usually 
set by  mechanical  tolerances and the  locat ion of the  thrust   bearing. The 
chord  length of t h e  blades i s  frequently  determined by arb i t ra r i ly   l imi t ing  
t h e  bending stress at the  blade root. The bending moment normally  used t o  
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ca lcu la te   the  stress is t.hat  caused  by the  s teady aerodynamic forces on 
the  blade.  Because  of t h e  dangers  of  blade  vibration, however, a la rge  
factor   of   safety is used,  and the  calculated  steady-state  bending  force 
is w e l l  below the  value  that  the  blade  can  withstand. The blade  chords, 
and hence t h e  engine  length, are thus  greater  than  required by aerodynam- 
ics   for   s teady-s ta te  stresses. ( A t  high  alt i tudes,  however, large  blade 
chords may be  required t o  avoid  poor  performance a t  low Reynolds numbers. 
Wre  information is required on this   subject   before   def ini te   s ta tements  
can  be made. ) 

Because  of the  large  diameter and high in t e rna l  pressure at the  out-  
l e t ,   the   cas ing  i s  heavy. For the  type of  mechanical  design shown i n  
f igure 21, a considerable amount of  weight i s  also  associated  with  the 
rear  disk,  which has a large  diameter. If t h e  metal i n   t h i s   s o l i d   d i s k  
had t o  res i s t   on ly   the   s t resses   c rea ted  by centr i fugal   force,   the   thick-  
ness could  be  considerably less than that, actually  used. I ts  weight 
would then   be   re la t ive ly  small. It must, however, be st iff  enough t o  be 
mmfactured   readi ly  and handled  without  danger  of  warping. The disk must 
a lso  be stj.ff enough t o  withstand  the axial force  resul t ing from the  pres- 
sures  acting on the  disk  face.  These forces  increase  with  the  diameter of 
the  disk and with compressor pressure  ra t io .  

For a given Mach  number l i m i t ,  increasing  the  design  weight  flow 
through  the compressor  by  reducing the  design  rotative  speed  reduces  the 
diameter  of  the compressor  and  hence  reduces the  weight  of  an individual 
disk and a unit   length of casing. On the  other  hand, t h e  number of  stages 
is increased. More disks and a longer  casing  length  are needed. It would 
appear t ha t ,   f o r  a given  l imitation between f l o w  capacity and speed, there  
a re  optimum values  of  these  quantit ies  that   yield  the minimum compressor 
weight. As previously  noted,  the same reasoning  applies to   the   tu rb ine .  

The s i z e  and length of the  other  engine components are   fa i r ly   inde-  
pendent  of the  actual   design of the  compressor a f t e r   t h e  pr'essure r a t i o  
and  flow  capacity are given. An exception t o   t h i s  statement might be 
the   d i f fuser  between the  compressor  and  combustor, b u t   t h i s  element  should 
be  considered  to  be  part of the  compressor i t s e l f .  

Since  the Mach  number r e l a t i v e   t o   t h e  compressor blades  has an i m -  
portant  bearing on the  flow  capacity of t h e  compressor and the  number of 
stages  required,  the  highest  permissible Mach  number level  should  be  used 
i n  design.  This  statement i s  pa r t i cu la r ly   t rue  of the   in le t   s tages ,  where 
the  Mach  nuIzLbers naturally  tend  to  be  the  highest .   Important improvements 
of these  stages have  been made in   recent   years  (see refs. 11 and 1 2 ) .  A s  
a result,  higher  air-flow  capacity  can  be combined with  high  stage  pres- 
sure   ra t ios .  

Identifying  the  true  loading limit of a blade  has  also  been  given 
attention. The coarser  the  definition  of  the  loading limit, the  greater  
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i s  the  aerodynamic factor  of sa fe ty   tha t  must be employed. The design 
pressure  ra t io   of  a stage  thus  suffers.  While reference 10 and equation 
(29)  a r e   de f in i t e  advancements i n   t h i s   d i r ec t ion ,   t he re  is  s t i l l  con- 
siderable room for  improvement. 

Although the  number of stages i s  reduced  through  the  use of high 
Mach numbers and accurately  defined  loading limits, the  over-all   length 
tends t o  remain the  same if the  bending-stress limits are unaltered. The 
higher  pressure ratios r e su l t   pa r t i a l ly  from larger  blade  forces,  which 
in   turn  cause  larger  bending moments a t  the  blade  roots .  With a fixed 
allowable  bending-stress l i m i t ,  t he  chord  length  of t he  blades increases 
as  the  stage  pressure r a t i o  increases. Recent observations have shown, 
however, that   blade  vibrations  are  primarily  the  result  of ro ta t ing  s t a l l  
( r e f .  13). Blade wakes and the  pressure  f ie lds  of fixed  obstacles may 
have contributory  effects,  but  these  sources  can  be  avoided or otherwise 
treated  by  appropriate  design. These investigations have also shown t h a t  
vibration induced by ro ta t ing  s t a l l  can  be  eliminated or mitigated by such 
methods as interstage  bleed  and  variable  stators.  A s  indicated i n  re f -  
erence 14, ramps a t  t h e   i n l e t  are a l so   u se fu l   fo r  evading  the  blade- 
vibration problem. Through the  use of th i s   type  of  equipment, the  hazards 
of blade  vibration are relieved. The permissible  bending  stresses  can  be 
raised, and marked seductions  in chord  length  are  possible. Reducing the  
chord  length and the  number of  stages  reduces compressor length and of fers  
s ignif icant   reduct ions  in  compressor  weight. 

The necessity  of  adding  stages t o  a compressor j u s t   t o  reduce  the 
ax ia l   ve loc i ty  i s  a problem that needs more at tent ion.  It is possible 
tha t   too   g rea t  a penalty i s  being  paid  for  the  lack of complete  informa- 
t ion  about  the  pressure loss i n   d i f f u s e r s  and  combustion  chambers. 

As indicated  in  reference 15, a basic combustor parameter  governing 
pressure loss may be  the  velocity  in  the  secondary-air  passage. An i m -  
portant  variable  governing  the  efficiency of a diffuser  i s  t h e   r a t i o  of 
the m a x i m u m  surface  velocity  before  deceleration  to  the minimum surface 
velocity after deceleration. If the  minimum veloci ty  were that i n  the  
secondary-air  passage of the  combustor and  the  ra t io  of maximum t o  mini- 
mum surface velocity were given,  the  velocity  entering  the  diffuser 
could  not  be  greater than the  product of the  allowable  secondary-air 
veloci ty  and the  allowable  velocity  ratio.  If the  diffuser  passage  causes 
loca l   ve loc i ty  maximums and minimums, however, t he   i n l e t   ve loc i ty  must be 
less than  the  otherwise  allowable  value.  Potential-flow methods, such as 
those  proposed in   re fe rence  15, afford a means of eliminating  unnecessary 
maximums and minimums in   the   sur face   ve loc i t ies .  

Figure 22, which is taken from reference 15, i l l u s t r a t e s  a d i f fuser  
designed  along  these  lines. An inser t   controls   the  f low area i n   t h e  pas- 
sage between the  compressor out le t  and the  secondary-air  passage of t h e  
combustor. The r a t e  of change  of t h i s   a r e a  has the  major e f f e c t   i n  
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control l ing  the rate of diffusion.  Gentle  curvatures  are  used  to minimize 
the  undesirable  gradients due t o  curvature.  Deceleration of the  primary 
air i s  eff ic ient ly   obtained by the  stagnation of the air ahead of the  in-  
sert. Such a device  should  permit  higher  velocities a t  the compressor 
ou t l e t  and  should  tend to   shorten  the  diffuser   length.  These higher ye- 
locit ies  could  be  used  to  enable  the  rear compressor s t ages   t o  develop 
greater   pressure  ra t ios .  On the  other hand, the  diameter of the  casing 
(and  hence  blade  speed)  could  be  reduced  between  the i n l e t  and ou t l e t  of 
the compressor  without  increasing  the number of stages  over  those  present- 
l y   r equ i r ed .   In   t he   l a t t e r   ca se ,  a l igh ter   cas ing  may r e s u l t  and  the 
d-jmeter and  weight of the  disks  are  reduced. The pressure  forces on the  
disks  are  also  reduced, and the  disks may be  thinner. Because  of the  
greater   radial   length of the  blades  in  the  rear  stages,   higher  efficien- 
c i e s  may be  obtained. 

A schematic  drawing  of  a  compressor i n  which the  compressor design 
incorporates  the  ideas  suggested is shown i n   f i g u r e  23. The pressure 
r a t i o  and weight  flow  are  the same as   for   f igure  21. Higher ro t a t ive  
speeds and flow  capacit ies  result  from raising  the  permissible  blade Mach 
number. For this   layout ,   the   turbine  s t resses  were higher  than  those  nor- 
mally  used,  but it was assumed that  turbine  cooling  could  be  used  to ob- 
ta in   the   necessary   s t rength   in   the   tu rb ine   b lades .  The diameter of the  
compressor  and the  rimer of compressor stages  are  reduced.  Interstage 
bleed and a ramp a r e  assumed to  eliminate  the  vibrations  caused by r o t a t -  
ing stall ,  and small blade  chords  are  used. The controlled  diffusion 
without  reacceleration  in  the  diffuser  permits  comparatively  high  ve- 
l o c i t i e s  a t  t h e  compressor discharge. These high  velocit ies,   together 
with  the  high  rotative speed,  permit  the  casing  diameter t o  be  reduced  as 
shown without any  untoward e f fec ts  on length. 

This  arrangement i s   i n  no sense a recommended one. It merely  serves 
t o   i n d i c a t e  how s e v e r a l   c r i t i c a l  aerodynamic fac tors  can greatly  influence 
t h e  shape  and  weight of a compressor  and the  weight  of the  associated 

' engine. The  optimum arrangement  depends, of course, on the  mechanical de- 
s ign and the  materials  used. Although these  factors  are  not  given any 
other   considerat ion  in   this   ser ies  of reports,  advances i n   t h e   f i e l d  of 
mechanical  design  and  materials  are  as  important as advances in   the  aero-  
dynamic f i e l d .  For example, obtaining  the  required  disk  st iffness  with 
lightweight  disks i s  an  important  mechanical  problem. Improving the 
strength-weight  ratio of materials is obviously  another. 

COMPRESSOR REQUIREMEDiTS 

Design Point 

The preceding  discussions have indicated many of  the  over-all  design- 
point  requirements of  compressors. High efficiency i s  shown t o  be 
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important for  several   reasons.  The thrust and efficiency of the  engine 
increase  with compressor efficiency,  particularly  with  high compressor 
pressure  ra t ios  o r  low r a t i o s  of turbine-inlet   to  compressor-inlet  tem- 
perature. The diameters of the  components downstream of t h e  compressor 
decrease as compressor efficiency  increases. Moreover, t h e  number of 
compressor  and turbine  s tages   required  for  a given compressor pressure 
rat io   decreases  as compressor efficiency  increases. 

High air-flow  capacity is  a l so  an important  compressor a t t r i bu te .  
When the  maximum f ronta l   a rea  of the  engine is controlled  by  compressor 
diameter, high  flow  capacity is  required  to  reduce  nacelle  drag. High 
flow  capacity i s  a l so  a f a c t o r   i n  minimizing  specific  engine  weight. 

One of t he  most important  requirements  of  compressors  concerns  engine 
weight. The weight of t he  compressor i t s e l f  must be  small, and i t s  design 
must not  prejudice  the  weight of the  other  components. For t hose   f l i gh t  
conditions which are cr i t ical   to   specif ic   engine  weight ,   th is   requirement  
i s  obvious; it i s  also  an  important  factor when high  engine  efficiency 
appears t o  t h e   c r i t i c a l  item. High engine  efficiency is invariably 
associated  with  high compressor pressure  ratio,   particularly  for  subsonic 
f l i g h t .  The fu l l  benefi ts  of this  high  pressure  ratio  cannot be realized, 
however, when the  increase  in  engine  weight i s  out of propor t ion   to   the  
increase  in  engine  efficiency. 

Obtaining  relatively  lightweight  engines and compressors requires  
each  element to   be  operated  near   the l i m i t  of i t s  aerodynamic  and struc- 
tural  capacity. The dead  weight carr ied must be a minimum.  The compres- 
sor blades must t o l e ra t e   l a rge   r e l a t ive  Mach numbers so  that  high  f low 
capacity and high  relative  speeds can be  realized.  Provisions must be 
made for eliminating  the  sources  of blade vibrations so tha t   t he   t h i ck -  
ness  and  chord  length  of  the  blades  can be small. The d i f fuser  a t  t he  
compressor out le t  must permit   h igh  enter ing  veloci t ies   in   order   to   obtain 
the  maximum output  from  the rear stages  of  the  compressor. 

Another  important  factor i n  compressor design  concerns  the  mating 
of  flow  passages.  Aerodynamically  clean  passages  are  required f o r  t ran-  
s i t i ons  between the  i n l e t  d i f fuser  and t h e  compressor i n l e t ,  and  between 
the  compressor  discharge  and  the combustor.  Abrupt increases   in   the  
flow area or in   the  curvature  of the  passages  invite  undesirable  losses.  
These losses may immediately result from separation  of  the  flow. The 
losses, on the  other hand, may appear i n   t h e  downstream  components as 
t h e   r e s u l t  of the   th ick  boundary layers (or distortions)  developed  in 
the  transition  passages.  Notice that, by  the same token,  thick  boundary 
layers from any  source  entering o r  leaving  the compressor are objectiona- 
b l e  because  they  represent  potential  sources  of loss.  

These general  requirements are necessary  ingredients   for   eff ic ient  
lightweight  designs. The best   design  within  the limits of these 
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quan t i t i e s   r e su l t s  from a cut-and-try  procedure i n  which a nwnber of 
tentative,   equivalent aerodynamic designs  are made and their   estimated 
weights compared. 

O f f  -Design Considerations 

The preceding  general comments apply t o  any operating  condition,  but 
they are par t icu lar ly   d i rec ted  at the  design  point of the  engine and i t s  
compressor. The design  point   refers   to  a par t icular   f l ight   condi t ion and 
engine  operating  condition where the  engine components  and  subcomponents 
a re   de l ibera te ly  matched to  achieve  certain  desired  engine  characteris-  
t i cs .   Bes ides  meeting i ts  obligations at this   point ,  however, the com- 
pressor must be  able   to   provide  sui table  performance at   o ther   operat ing 
conditions imposed upon it. It must permit  the  engine t o  be   s ta r ted  
readi ly  and accelerated  rapidly  to  its design  speed. It must also  provide 
sa t i s f ac to ry  performance  over a ra&e of  engine  speeds,  pressure  ratios, 
and  weight  flows when varying  flight  conditions  require them. 

The exact  nature of these  off-design  requirements depends on the 
type of engine  and on the  design of the  components themselves. The gen- 
eral off-design  problems  are  very similar f o r  a l l  engines, however,  and 
the  general  requirements of the  associated compressor  can  be obtained 
from the  study of the  problems of a typ ica l  one-spool  turbojet  engine. 
The pa r t i cu la r  problems of other  engine  types,  such as the  two-spool 
turbojet  engine  and  the  turboprop  engine,  are  then  indicated. 

The study of the  off-design  conditions  requires  an  investigation of 
t he  matching  of t h e  compressor to  the  other  engine components. The tech- 
niques  for  this  investigation  are  discussed  in  chapter X V I I  ( r e f .  IS), and 
the  fol lowing  resul ts  were obtained  through  the  use of these  procedures. 

One-Spool Turbojet  Engine 

The off-design  requirements of a compressor are  conveniently shown 
on the  compressor  performance map in   f igure  24(a) .  .In the  usual  repre- 
sentation, compressor  pressure r a t i o  i s  plot ted  against  i ts  e uivalent 
weight  flow w@/6. Lines of constant  equivalent  speed N/& and 
constant  efficiency  are  parameters. The stall-limit (or  surge)  l ine  rep- 
resents   the  highest   pressure  ra t io   a t ta inable   a t  a given  equivalent  weight 
flow. The break  in   this   l ine   represents   the  region where the   s t a l l - l imi t  
l i n e  is not  well  defined  because of multivalued  characterist ics of the  
compressors  (ch. X I 1 1  ( r e f .  16)  ). The shaded area of the  map represents 
a region where  one or  more  of the  individual  blade rows are   s ta l led ;   here  
ro ta t ing  s ta l l  and the  attendant  dangers of blade  vibration may be 
prevalent  (ch. X I  ( r e f .  16) - 
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I n   t h e  ensuing  discussions of off-design performance, the  pressure 
ratio,   equivalent speed,  and  equivalent  weight  flow  axe  expressed  as 
percentages of their  design-point  values. Thus, point A of figure  24(a),  
where the  pressure  ratio,  equivalent  speed, and equivalent  weight  flow 
a r e  denoted by 100 percent,  represents'   the  design  point of t h i s   pa r t i cu la r  
compressor. 

For any operating  condition  of  the  engine,  the  corresponding  point 
on the  compressor  performance map i s  given when any two of the  following 
variables  are  stipulated:  the  equivalent compressor  weight  flow, the  
equivalent compressor  speed,  and t h e   r a t i o  of t u rb ine - in l e t   t o  compressor- 
inlet   temperature.  frequently one of these  variables i s  known d i r ec t ly  
and the  others  are  functions of t h e   f l i g h t  Mach number, the  recovery of 
the   in le t   d i f fuser ,   the  amount of afterburning, and the  jet-nozzle  area.  

Engine acceleration. - With a fixed  jet-nozzle  area,   the compressor 
equilibrium  operating  points may l i e  a long  the  l ine BC of f igure  24(a)  
for sea- level   s ta t ic   condi t ions.  The principal  off-design problems here 
per ta in   to   blade  vibrat ions and engine  acceleration  in  the  low-equivalent- 
speed  regions.  Blade  vibrations may occur anywhere i n   t h e  shaded  region; 
and, for   the   t ime  be ing   a t   l eas t ,   th i s  danger  appears t o  be  inevitable 
unless some var iable   feature  is  incorporated  into  the compressor design. 
Such devices as ou t l e t  or  interstage  bleed,  variable  inlet   guide vanes 
and s t a to r s ,  or ramps have  been  used, or suggested, t o  circumvent the  
vibrat ion problem. 

For t he  purpose of discussion,  the problem of engine  acceleration 
may be  conveniently measured  by the  difference between the  pressure  ra t io  
of t he   s t a l l - l imi t   l i ne  and tha t  of the  equi l ibr ium  operat ing  l ine  a t  a 
given  equivalent  weight  flow. This difference is c a l l e d   t h e   s t a l l  margin. 
When t h e   s t a l l  margin is large,  the  turbine-inlet  temperature, and  hence 
the  torque of the  turbine,  can  be  appreciably  increased  without  encounter- 
i n g   t h e   s t a l l  l i m i t .  Rapid accelerations are then  possible. When the  
s ta l l  margin i s  small ,   the  acceleration  rate i s  a l so  small unless  such 
devices  as  an  adjustable  jet  nozzle,  interstage  bleed  (refs. 1 7  and 18), 
or variable   inlet   guide vanes  and s t a to r s  are used. When the  operating 
l i ne   i n t e r sec t s   t he  stall-limit l ine   ( f ig .   24(b) ) ,   the  s ta l l  margin i s  
negative, and such  devices  are  necessary if design-speed  operation i s  t o  
be  reached. An a l t e r n a t i v e   t o  using these  var iable   features  is t o   r e -  
locate   the  design  point   to  A' of f igure  24(b). This procedure is equiva- 
l e n t   t o  making t h e  compressor too  big and too heavy for   the  pressure 
r a t i o  it is  requi red   to  produce ( in   par t icu lar ,   the   rear   s tages   a re   too  
l ightly  loaded);  it is thus  an  undesirable remedy. 

The reason  that  some compressors  have good and others poor s ta l l  
margins is not  completely  understood.  Irrational  design  practices  have 
con t r ibu ted   t o   t he  problem. Otherwise, the   ava i lab le  s ta l l  margin usu- 
a l l y  becomes less as  the  design  pressure  ratio  increases.  Compromising 
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the  design so t h a t   t h e   b e s t  compressor  performance is sought at, say, 90- 
percent  speed  (lower  design  pressure  ratio)  has  been  suggested t o   h e l p   t h e  
low-speed stall margin. The benefits   obtained by t h i s  procedure are usu- 
a l l y  small, however, and th i s   type  of design  tends  to  put  the compressor 
i n  jeopasdy at higher  speeds.  Since some devices are desired anyway t o  
deal  with  blade  vibrations,  it is reasonable t o  extend the i r   u se   t o   i n -  
crease  the s ta l l  margin  and  not compromise the  design  of  the compressor 
too much t o  combat the  accelerat ion problem. 

Varying fl ight  speeds.  - As previously  indicated,  the compressor 
operating  point i s  a function of a number of variables.  The general 
trend  of  operation  over a range  of  flight  speeds, however, may be  indi- 
cated by l i n e  BC of figure  24(c). Along th i s   l i ne ,   t he  mechanical  speed 
of the  engine is constant.  Point C thus  corresponds to  small   values of 
el (low inlet   temperatures   resul t ing from  low f l i g h t  Mach numbers i n   t h e  
s t ra tosphere) .  On the  other hand, polnt B corresponds to   l a rge   va lues  
of (high  f l ight  Mach numbers). Specifically,  values of 
( N / f i ) / ( N / f l ) d  of 0.7, 0.8, 0.9, 1.0, 1.1, and 1.13 correspond,  re- 
spec t ive ly ,   t o   f l i gh t  Mach numbers of 2.93, 2 -30, 1.79, 1.28,  0.71, and 
0.45 in  the  stratosphere  for  constant  mechanical  speed. 

A t  f l i g h t  Mach nunibers below  1.28 in   the   s t ra tosphere ,   the  equiva- 
l en t  speed  of t he  compressor is above i t s  design  value. The  Mach  number 
of the  f low  re la t ive  to   the  blades  near   the compressor i n l e t  is higher 
than  that  assumed in  design. Moreover, t he  matching of t he  compressor 
stages is upset. These e f f ec t s  combine t o  reduce  the  efficiency of the  
compressor and t o  reduce  the  slope of the  stall-limit l i ne   a t   t he   h ighe r  
equivalent  speeds.  Besides  reducing  the  efficiency of the  engine,  this 
drop i n  compressor eff ic iency moves the  equilibrium  operating  l ine up- 
wards. If the  design of the  compressor is compromised too much to   favor  
low-speed  engine acceleration,  the compressor eff ic iency and slope of the 
s t a l l - l i m i t   l i n e  may both  drop so rap id ly   tha t   the   opera t ing   l ine   in te r -  
sec ts   the  s ta l l  l i n e   a t  a s l i g h t  overspeed ( f i g .  24(d) ) .  In t h i s  event, 
t he   ro t a t ive  speed  of the  engine may have t o   b e  reduced so tha t   t he  op- 
e ra t ion  is a t   po in t  D. Instead,  the  area of t h e   j e t  nozzle may be  in- 
creased  in  order  to move the  operating  point  to E. Either  procedure 
causes  the performance t o  decrease, and the lat ter procedure i s  inef- 
f ec t ive  when the  turbine is  a t  or beyond the  point  of l imiting  loading. 

Avoiding these  efficiency and s t a l l - l i m i t   d i f f i c u l t i e s   r e q u i r e s   t h a t  
considerable  attention  be  given  to  the  high-equivalent-speed  operating 
condition  during  design.  Either  the  design  should  be made for   the  assumed 
overspeed  condition, or the  design  should  be  reviewed at this  condition. 
Some approximate methods of making t h i s  review  are  presented i n  chapter X 
( r e f .  9 ) .  
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With h igh   f l igh t  Mach nunibers (above 1.281, the  equivalent  speed of 
t he  compressor is lower than i t s  design  value. sf t h e   f l i g h t  Mach number 
i s  high enough, t he  compressor efficiency and s t a l l - l imi t  problems 
plaguing  low-equivalent-speed  operation  reappear. Again, such  devices 
as interstage  bleed and variable  inlet   guide vanes and s t a to r s  might be 
helpful,   since  they  actually improve compressor  performance i n   t h i s  re- 
gime. Variable  inlet  guide  vanes and s ta tors ,  however, frequently  tend 
t o  reduce  compressor  weight  flow a t  the  high Mach numbers, t o   t h e   d e t r i -  
ment of thrust .   Interstage  bleed, however, might  be  useful i f  the prob- 
lems of handling  the  bleed air  i n   f l i g h t   a r e   n o t   t o o  complicated. 

An al ternat ive,  however, i s  to   increase  the  rotat ive  speed  of   the 
engine, a t  least t o  some extent, as t h e   f l i g h t  Mach number increases. 
If the  compressor is normally  required t o  operate a t  70 percent of i t s  
design  speed,  increasing  the  mechanical  speed 14 percent moves the  op- 
erating  point  almost t o  the  80-percent-speed  line. If the  area of t he  
j e t  nozzle i s  increased so that  the  turbine-inlet   temperature i s  constant, 
the   operat ing  point   shif ts  from B t o  B '  in   f igure   24(e) .  Not only i s  the  
operating  point removed from the  stall-limit l ine,   but   the  compressor 
handles more weight  flow and t h e  engine  develops more thrus t .  

Because  of the  higher  flow rate, the  flow  capacity  of  the  turbine 
must be  higher  for  this  kind  of  operation. The higher  required  flow 
capaci ty   increases   the  s t resses   in   the  turbine for a given  rotat ive 
speed ( f i g .  1 9 ) .  For a given  turbine stress l imit ,   therefore,   the  speed 
a t  the compressor design  point i s  lower  than it would otherwise  be. One 
or more additional compressor stages may be  required  to   get   the   or iginal  
design-point  pressure  ratios i f  such i s  deemed t o  be  necessary. The 
specif ic  weight of the  engine a t  the  original  design  point i s  then  in- 
creased. Whether or not   the   g rea te r   th rus t  a t  the  high Mach numbers 
more than compensates for   the   increase  i n  engine  weight depends on the 
actual  design  and  f l ight  plan.  The poten t ia l   benef i t s  from th i s   k ind  of 
operation, however, make it worthy of detai led  considerat ion  in   the 
i n i t i a l  design  studies. 

There may be good reasons, however, for   actual ly   reducing  the  pres-  
sure   ra t io   requi red  a t  design  speed for t h i s  type of  engine. Not only 
i s  t h e  number of stages reduced,  but  the  internal  pressure  forces  are 
lowered  and the   spec i f ic   th rus t  is increased. A l i gh te r  engine i s  then 
obtained. In t h i s  case,  the  reduced  engine  speed at t h e  low f l i g h t  Mach 
numbers of fe rs  a saving i n  engine weight a t  t he  expense  of  engine e f f i -  
c iency   for   th i s   f l igh t   condi t ion .  A t  the   h igh   f l igh t  Mach numbers, how- 
ever, the  higher  thrust  and l i g h t e r  weight combine t o   o f f e r   s i g n i f i c a n t  
i nc reases   i n   a l t i t ude  and f l i g h t  speed. 

Reynolds number effects. - A t  h igh   f l i gh t  altitudes and low f l i g h t  
speeds, t he  Reynolds number  of the  f low  through  the  inlet   stages of a 
compressor becomes so low t h a t   t h e i r  performance i s  often  impaired. Two- 
dimensional-cascade data (ch. V I  (ref.  9 ) )  i nd ica t e   t ha t   t h i s  is a mi- 
versal   trend. The performance of such a cascade  invariably  deteriorates 
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when  the  Reynolds  number,  based on blade  chord,  decreases  below  about 
100,000. This behavior  is  attributed  to laminar separation  (ch. V) . 
Some  concurring  evidence  is  also  provided by investigations  of  multi- 
stage  compressors,  either  by  bench  tests  or  as  part of an engine. 

I n  spite  of  these  over-all  performance  data,  the  actual  effect of 
Reynolds  nuniber on compressor  performance  is  not  campletelyknown.  The 
results  of  the  two-dimensional-cascade  data  are  not  directly  valid,  be- 
cause  the  behavior  of  their  boundary  layers  is  believed  to  be  different 
from  that  of a blade row ( ch. XV (ref. 16) ) . Over  the  greater  part  of a 
blade  row  the  boundary  layer  may  be  expelled  by  centrifugal  forces  be- 
fore  it  separates.  Moreover, a much  higher  level  of  turbulence is ex- 
pected  in a compressor,  which  tends  to  alter  the  influence  of  Reynolds 
number  (ch. V) . What  are  the  significant  characteristic  lengths  and 
velocities  remain  unanswered  questions. 

Compressor  bench  tests  at  low  Reynolds  numbers  have  not  been  com- 
pletely  conclusive,  because  the  results  are  frequently  contaminated  by 
uncontrolled  leakage  of  air  from  the  atmosphere  to  the  low-pressure re- 
gions in the  compressor,  and  by  heat  transfer.  The  difficulty of ob- 
taining  accurate  data  at  low  pressures  and  small  pressure  differences 
adds  to  the  confusion.  These  difficulties  are  also  encountered  in  en- 
gine  tests.  Moreover,  the  latter  results  naturally  include  the  effect 
of  Reynolds  number on the  other  engine  components,  as  well  as  the ef- 
fects  of  changes  in  the  matching  of  the  components. 

In  order  to  meet  the  Reynolds  number  problem  it  may  be  necessary  to 
use  one  engine,  with a big  compressor,  instead  of  two.  Increasing  only 
the  chord  lengths  of  the  early  stages has been  advocated,  but  there  is 
no  guarantee  that  this  remedy will do  anything  but  add  weight  to  the en- 
gine. As an alternative, a lower  level  of  performance  in  the  early 
stages  may  be  anticipated  and  the  hatching  of  the  rest  of  the  stages 
modified  accordingly.  This  procedure  would  prevent a small decrease in 
performance of the  early  stages  from  being  amplified  in  the  rest  of  the 
compressor.  There  is  an  urgent  need  for  reliable  and  applicable data 
in  the  near  future. 

Inlet  flow  distortions. - Uniform  flow  at  the  inlet  is  the  usual 
assumption in compressor  design,  and  extreme  precautions  are  taken  to 
assure  uniform  flow  at  the  inlet  during  bench  tests  of a compressor. 
Severe  inlet  flow  distortions,  however,  are  encountered  in  flight.  These 
distortions  may  result  from many sources.  They  may  occur  when  the  air- 
plane  is  flying  at a high  angle of attack.  They  may  result  from  disturb- 
ances  created  by  the  engine  inlet.  Distortions  may  also  result  from 
disturbances  created  by  other  parts  of  the  airplane or armament  fire  in 
the  vicinity  of  the  inlet.  At  high  supersonic  speeds,  curren€  inlets  in- 
variably  create  disturbances  resulting  from  nonuniform  shock  waves  and 
from  shock  and  boundary-layer  interactions.  Sharp  curvatures  in  the  in- 
let  ducting  also  contribute  to  these  distortions. 



NACA RM E5 6B03 69 

When dis tor t ions  are   present ,   the  performance  of t he  compressor  usu- 
a l ly   de t e r io ra t e s .  As  shown in   f igure   24( f ) ,   the  stall-limit l ine  drops 
(dashed l i ne ) ,  and t h e  shaded  region  (rotating s t a l l )  moves t o   t h e   r i g h t .  
Design  speed,  overspeed,  and  underspeed  performance suf fer .   In   o rder   to  
avoid  compressor-s ta l l   d i f f icul t ies ,   the   operat ing  l ine must be  dropped. 

Because  of the  penalt ies  incurred by inlet   f low  dis tor t ion,  a la rge  
amount of e f fo r t  i s  being  devoted t o  eliminating them. The eventual re- 
s u l t  of t h i s  work is  unknown. A t  the  higher  equivalent  speeds (low f l i g h t  
Mach numbers) t h e  compressor must be  designed t o  produce a greater  pres- 
sure   ra t io   than   tha t   ava i lab le  when dis tor t ions  are   present .  The engine 
i s  either  heavier  than it otherwise needs t o  be, or  else the   e f f ic iency  
is low. A t  t he  lower equivalent  speeds  (high  flight Mach numbers) t he  
compressor-stall and blade-vibrat ion  diff icul t ies  may be  so severe  that  
constant-mechanical-speed  operation i s  impossible.  Increasing  the me- 
chanical  speed of the  engine  with  f l ight Mach nuniber, as d iscussed   in  
connection  with  f igure  24(e),   al leviates  this problem. 

In l e t  matching problem. - The charac te r i s t ics  of t h e   i n l e t  over t he  
intended  range  of  flight Mach nunibers  must be  recognized i n  designing  the 
compressor and selecting  the  type of  engine  operation. The matching 
problem, discussed  in  reference 19, i s  b r i e f l y  reviewed  here. A t  a given 
supersonic  f l ight Mach number, an idea l  matching  of the  engine and i n l e t  
i s  achieved when a flow pat tern similar t o   t h a t  shown in   f igure   25(a)  is 
produced. The flow  ahead of the  minimum i n l e t  area i s  decelerated  by one 
or more oblique  shocks. It then  passes  through  the m i n i m  area with  re- 
duced supersonic  velocities. A normal  shock jus t   behind   the   min im  a rea  
causes  the Mach numbers t o  be  reduced to  high  subsonic  values. There- 
af ter ,   the   f low i s  gradually  decelerated  to  the  velocity  required  by  the 
compressor.  This i s  the  flow si tuat ion  that   occurs  a t  c r i t i c a l   i n l e t  
operation.  (Notice  that a compressor  designed for   high  axial  Mach  num- 
bers   requi res   l i t t l e   subsonic   d i f fus ion   in   the   in le t .  } 

If it s o  happened tha t   the   va lue  of wlf i /61  ideal ly   del ivered  to  
the  compressor with  this  f low  pattern i s  lower than  that   required by t h e  
compressor, the  value  of must decrease. (The weight flow i t s e l f  can- 
not  increase, and €J1 i s  determined  only by t h e   f l i g h t  Mach  number and 
a l t i tude .  ) What happens physically i s  t h a t   t h e  normal  shock moves  down- 
stream as shown i n  figure  25(b). The  Mach  number ahead  of t h e  shock i s  
thus  increased, and the  pressure loss through  the  shock i s  increased. 
The shock automatically  positions i tself  so t h a t   t h e  loss  i n  pressure 
through it i s  exact ly   that   required  to  make w l f i / E 1  conform with  that  
required by the  compressor. The in l e t  operation is then  supercr i t ical .  
The th rus t  and engine  efficiency are reduced,  and the  flow  ahead of t h e  
compressor becomes disturbed. 
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On the   o ther  hand, i f  the  ideal ly   del ivered value of w1fi//61 i s  
too   g rea t   for   . the  compressor, t h e  value of w l  must  decrease.  Either  the 
Mach number immediately  ahead  of t h e  minimum area, or t he   t o t a l   p re s su re  
of   the flow ahead of t he  minimum area, or both, must decrease. I n  t h i s  
case,  the  shocks  ahead  of  the minimum mea deflect   part   of  the  f low around 
t h e  i n l e t  ( f ig .   25(c) ) .  The operation  of  the i n l e t  is then  subcri t ical .  
The shocks a l so   dece lera te   the   in le t  flow, usually  with  comparatively 
high  recoveries. The over-all   recovery  of  the  diffuser i s  consequently 
not  impaired  too  drastically. The deflection  of  the  f low, however, does 
cause  an  additional  drag (ref. l), which can  appreciably  reduce  airplane 
performance.  This  flow  condition i s  also  frequently accompanied  by an 
unsteady- f low  phenomenon known as "buzz. " 

Over a range  of  f l ight Mach numbers, the  inlet   f low  capaci ty   of  a 
fixed-geometry inlet  follows  the  trend shown i n  figure 26. The equiva- 
l e n t  weight  flows a re   t hose   fo r   c r i t i ca l   ope ra t ion .  With a fixed 
mechanical  speed  of t he  engine, the  equivalent weight  flow demanded by 
t h e  compressor i s  a l so  shown. To t h e   l e f t  of the  intersect ion of these 
curves,  the inlet  wants t o  supply  less a i r  than  the compressor requires, 
It i s  thus  forced  to  operate  supercrit ically  with  the  attendant l o s s  i n  
total-pressure  recovery. To the  r ight   of   the   intersect ion,   the   inlet  
wants to  supply more air  than  the compressor  can use. It then  operates 
subcri t ical ly   with  the  a t tendant   increase  in   nacel le   drag.  

The unhappy a l te rna t ives  of accepting  either  large  pressure  losses 
o r  large  drags at off-design  condition  has  stimulated  research on 
variable-geometry  inlets and on methods of  bleeding air from a point  be- 
tween t h e  minimum area  of  the inlet  and the   face  of t h e  compressor. While 
considerable improvements i n   i n l e t  and engine  performance  have  been dem- 
onstrated, much work remains t o  be done t o   o b t a i n   a n   i n l e t   t h a t  i s  both 
mechanically  and  aerodynamically  desirable. 

I n  some instances,   the  severity of t h i s  problem  can be  reduced by 
modifications  in compressor design and  engine  operation. I n  theory,  the 
engine  curve  of  figure 26 can  be made t o  coincide  with any des i red   in le t  
curve  by  appropriately  adjusting compressor equivalent  speed  with  the 
f l i g h t  Mach number. Essentially  constant  equivalent  speed i s  required . 

over   the   f l igh t  Mach n u d e r  range where the  inlet   curve i s  f la t .  Beyond 
the  break  in  the  curve,   the  equivalent speed would decrease  with  Mch 
n u d e r .  The change i n  equivalent  speed  with Mach  number depends on the  
charac te r i s t ics  of t h e   i n l e t  and compressor. ( In  t h i s  connection, it i s  
noted   tha t   the   ra te  of  change i n  compressor a i r  flow  with  speed  appears 
to   decrease as t h e   i n l e t   a x i a l  Mach  number increases. ) This  type  of 
engine  operation is not  inconsistent  with  that  described  in  connection 
with  f igure  24(e).  
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The degree t o  which  compressor design and engine  operation  can  ac- 
commodate the i n l e t  depends  on the  attendant changes in   specif ic   engine 
weights,  engine  efficiency, and engine  frontal   area  that   can  be  tolerated.  
&Fin, the   decis ion must be  based on the  intended  design and use of the  
airplane.  The engine  and  airplane must be  an  integrated  uni t   ra ther   than 
separate   ent i t ies  . 

Two-Spool Turbo j e t  Engine 

In  the  two-spool  turbojet  engine,  the  pressure  ratio i s  developed 
i n  two separate and  independently  driven  compressors. The upstream com- 
pressor i s  ca l l ed the   ou te r  compressor; t he  downstream compressor, t h e  
inner  compressor.  Since  the  design  pressure  ratio of each  compressor i s  
less   than   tha t  of the  equivalent  one-spool compressor,  fewer d i f f i c u l t i e s  
might  be  expected  with  the  slope  and  the  discontinuities of the  stall-  
limit l i ne .  

Because  of the  higher  pressure of the a i r  entering  the  inner-spool 
compressor, the  value of w @ / E  there  i s  less   than   tha t  a t  the  outer  
compressor; the  diameter  of  the  inner-spool compressor may thus  be  de- 
creased. The higher air  temperature  permits  the  use of higher  blade 
speeds f o r  a given limit in   t he   r e l a t ive   b l ade  Mach number. Notice  that  
the value of P/@ downstream of the  inner  turbine i s  higher  than  that  
for   the  other   turbine.  According to   equat ion (24), t h e   t i p  speed  of  the 
inner  turbine,  or compressor,  can  be  increased if the  other  design  fac- 
to rs   a re   f ixed .  The higher compressor blade  speeds  thus  are  also con- 
sistent  with  the  turbine  bla.de  stress  l imitations.  With uncooled  blades, 
the  allowable  stress limits are  lower for  the  inner  turbine  because of 
the  higher  temperature; less marked increases   in  wheel  speed are   then 
offered. The smaller diameters  and  higher  blade  speeds of the  inner  
SpOOlS i n  any event  offer  possible  reductions  in  engine  size and weight. 

Because  of the  complicated  interrelations between the two compres- 
sors, the  two turbines,  and  the  other  engine components, the  trends  of 
the  operating  l ines  are  not as readi ly  exposed as they are for  one-spool 
'engines. The important  trends are indicated, however, i n  references 20 
t o  22, and the  following  discussion and the  associated  f igures are taken 
from these  reports .  

Representative  performance maps and operat ing  l ines   for   the  outer  
and inner compressors, respectively,  are shown in   f i gu res  27{a) and (b) .  
In  t h i s  example, t h e   r a t i o  of the  design  pressure  ratio  of  the  outer 
compressor t o   t h a t  of the inner compressor is 0.75. The trends  described, 
however, a r e   f a i r l y  independent of t h i s   r a t i o .  The operating l i n e  rep- 
resents  the  conditions where the  inner-turbine-inlet  temperature i s  con- 
s tant ,  t he  mechanical  speed  of the  outer-spool  compressor i s  constant 
(a t  i ts  design  value),   and  the  f l ight Mach  number i s  varying. A t  any 
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f l i g h t  Mach number, therefore,  the  eq,uivalent  speed of the  outer compressor 
and the  engine  temperature   ra t io   ( ra t io   of .   inner- turbine- inlet   to   outer-  
compressor-inlet  temperature)  are  defined. These two vasiables  are suf- 
f i c i e n t   t o  completely  define  the  operating  point of  each component of t he  
over-all  compressor-turbine  unit, as for  the  one-spool  engine. The points 
A, By and C on the  map, respectively,   represent  the  conditions  for  sea- 
level   takeoff  and f o r   f l i g h t  Mach numbers  of 0.9 and  2.8 i n   t h e  
stratosphere.  

Outer  compressor. - The performance map and operating  l ine of the  
outer compressor a re  shown in   f igure   27(a) .  A t  low f l i g h t  Mach numbers 
or high  engine  temperature  ratios, a la rge  s t a l l  margin appears. The 
operat ing  l ine  tends  to  move towards the  stall-limit l i n e   a t  low engine 
speeds. For t he  example i l lus t ra ted ,   the   s lope  of t he  stall-limit l i n e  
increases  with  the  equivalent  speed. With a more c r i , t i c a l  compressor 
design, however, this t rend may be  reversed. A t  the   high  f l ight  Mach 
numbers o r  low engine  temperature  ratios,  the  operating  line  approaches 
the   s t a l l - l imi t   l i ne .  This behavior i s  similar t o  that of one-spool 
compressors. The equilibrium  operating  l ine a t  sea - l eve l   s t a t i c  condi- 
t ions  describes a similar trend. 

With the  possible  exception  of  the  overspeed problems, the  outer 
spool experiences  the same s o r t  of d i f f i c u l t i e s   t h a t  a one-spool  engine 
encounters  under  off-design  conditions.  This  statement  includes  the 
d i f f icu l t ies   assoc ia ted   wi th  Reynolds number and in le t   d i s tor t ions .  The 
possible  remedies  are  also  similar,  except  that  bleeding air between the  
two compressors might be  subst i tuted  for   inters tage  bleed.  These reme- 
dies  could, however, r e s u l t   i n  a greater   reduct ion  in   thrust   for   the two- 
spool  engine  than  they do f o r  a single-spool  engine. 

Inner  compressor. - The operating  l ine of the  inner compressor d i f -  
f e r s  from t h a t  of  the  outer compressor i n  two respects: The slope of the  
operat ing  l ine i s  greater,  and the  change in  equivalent  speed  for a given 
change in   f l igh t   condi t ions  i s  less .  For equilibrium  operation,  the 
p r inc ipa l   s t a l l - l imi t  problem a r i se s  at the  high  equivalent  speeds of the 
inner  spool  (low  flight Mach numbers or high  engine  temperature  ratios ) . 
This  problem  responds t o   t h e  same treatment  indicated  for  the  similar 
problem  of the  one-spool compressor, but,  again,  the  thrust  penalties may 
make the  solution  an  undesirable one. 

An important  point t o  note is t h a t  higher-than-equ-ilibrium engine 
temperature  ratios momentarily move the  operating  point  of  the  inner com- 
pressor  towards  the  stall- l imit   l ine,  even though the  surge margin i s  
increased when equilibrium i s  f ina l ly   a t t a ined .  T h i s  higher-than- 
equilibrium  temperature i s  required  for  engine  acceleration.  Bleeding 
air between the  two compressors t o  assist the  outer  spool may a l so  
narrow the  s ta l l  margin of the  inner  spool. For transient  conditions,  
therefore,  the  benign  indications of the  equilibrium  operating  l ine may 
be  deceiving. 
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A s  the  inner compressor is  s t a r t ed  from res t ,  i t s  front  stages  are 
inevitably stalled. The attendant  rotating s ta l l  may induce  vibrations 
in   the  blades.   Similar ly ,   rotat ing s ta l ls  developed by the  outer com- 
pressor may induce  vibrations  in  the  inner compressor. I n  addition,  the 
ro ta t ing   s ta l l s   o r ig ina t ing   in   the   ou ter  compressor may impair  the  per- 
formance  of the  inner compressor  and  lower the  stall-limit l ine .  The 
published data are   too meager t o  se t t le  this   point   def ini te ly ,   but   the  
apparent wide s t a l l  margin  of the  inner compressor may disappear  during 
engine  acceleration as a r e su l t  of t he  above-mentioned phenomena. 

The inner compressor itself may not be sub jec t   t o  any  Reynolds num- 
ber  problems, as both  the  density and the  turbulence are r e l a t ive ly  high. 
It can, however, amplify any de te r io ra t ion   i n  performance  encountered  by 
the  outer cornpressor. The s o l u t i o n   t o   t h i s  problem i s  again  subject   to  
speculation,  but it should   y ie ld   to   the  same treatments  that  may be  found 
f o r   t h e  one-spool  compressor. 

In le t   d i s tor t ions  may a f f ec t   t he  performance of the  inner compressor 
because  the  inner  compressor  amplifies  changes in   t he  performance  of  the 
outer  spool. A wide margin  between the  operating  l ine a.nd the stall-  
l i m i t  l i n e  i s  therefore  desired.  This  requirement may be par t icu lar ly  
needed a t  the  high  equivalent  speeds where the s ta l l  margin is the  
smallest. 

Turboprop  Engine 

In  general,  the  design and off-design  requirements  of  compressors 
for turboprop  engines  are similar to   t hose  of the  turbojet  engine.  Since 
high compressor pressure  ra t ios  are desired  for  the  turboprop engine, t he  
s t a l l  margin and vibrat ion problems at low speeds  cannot  be  overlooked. 
Variable  stator  blades,   interstage  bleed, or some similar device may be 
absolutely  necessary to  obtain  satisfactory  engine  acceleration at the  
low speeds  and s t i l l  use  the  pressure-ratio  capacity  of  the compressor a t  
high  speeds. 

A t  the  design  point,   the  efficiency of the  engine  should be the  maxi- 
mum obtainable  for  continuous  operation.  Practically  speaking,  this  point 
then  represents  the maximum power t h a t   t h e  engine  can  develop  under con- 
tinuous  operation. Higher power can  be  obtained  for brief periods by in- 
c reas ing   the   p ressure   ra t io  and  speed  of t he  compressor. When the  com- 
pressor i s  coupled to   the   p rope l le r ,   the  compressor  speed  can  be controlled 
independently  by  adjusting  the  pitch of the  propel ler  blades. , When the  
propeller i s  independently  driven by i t s  own turbine, the  speed of t he  
compressor  depends on the turbine- inlet  temperature and the  power delivered 
to   the   p rope l le r .  The bes t   loca t ion  of the  compressor operating  point a t  
the  high-power condition depends  on the   charac te r i s t ics  of the propeller,  
t he   s t r e s s  margin of the  engine components, and the   charac te r i s t ics  of the  
airplane. The s ta l l  margin  required at  design o r  higher  speeds  thus de- 
pends on individual  studies of the  engine  and i t s  intended  service. As a 
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rule,  however, the  required margin i s  no greater than that required of 
subsonic  jet-engine  compressors  (see  ref. 23).  

Except f o r   s t a r t i n g  and  acceleration,  operating  the  compressor below 
the  design  pressure  ratio  has been  thought t o  be  undesirable  because of 
the  incurred loss  i n  engine  efficiency. An exception t o   t h i s   p r i n c i p l e  
has  been made for   takeoff  and low-al t i tude  f l ight .  The pressures and 
power developed are  so high  that  engine  weight i s  decided by the  low- 
alt i tude  operating  conditions.  While high  sea-level power is des i red   for  
rapid  takeoff  and  climb,  the  sea-level  output and  compressor pressure 
r a t i o  of a turboprop  engine  can  be  kept  considerably below t h e i r  maximum 
values  without  seriously  hurting  airplane  performance. The resu l t ing  de- 
crease  in  specific  engine weight at a l t i t ude  improves the   a l t i tude   per -  
formance and range  of  the  airplane.  Although  compressor  speed is reduced 
at sea   l eve l   for   th i s   type  of operation,  the  reduction  in most cases i s  
small enough t o  avoid  the stall  and blade-vibrat ion  diff icul t ies   associ-  
ated  with low-speed operation. 

Because  of its high  specific power, the  a i r   f low  required by the 
engine is  small. The diameter and blade  chords  of  the  compressor a re   a l so  
small. The compressor i s  therefore  more suscept ib le   to  Reynolds number 
problems a t  high f l i g h t   a l t i t u d e s .  As before ,   th is  problem  can  only  be 
pointed  out. I ts  de f in i t i on  and cure  require much research. 

CONCLUDING REMARKS A.ND SUMMARY OF COMPRESSOR  DESIGN OBJECTIVES 

The f ina l   spec i f i ca t ions   fo r  a  compressor gradually emerge from  a 
detailed  study of  a nuniber of engine and airplane  layouts.  The design- 
point  pressure  ratio,  flow  capacity, and ro t a t ive  speed of the compressor 
represent a compromise t h a t  is established  only  after  extensive  preliminary 
studies have  been made of various  engine and airplane  designs  for a given 
mission o r  missions. These tentat ive  values  may be  subsequently  modified 
for   select ing  the  best  method of  meeting the  various  off-design  conditions 
encountered. The weight,  complexity.,  and eff ic iency or drag  penalties 
associated  with  the  available  techniques for varying  the geometry or per- 
formance of components are  involved i n  this   decis ion.  

Regardless of the   f ina l   spec i f ica t ions ,   the  compressor  should  produce 
the  required  pressure  ratio  with  high  efficiency. It should, moreover, be 
subjected  to  the  highest  aerodynamic loading and Mach number allowed by 
available knowledge. 

The resulting  design  should  not  require  extensive development. The 
performance estimates a t  the  design  and  off-design  points must therefore 
be  reasonably  accurate. Moreover, mechanical problems ar i s ing  from aero- 
dynamic sources,  such  as  blade  vibrations, must be  anticipated and t h e  
design made so tha t   these  problems can  be  either overcome or  successfully 
evaded. Finally,  with  respect  to  manufacturing,  the component par ts  
should  be  as few i n  number as  possible, and t h e i r  shape  should  be  simple. 
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The material  presented  in  the  subsequent  chapters i s  the   resu l t  of 
research  specifically aimed a t  rea l iz ing   the   ob jec t ives   se t   for th   in  
the  previous  paragraphs. Because of the  importance of l i g h t  and com- 
pact   designs  for   a i rcraf t ,   a t tent ion i s  pa id   to  many problems that may 
not  be so important i n   o the r   f i e lds  of application.  This  point  of view 
does  not  limit  the  usefulness of the  information. Many successful  de- 
signs, by present  standards a t  leas t ,  have been made i n  a wide var ie ty  
of commercial f ields  with  this  information. 
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Figure 6. - Sketches of turbojet- and turboprop-engine configurations showing stations used in analysis. 
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Figure 7 .  - Thermodynamic performance of turboprop  engines  (compressor  pressure r a t io   a s  a parameter). 
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Figure 7 .  - Concluded. Thermodynamic performance  of  turboprop  engines 
(compressor   pressure  ra t io   as   a   parameter) .  
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( b )   A l t i t u d e ,   s e a   l e v e l ;   f l i g h t  Mach number, 0.8. 

F igu re  10. - Continued.  Thermodynamic  performance  of  nonafterburning 
t u r b o j e t   e n g i n e s   ( c o m p r e s s o r   p r e s s u r e   r a t i o  as a p a r a m e t e r ) .  
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Figure 10. - Continued. Thermodynamic performance of nonafterburning  turbojet 
engines  (compressor  pressure r a t i o  as a parameter). 
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(e)   Alt i tude,   s t ra tosphere;   f l ight  Mach number, 3.0. 

Figure 12 .  - Concluded. Thermodynamic performance of afterburning  turbojet  engines. 
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Figure 13. - Chart f o r  estimating total  pressure behind turbines  driving compressors. 
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Mach number, M 

(a) Ratio of specific  heats, 1.4. 

Figure 16. - Variation of equivalent weight flow per  unit  frontal area with 
Mach number for several  values of  hub-tip  radius  ratio. 
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(b)  Ratio of specific  heats, 1.3. 

Figure 16. - Concluded. Variation of equivalent weight flow per  unit  frontal 
area  with Mach  number for  several  values of hub-tip  radius  ratio. 



Figure 17. - C h a r t  for   es t imat ing  total   pressure and temperature  behind compressor; yc = 1.4. 
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Figure 18. - Chart for estimating  equivalent weight flow behind turbines  driving compressors. 



Figure 19. - Stress-limited air f low and  tip  speed f o r  compressor or turbine  (eq. (25)). 
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Figure 20. - Vmiation of parameter Q with compressor  pressure  ratio  (eqs. (13) and (26)); 
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diffusion  between  compressor and combustor ( r e f .  15). 
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Figure 24. - Continued. Compressor  maps for  various  operating  conditions. 
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(c)  Operating  line  for  fixed  engine  mechanical  speed  over  range of f l i g h t  Mach numbers. 

Figure 24. - Continued.  Compressor maps for  various  operating  conditions.  
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Figure 24. - Continued.  Compressor maps for  various  operating  conditions.  
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(e)  Change in   opera t ing   po in t   resu l t ing  from increasing  engine  speed and opening 
exhaust  nozzle. 

Figure 24. - Continued. Compressor maps f o r  various operating  conditions. 
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(a) Cri t ica l   opera t ion .  

(b) Supercr i t ical   operat ion.  

I 

( e )  Subcri t ical   operat ion.  

Figure 25. - Shock-wave configurations 
on engine  inlets .  
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Figure 27. - Concluded. Off-design  compressor  performance i n  two- 
spool  turbo  jet   engine  (ref.  2 1 ) .  
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CHAPTER I11 

COMPRESSOR DESIGN SYSTEM 

129 

By Robert 0 .  Bullock and Irving A. Johnsen 

SUMMARY 

A general   description i s  presented  for   the compressor design system 
that  has  been  adopted  for  this  report  on the  aerodynamic design of axial- 
flow  compressors. The basic  thermodynamic equations are given, and the  
simplifications commonly introduced t o  permit  the  solution of these equa- 
t ions   a re  summarized. Representative  experimental  data are presented  to 
just i fy   these  s implif icat ions.  Thus, a valid  simplified  flow model 
(which i s  t h e   r e a l   b a s i s  of a design system) i s  provided. The individual 
elements  of the  design system  and the  basic  calculations  required  to ex- 
ecute  the aerodynamic design  of a compressor are summarized. The improve- 
ments i n  knowledge required  to  make compressor design a truer  science and 
promising  directions of future  research  are  indicated.  

INTRODUCTION 

The problem  of  designing  axial-flow  compressors  ultimately becomes 
t h e  problem  of accurately  calculating  the  flow  through compressor blade 
rows. In   o rder   to   be   accura te  and  have the  greatest   range of applica- 
bil i ty,   these  calculations  should be based on the  fundamental laws of 
motion as much as possible.  A t  the  same time, they  should  be of such a 
nature  that . they  can  be made readily  with  available computing techniques 
and  equipment. 

To be  strictly  accurate,  the  fundamental  theory  should  account  for 
t h e   f a c t   t h a t   t h e  motion  of the a i r  has components in   the  three  physical  
dimensions. It must a lso  account   for   the  effects  of viscosi ty  as w e l l  as 
time-unsteady  motion. By assessing  each  particle  of air with  these re- 
quirements, the  differen-bial  equations  of motion may be  derived. The 
Mavier-Stokes  equations are, f o r  example, obtained from t h i s  procedure. 
Although they are of great theoret ical   in terest ,   these  equat ions them- 
selves are of l i t t l e  use i n  comppessor design. They cannot yet  be  solved 
50 express  the flow through  the  complicated  flow  passages formed  by the  
blades,  the hub, and the  casing. 
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In   o rder   to   ob ta in  more t r ac t ab le  methods  of analysis,   various  tech- 
niques  have  been  devised which combine simplified  theories  with  empirical 
data. The s implif icat ions made to   the   equat ions  of  motion a re   essent ia l ly  
t h e  same as   the   s impl i f ica t ions   tha t  have  been  developed f o r   a i r f o i l   a n a l -  
yses. The foundations of the  simplified  theories  are  thus  the  t ime-steady 
equations of the  motion  of  an  inviscid  gas.  In  this  attack, it i s  t a c i t l y  
assumed t h a t  any  important  effects  of  viscosity and  time-unsteady  flow  can 
be   t r ea t ed  as correct ion  factors  and t h a t   t h e   e f f e c t s  of v i scos i ty   a re  
confined t o   t h i n  boundary layers .  The important  flow  properties  not d i -  
rect ly   given by the  simplified  equations of  motion must be  obtained 
empirically. \ 

The simplified  equations,  together  with  the  empirical data required 
to   calculate   the  f low  with a reasonable  degree of accuracy,  constitute a 
framework fo r   ana lys i s  or a design  system. The techniques  presented  in 
references 1 t o  5 are representative of  such a system. It i s  the  purpose 
of  the  present  series of reports  to  derive  an  up-to-date  design framework 
and t o  review  the  extensive  published  analytical and experimental  resukts 
t ha t   a r e   t he   bu i ld ing   b locks   fo r   t h i s  framework. The function of t h i s  
par t icular   chapter  i s  t o  coordinate  the  subsequent  chapters by  summarizing 
the  important  ideas  presented  in them. Therefore,  the  following  are 
reviewed: (1) the  important  ideas  underlying  the  design system, ( 2 )  some 
experimental  investigations  directed a t  examining these  ideas, (3) the 
design  system  and the  basic  calculations  required  to  execute  the  aero- 
dynamic de sign of a compressor,  and (4) the  improvements i n  knowledge 
requi red   to  make compressor design a truer  science.  

The bas ic  thermodynamic equations  are f irst  presented, and the gen- 
e ra l   goa l s  of aerodynamic flow  analyses  outlined. ,The equations of motion 
for  an  inviscid  t ime-steady  f low  are  introduced. The problem  of solving 
these  equations i s  then  discussed. Some of the commonly use$ s implif i -  
cations  are  presented and the  experimental   data  necessary  to  . justify 
these  simplifications  are  noted. Some rather  obvious ways of t rea t ing  
the  important  viscous  effects  are  indicated,  and the  experiments  required 
both  to  evaluate  these methods  and t o  supply  the  necessary  empirical  data 
a re  enumerated. Some causes of time-unsteady  flows and the approach 
used t o  account  for them are  then  presented. 

Representative  experiments which  answer the  quest ions  ra ised  in   the 
foregoing  analyses  are  then  reviewed. These resul ts   provide a va l id  
simplified model of the  flow, which i s  the   r ea l   bas i s  of a design  system. 
In developing t h i s  model, t h e   r e s u l t s  of  experiments  with  the  simplest 
conceivable  flows  are f i r s t  considered. The e f f ec t s  of complicating 
flows  are  then  discussed one  by  one  whenever possible.  The scope of the  
inves t iga t ions   i s  the range  over which data   are   avai lable .  

The elements  of  the  resulting  design  system  are  then  individually 
summarized. The basic  equations and techniques  are  given. The in te r -  
r e l a t ions  among the  various  elements  are  pointed  out,  but no attempt 
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i s  made to   p rescr ibe  an actual  sequence for their   use .  In  t h i s  manner, 
the  s t ructure  of a compressor design  system i s  provided,  within which the  
individual  designer may work with  considerable  freedom. 

Finally,  the  shortcomings of the  previously  outlined  approaches are 
enumerated, and the   d i rec t ion  of f u t u r e  research i s  discussed. Some 
promising  though unproved techniques  of  analysis  are mentioned. 

The foilowing symbols a re  used in   t h i s   chap te r :  

“a stagnation  velocity of  sound 

Y curvature of meridional  streamlines,  see  fig. 34 

C chord  length, see f i g .  2 

D diffusion  factor,   defined by eq. (25) 

F C  centr i fugal   force due to  curvature of meridional  streamline,  see 

- 

f i g .  34 

%r, r 

FR centr i fugal   force due t o   r o t a t i o n  of a i r  about  axis of  compressor 

g  acceleration due to  gravity,  32.17 f t / sec2  

radial component of f r i c t i o n a l   f o r c e  

H total   or   s tagnat ion  enthalpy  per   uni t  mass 

I modified total   enthalpy,  H - cu(rVe), see  eqs. (10) and (19b) 

i incidence angle, angle between in l e t - a i r   d i r ec t ion  and tangent   to  
blade mean camber Pine a t  leading edge ( see f i g .  2) , deg 

J mechanical  equivalent of heat, 778.2 ft-lb/Btu 

Kbk weight-flow  blockage factor,   implicit ly  defined  in  eq.   (24a) 

M Mach nuniber 

P to ta l   o r   s tagnat ion   pressure  

P s t a t i c  o r  stream pressure 

R gas  constant, 53.35 f t - lb/( lb)  (OR) 
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radius 

entropy  per  unit mass 

entropy  increase i n  stream tube  between i n l e t  and out le t  of a 
blade row 

blade  spacing, see f ig .  2 

t o t a l  o r  stagnation  temperature 

s t a t i c  o r  stream  temperature 

air veloci ty  

weight flow 

distance  along compressor axis 

angle Of attack,  angle between inlet-air direct ion and blade 
chord (a = p1 - yo, see f i g .  2) ,  deg 

air angle, angle between air velocity and axial direct ion  (see 
f i g .  2 ) ,  deg 

turning  angle, B2-B1 ( see   f ig .  Z ) ,  deg 

circulation, rV0 

r a t i o  of specific  heats 

blade-chord  angle,  angle between blade  chord  and axial direct ion 
( see  f ig .  2 ) ,  deg 

boundary-layer  thickness,  see  fig. 1 2  

deviation angle, angle between out le t -a i r   d i rec t ion  and tangent 
to   blade mean camber l i n e  a t  t r a i l i n g  edge ( see f i g .  2) , deg 

angle between tangent  to  streamline  projected on meridional  plane 
and axial direct ion  ( f ig .  34), deg 

vor t i c i ty  

efficiency 

angular  distance 
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P viscosi ty  

P mass density 

0 s o l i d i t y ,   r a t i o  of chord t o  spacing 

cp blade camber angle,  difference between angles of tangents   to  mean 
camber l i n e  at leading and t r a i l i n g  edges,  deg 

(u angular  velocity  of  rotor 

cuair 

cu total-pressure-loss  coefficient,  see eq. ( 29) 

angular  velocity of air f o r  solid-body  rotation 
- 

Sub scr ip ts  : 

ad adiabatic 

h  hub 

i in i t i a l   o r   r e f e rence   pos i t i on  

i d  idea l  

m ari thmetic mean 

P polytropic 

r radial direct ion 

t t i p  .. 

2 axia l   d i rec t ion  

-0 tangent ia l   d i rect ion 

1 s ta t ion  a t  i n l e t   t o   b l a d e  row 

2 s t a t ion  a t  blade-row e x i t  

Superscript: 

I r e l a t i v e  t o  rotor 

I - " ".. 
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CONCEPTS UNDERLYING DESIGN SYSTEM 

Equations of Thermodynamics 

The design  or  analysis problem may be s t a t ed  as t h e  problem  of  de- 
termining how the shape of a blade row alters the  thermodynamic flow 
proper t ies   and   ve loc i t ies  of each p a r t i c l e  of gas  flowing  through it. 
The changes i n   t h e   t o t a l   ( o r   s t a g n a t i o n )   s t a t e  as w e l l  as the  changes i n  
the s t a t i c   s t a t e  of the  gas  are of i n t e re s t .  4 

In order  to  avoid  unnecessary  complications  in  the  thermdynamic 
equations, it has usually  been  the custom t o  assume tha t   the   en t i re   f low 
may be subdivided  into  individual  tubes of flow  that  maintain  their  iden- 
t i t y .  Another  assumption i s  that there   a re  no important  effects of heat 
t ransfer   in to   o r   ou t  of these  tubes of flow. ( I n  the  discussion of ex- 
perimental  data, it w i l l  be shown that these  assumptions  usually do not 
cause  serious  errors.)  By v i r tue  of these assumptions,  the change i n  ‘ 
the to ta l   en tha lpy   or   to ta l   t empera ture   in   the  stream tube of the  gas i s  
equated t o   t h e  mechanical  energy  transferred  to it by  the compressor 
ro to r s .  The changes i n   b o t h   t h e   t o t a l  and s t a t i c  states of a gas can 
then  be  expressed  in  terms of the  component ve loc i t i e s .  

Flow through  stators.  - Since no energy i s  added t o  the flow  by the 
s t a to r s ,   t he   t o t a l   en tha lpy  and total   temperature  of a stream  tube of 
the flow  through  stators are constant: 

Y H1 = - 
Y -1 

gRT1= - 
Y -1 

gRT2 = H2 

From the   de f in i t i on  of t o t a l  and s t a t i c  states, t h i s  equation may be 
wr i t ten  as 

” - gRt2 + $ V$,2 + 1 2  V,, + $ V8,z = H2 
r-1 

This equat ion  re la tes   the change in   s t a t i c   t empera tu re   t o   t he  changes i n  
the individual components  of veloci ty .  

If there i s  an  increase  in  entropy  through a stream  tube ( e  .g.,  from 
fr ic t ion  or   an  interchange of heat  within the s t ream  tube  i tself ) ,   the  
to t a l   p re s su re  changes  according to   the   equat ion  
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When the change 
s ta t ic   p ressure  
perature may be 

i n  entropy, or to ta l   p ressure ,  i s  known, the  changes i n  
and density  corresponding  to  the  changes i n   s t a t i c  t e m -  
determined.  Static  pressures  are  related by the  equation 

The dens i t ies  are then   r e l a t ed   t o   t he   p re s su res  and temperatures  by  the 
gas l a w  

or 

p 2  p2 tl 

Equations (5) and ( 6 )  may, of course, a l so  be  used t o   r e l a t e   t h e   t o t a l  
conditions of s t a t e .  

If the changes in   t he   ve loc i ty  components and the  entropy  in a stream 
tube are .known, the   resu l t ing  changes i n   s t a t i c  temperature, t o t a l  and 
s ta t ic   pressure,  and t o t a l  and s t a t i c   dens i ty  can  be  determined. 

Flow through  rotors. - Since  the  rotors  do  work on the  gas,  the 
enthalpy of a tube of f low changes  through the  rotor   according  to   Euler ' s  
turbine  equation: 

o r  

Notice  that   the  changes i n  Vg' due t o  cas ing   f r ic t ion  are ignored  in 
these  equations. 

Since a stationary  observer  could  not  observe  continuous  tubes of 
flow  through a rotor,  recourse i s  frequently made t o   r e l a t i v e  flow condi- 
t ions,  where' the  observations are theore t ica l ly  made from t h e   r o t o r  it- 
s e l f .  Continuous  stream  tubes  can  then  be  distinguished. The r e l a t i v e  
ve loc i t i e s  are re la ted   to   the   absolu te   ve loc i t ies  by the  equations 
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( V b  i s  usually  negative  in  the compressor case  in   the  sense  that  wr i s  
positive.)  Equation ( 7 )  then becomes 

yher e 

When only  the  flow  ahead  of and behind  the  rotor i s  of in te res t ,   the  
use of re la t ive   quant i t ies  i s  not  necessary; in   th i s   case   equat ion  (8) 
may a l so   be   app l i ed   t o   r e l a t e   t he  changes i n   t o t a l  and s t a t i c  tempera- 
tures   with  the changes in   the   ind iv idua l  components of velocity. 

The corresponding  changes in   total   pressure  are   given  by 

(The  magnitude of AS for absolute   quant i t ies  i s  the  same as for r e l a -  
t i ve   quan t i t i e s . )  The resu l t ing  change i n   s t a t i c   p r e s s u r e  i s  given by 

p2 

P1  
- =  

.-1 P 
1 
r - 

,-1 P' 
1 

The corresponding  density  changes may be  determined  by  equations (5) and 
(6) 
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With these  re la t ions,   the  changes i n   t o t a l  and s t a t i c   s t a t e s  of a 
gas  can be determined when the changes in   t he   ve loc i ty  components, the 
entropy, and the radius of the stream tube (measured  from the  axis)  can 
be  estimated. The concepts  discussed i n   t h e   r e s t  of t h i s   s ec t ion  were 
developed  with  the  idea  of making these  estimates. 

Analysis of  Time-Steady  and Inviscid Flow 

A s  w i l l  be shown in  chapter XIV (ref.  6) ,  the  three-dimensional 
equations of motion of  even time-steady and inviscid  f low  are  much too 
complicated for  general  use a t  the  present  time. Coping with a l l  the  
three-dimensional  gradients  in  the  motion and propert ies  of the  gas  i s  
too   b ig  a problem for   rou t ine   ana lys i s .  An invit ing  simplification 
appears, however, when the radial components of v e l o c i t y   i n  a blade row 
a r e  small enough t o  be  ignored. 

Equations  ignoring radial velocity.  - Stationary blade row: Ignoring 
the   r ad ia l  components of ve loc i ty  i s  tantamount t o  assuming that a stream- 
l i n e  of  the f l o w  l i e s  on the  surface of a r igh t   c i r cu la r   cy l inde r   ( f i g .  1) . 
If th is   sur face  and i t s  streamlines are developed  into a plane,  the  stream- 
lines  through a two-dimensional  cascade  of a i r f o i l s  are obtained  (fig.  2 ) .  

When the  radial veloci ty  i s  ignored,  the  equation  of  continuity 
(reviewed i n  ch. X I V  (ref. 6) )  becomes 

a ( p v d  ~(Pv,) 

The basic  equations  for  the radial, axial, and tangent ia l  components of 
vort ic i ty   are ,   respect ively,  

If the  inviscid  f low i s  
way; cr i s  then  zero. 
a streamline, equations 
two-dimensional  cascade 
represent  the flow at a 
w e  1. 

original ly   without   vort ic i ty ,  it w i l l  remain t h i s  
Inasmuch as r i s  assumed t o  be   cons ta t   a long  
(15) and (16) then  represent  the  flow  through a 
of a i r fo i l s .   F igure  2 i s  thus  again shown t o  
given  radius   for   the assumed conditions of f i g -  
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If V, as well as sz is  zero,  equation (17) becomes 

and rV6 = r = constant  along a radial l ine .  This d i s t r ibu t ion  of  tan- 
gent ia l   ve loc i ty  is known as free-vortex  flow.  Similarly,  equation (18) 
becomes 

avz 
F " O  

and Vz = constant  along a radial l i ne .  

Besides  these  relations,  equation (7b) of chapter X N  (ref. 6) must 
also  be  satisfied.   This  equation may be  wri t ten as, neglecting any r a d i a l  
forces  exerted  by the blades, 

If radial   f lows  are  neglected,   this  equation becomes 

When C z  and ce are zero,   then  the  r ight  side  of this equation must be 
zero. The l e f t  side of this equation must also  be  zero - a condition 
which i s  rea l ized  when there  axe no radial gradients   in   enthalpy  or  
entropy. 

It may be noted that equation (19) i s  also  appl icable  when the axial 
and tangent ia l  components  of vorticity  are  not  zero.  For the  condition 
of no r a d i a l  flow, one component of v o r t i c i t y  ( say c z )  may be  st ipulated 
by  the radial variation  of V0 (eq. (17) ) . If the   r ad ia l   va r i a t ions   i n  
enthalpy and entropy are also  given,  then tlie radial va r i a t ions   i n  V, 
are  determined by equations (18) and (19) . 

Rotating  blade rows: I n   o r d e r   t o   u t i l i z e  steady-flow  equations i n  
rotors ,   the   f low  in   rotors  i s  r e fe r r ed   t o  a coordinate  system  that 
r o t a t e s  a t  ro to r  speed. The v e l o c i t i e s   i n  the rotating  coordinate  sys- 
tem ( t h e   r e l a t i v e   v e l o c i t i e s )  are r e l a t ed   t o   t he   abso lu t e   ve loc i t i e s  by 
equations (9), which are  rewrit ten  here as 
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Again V i  = 0; the   re la t ive   ve loc i t ies   a re   then   d i rec t ly   subs t i tu ted   for  
the   absolu te   ve loc i t ies   in   equa t ion  (E), and 

The corresponding  equations  for  the radial, axial ,  and tangent ia l  corn- 
ponents of v o r t i c i t y   a r e  

If the radial flows and absolute   vort ic i ty   are   again assumed t o  be 
zero,  equations  (15a) and (16a) become the  equations of a two-dimensional 
cascade. This s implif icat ion of f low equations i s  thus  appl icable   to  
ro to r s  as wel l   as   s ta tors .  

Equation (17a) may then be integrated  along a radial l i n e   t o  become 

rv; = r - (ur2 = r(ve - cur) 

In order t o  meet the  requirements of no t angent ia l   g rad ien ts   in   the  radial 
flow through a rotor,   the  absolute flow along a radial l i n e  m u s t  be de- 
fined  by 

This i s  the  same requirement  previously  derived  for  stators. The tangen- 
t i a l  ve loc i ty   d i s t r ibu t ions  f o r  r o t o r s  and s t a t o r s  are thus  compatible. 
Similarly,   the  integration  of  equation (18a) shows the  compatibil i ty of 
axial velocity,  namely, 

V, = constant 

A s  shown in   chapter  X I V  ( r e f .  6, eq.  (7c) ), the  equation  analogous 
to   equat ion ( 19a) i s  
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where, according  to  equation (lo), 

If H and r V Q  are  constant  along a rad ia l   l ine ,   then  I i s  a l so  con- 
stant  along a radial l i n e .  If the  entropy i s  also  constant  along a r ad ia l  
line,  equation  (19b) i s  sat isf ied  for   f ree-vortex  f lows.   Equat ion (19b), 
l ike  equation (19) ,  may be  used when t h e   v o r t i c i t y  components are   not  
zero. The procedure  involved i s  similar t o  that previously  outlined. 

When rad ia l   f lows  do not  have  important  effects,  the  analysis of 
flow i n  a blade row i s  relatively  simple.  The three-dimensional problem 
f o r  both  s ta tors  and r o t o r s  i s  broken down into  the  two-dimensional- 
cascade  problem and the  separate problem  of  determining  the radial dis-  
t r i bu t ion  of the  flow. It is, of  course,  practically  impossible  to  elim- 
inate  radial   f lows  completely.  Because  of the  simplification  offered by 
th i s  type  of  approach, however, it has  been deemed advisable  to  seek and 
study  those  designs i n  which the   r ad ia l   f l ows   a r e  small. Attention i s  
therefore   directed  to   the  s tudy of the  causes  of radial flows i n  a blade 
row. The question  concerning admissible radial flows i s  temporarily 
deferred  to  the  review of experimental data. 

Causes of radial flows. - Changes i n  radial density  gradients:  One 
cause  of radial flows is  the  change i n   t h e  radial density  gradient between 
t h e   i n l e t  and the   ou t l e t .  If t h e  radial v e l o c i t i e s   a r e  zero,  the  hydro- 
dynamic equation  of  equilibrium  (eq. (4) of  ch. X I V  (ref.  6) )  becomes 

- 1 ap v: 
p z = r  

If V, = r/r and there   are  no radial   gradients   in   entropy  ( i .e . ,  
p = Cpy), this   equat ion may be solved  to  read 

Y -1 
Y cpr-l = 

A change i n  r through a blade row therefore  mAes  the radial d is t r ibu-  
t i o n  of density  behind  the  blade row d i f f e ren t  from t h a t   i n   f r o n t  of it. 
Figure 3 shows a representative change i n   t h e   r a d i a l   d i s t r i b u t i o n  of  den- 
s i t y   f o r  a blade row through which I' i s  increased from 150 t o  300 f e e t  
squared  per  second. Also shown i n  this f igure  i s  the  change i n  rpV,. 

Continuity of  mass flow  requires  the  following  equation  to  be satis- 
f i e d   i n  a stream  tube: 
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where the subscripts 1 and 2 re fer   to   condi t ions  far  enough upstream 
and downstream  of the  blade row tha t  V r  i s  pract ical ly   zero and any 
circumferential  gradients have  disappeared; and ri and rt r e f e r   t o   t h e  
radius of a given  streamline and t h a t  of the t i p  (or casing),   respectively 
( see f ig .  4) . Notice, however, that equation ( 20) i s  va l id  even when Vr 
i s  f i n i t e .  

In t he   v i c in i ty  of t he   t i p ,  rpV, has a greater  value  behind  the 
blade row than   in   f ront  of it ( f i g .  3) . The distance ( rt - ri)  between 
two adjacent  streamlines  near the t i p  i s  therefore  expected  to  decrease 
as rpVz increases if rt i s  constant. A s  shown by  streamline A of 
f igure 4, t h i s  trend  does  occur and the  streamline moves r a d i a l l y  outward. 
(This  drawing  actually  represents  the  projection of the flow on a plane 
through the   ax is .  This representation i s  conventionally  called the flow 
l ines   in   the  meridional   plane.)  A r a d i a l  component of velocity,  as indi-  
cated  by  the  slope of the dashed  streamline, must therefore   exis t   wi thin 
the blade row. Near the hub, on the   o ther  hand, the value  of rpV, de- 
creases  through  the blade row and the distance between streamline B and 
t h e  hub i s  greater  behind  the blade row t h a n   i n   f r o n t  of it. In t h i s  
case,  the motion  of the  streamline i s  aga in   rad ia l ly  outward,  and radial 
components of  velocity must again  exist   within  the  blade row. 

Even for  ideal  conditions,   therefore,  where the tangent ia l  and axial 
components  of ve loc i ty  upstream and downstream  of the  blade row s a t i s f y  
the  requirements  for no r ad ia l   ve loc i t i e s ,  some radial flow must take 
place  within  the  blade row. The magnitudes  of the  radial   f lows  increase 
with the change in I’ through  the  blade row and with  the  corresponding 
change i n  rpVz. 

Blade  thickness  distribution:  Another  source of radial   f low is the  
radial d i s t r ibu t ion  of blade  thickness. Some aspects of this problem 
are  discussed  in  reference 7. Ahead of the  blade row, a cross   sect ion 
of the  stream  surface  in a plane normal to   t he   ax i s  would look l i k e  that 
shown i n   f i g u r e  5 (a) . A streamline of the  flow between two adjacent 
blades l ies within  the  area of the  sector  bounded by A-A and B-B. Be- 
cause of blade  thickness,  these  lateral  boundaries are changed t o  C-C 
and D-D within  the  blade row (f igs .   5(b)  and (c) ) . If C-C and D-D are 
a l so  radial l i n e s   ( f i g .   5 ( b ) ) ,  the area of each  of the o r ig ina l  stream 
tubes is reduced  uniformly  along  the  radius. The radial position  of 
the  s t reamlines   then  tends  to  remain unchanged. In   t he  more usual  case, 
the   l ines  C-C and D-D are  not  radial   l ines;   then, as ind ica t ed   i n   f i g -  
ure  5(c),   the  f low would be deflected outwards w i t h  r e s p e c t   t o  that of 
figure 5(a).  The areas of the  original  stream  tubes  are  not  uniformly 
reduced, and some radial adjustment  of  the  streamlines i s  r equ i r ed   t o  
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compensate f o r   t h i s .  Some notion of the  resul t ing  f lows is  given i n  ref- 
erence 7. A s  shown i n   f i g u r e  6, th i s   re fe rence   ind ica tes  that r a d i a l  
flow starts ahead of the  blade row. ' A m a x i m u m  radial  displacement  occurs 
within  the  blade row, and thereaf te r  a r a d i a l l y  inward  flow  begins and 
continues downstream of  the  blade row. 

Radial component of blade force:   St i l l   another   source of r a d i a l  
flow i s  the radial component of blade  force.  This concept i s  reviewed in 
chapter X I V  ( r e f .  6) . The turning of t he  air a t  any p o i n t   i n  a blade row 
i s  the r e s u l t  of tangent ia l   forces   or iginat ing on the  surface  of a blade. 
The d i r ec t ion  of these  forces,  however, must be  perpendicular  to  the  cor- 
responding blade surfaces.  If the surfaces are incl ined  to   the  radius ,  
a radial component of fo rce  i s  imposed on the  flow,  and radial flows may 
thereby  be  induced.  Since  the  forces on the  high-pressure  surface  of  the 
blade a r e  dominant, the r a d i a l  movements of the  flow depend on the  angle 
between this  surface and a r a d i a l   l i n e .  Depending upon how the  blade 
elements are rad ia l ly   a l ined ,  inward o r  outward radial velocit ies  could 
be  generated.  In the blade of f igure  7(a), the predominant force i s  
r a d i a l l y  outward; so is  the radial component of the  flow.  For  figure 
7(b)  , i n  which the shape of the individual  cascade  elements at each  radius 
is the same as that of f igure  7 (a) , the flow would be first inward, then 
outward. 

Non-free-vortex  flow: In   o rde r   t o   a l l ev ia t e  some problems a r i s ing  
from Mach number limits, such as those  described  in  reference 8, tangen- 
t i a l  ve l cc i ty   d i s t r ibu t ions   d i f f e r ing  from the  f ree-vortex  type  are   f re-  
quently  used. One type  of   tangent ia l   veloci ty   dis t r ibut ion that tends  to  
overcome t h e s e   d i f f i c u l t i e s  i s  given by the  equation 

where both uair and r are constant.  Other  distributions  could  also 
be used, but  this type  permits a simple  discussion of nonvortex  distribu- 
t ions .  Suppose now that uniform  flow  entered a row of blades des2gned t o  
produce t h i s   d i s t r i b u t i o n  a t  the  outlet .   Since  the  f low i s  or ig ina l ly  
without  vorticity,  equation  (17) becomes 

and tangent ia l   var ia t ions   in   rad ia l   ve loc i ty   a re   thus   in t roduced .  

The result ing  f lows  can be visualized  by  dividing Ve  i n to  three 
par t s ,  
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where 

14 3 

The veloci ty  Ve,a i s  that  required  for  free-vortex  f low. The 
circumferential-plane  streamlines  for the condition of  no through-f low 
are  shown i n   f i g u r e  8( a) . The veloci ty  Ve,b represents   the  rotat ion of 
a sol id  body, and the corresponding  streamlines are shown i n   f i g u r e   8 ( b ) .  
The flow  determined  by Ve, i s  more complex. No genera l   so lu t ion   to  
t h i s  flow  has  been  found,  but  solutions  for  several  particular  conditions 
are  presented  in  reference 9. The s t reamlines   for  two  of these solutions 
are shown i n   f i g u r e s  8(  c) . In  general,  both V O , ~  and Vr must vary   in  
the   t angent ia l   d i rec t ion .  This trend i s  suggested  by  f igure  8(c).  It i s  
evident  that   the  velocity  defined  by  equation (21) r e a l l y  cannot ex i s t  at 
every  circumferential  position.  Equation (21), however, i s  approximated 
a t  every  circumferential  position when the  blades a re   c lose  enough t o -  
gether  that   the  actual  circumferential  changes i n  Ve and Vr are very 
small. The veloci ty  Ve, might then be ignored. The change i n  Vr 
along  the  circumference  could  also be ignored.  In  this  event,  one  could 
wri te  

ve = ve, a + ve,b = aair + - r 
r 

The result ing  streamlines are those  of  f igure 8(a) combined with  f igure 
8(b) ' 

The vort ic i ty   represented by t h i s  flow, however, i s  '2uair. This 
r e s u l t  means tha t   vo r t i c i ty  must be added to   the  f low  by  the  blade row. 
Such a thing cannot  be done i n  an ideal  f luid,   because  the  vortex  l ines 
would extend downstream of  the blades and they would be confined t o  
inf ini tes imal ly  thin  sheets .  Between  them, the flow would be i r ro t a t iona l .  
Inasmuch as these  vortex  sheets  actually  enclose  the wakes i n  a real f luid,  
they  eventually do permeate the   en t i r e   f l ow  f i e ld  by t h e  mixing of t h e  
wakes wi th  t he  rest of  the  flow.  Accordingly,  for a reasonably  close 
spacing  between  the blades, the entire  flow  could be assumed t o  have an 
a x i a l  component of v o r t i c i t y  of ZCuair downstream of a blade row, even 
though the  upstream v o r t i c i t y  i s  zero. (For a fur ther   discussion of t h i s  
point, see r e f .  10 .) 
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In t h i s  event,  equation (17) may be  used, and 

Equation (19) can  then  be  writ ten as 
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With uniform  enthalpy and entropy,  equation  (19c) i s  wr i t ten  

By using  equation (18), this   equat ion becomes 

Here again, radial flows  are  required,  since. aVr/az cannot, i n  general, 
be  zero. In many designs,   these  radial   f lows  are far from  negligible 
within a blade row and may be  considerably more severe  than  those  pre- 
viously  discussed.  Far enough downstream of the  blade row, the  radial 
flow must disappear. Some studies  of  these  flows are reviewed in chapter 
X I V  ( r e f .  6) . 

For  other   radial   d is t r ibut ions of t angent ia l  components of velocity, 
other  equations must be used to  describe  the  f low. The important  point 
t o  note, however, i s  tha t   add i t iona l   r ad ia l   f l ows   t end   t o  be  introduced 
whenever the   d i s t r ibu t ion  i s  not   that  of a free  vortex.  These radial 
flows  not  only  exist  within  the  blade row but a l so  may be found  upstream 
and  downstream  of it. 

Shape of hub and casing: Some radial   f lows must e x i s t   i n   t h e   v i c i n -  
i t y  of t he  hub and casing when the  slope i s  not  zero  (fig.  9 ) .  Such 
configurations  usually  cannot  be  avoided  because  of  the  exigencies  of 
other  considerations (blade surface  veloci ty   diffusion,   a t ta inable   total-  
p ressure   ra t io ,   e tc  .), which are discussed  la ter  in this   chapter .  The 
magnitude  of the  radial flows  within and without  the  blade rows natural ly  
increases as the  slope of the  boundaries  increases. 

Effect   of   radial   f lows on stream surface  configuration. - As previ- 
ously shown, the  simplifying  assumption of no rad ia l   f low presumes the 
streamlines of t he   f l ow  to   l i e  on the  surfaces  of  r ight  circular  cylinders 
( f i g .  1). The radial flows  result ing from the  changes i n  rad ia l   dens i ty  
gradients,   the blade thickness  distribution, and the   r ad ia l  component of 
blade  force &e these streamline  surfaces  undulate and t w i s t  as shown by 
comparing the  upper surface of f igure  l O ( a )  with  the lower surface. 
The additional  disturbances  encountered when rV, i s  not  constant  along 
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a r a d i a l   l i n e  and when annulus  walls  converge are indicated  in  f igure 
lO(b). The increased  twisting of the  surfaces   resul ts  from the f lows 
shown i n   f i g u r e   8 ( c )   ( l e f t   s i d e ) .  

Experimental  data  required. - Although the magnitudes  of these 
radial flows  can sometimes be  estimated by mathematical  analyses,  their 
a c t u a l   e f f e c t s  on t h e  performance  of a blade row must eventually-be 
measured by  experiment. The def lect ions  of   the  air a t  a given  radius of 
a blade row and those of a two-dimensional  cascade  having iden t i ca l  ge- 
ometry  and inlet   condi t ions may be compared; the  agreement  between t h e  
two s e t s  of r e s u l t s  i s  a  measure  of the  usefulness of the  simple  concepts 
obtained by ignoring  radial   f lows.  Similarly,  a comparison  of t he  
measured radial distributions  of  flow  with  those  given  by  equations ( 1 7 )  
t o  (19) (with Vr = 0) provides  another test  of these  concepts. The 
representative  experimental  data  subsequently  presented  are examined  from 
these  points  of  view t o  show t h a t ,   i n  many cases,  the  simple  equations 
just   derived  provide an accurate  estimate of the main flow. 

Analysis of Viscosity Problem 

Two-dimensional-cascade  elements. - Following the  procedures used 
i n   o t h e r   f i e l d s  of  aerodynamics,  compressor design and analysis  techniques 
assume tha t   the   impor tan t   e f fec ts  of v i scos i ty   a re   conf ined   to   th in  bound- 
ary  layers  and to   b lade  wakes. For the  cascade  elements  (defined  'in  fig. 
2 ) ,  the  boundary layers   are   indicated  by  the shaded areas  immediately i n  
contact   wi th  the  blades  in   f igure l l ( a ) .  Beyond t h e   t r a i l i n g  edge  of the 
blade,  the boundary layers   a re  shed as wakes. Within  the shaded areas  of 
the  f igure,   the  retarded  f low of the w a k e s  i s  mixed with  the  rest  of the  
flow. The shaded  areas,  therefore, become wider i n   t he   d i r ec t ion  of  the 
flow. Far enough downstream,  complete mixing would occur  and  the  flow 
would be homogeneous. 

A representative example of   the  veloci ty   var ia t ion  within a boundary 
layer  i s  shown i n   f i g u r e  l l ( b ) ,  which presents   the   ve loc i ty   d i s t r ibu t ion  
along a l i n e  A-A i n   f i g u r e  11( a) . Between points a and b of figure 
l l ( b ) ,  the   e f fec ts  of v i scos i ty  are small, because the  veloci ty   gradients  
a r e   r e l a t i v e l y  small. Between the  blade surfaces  and  points a or b, 
however, the  veloci ty   gradients  are severe and viscous  effects  are 
dominant.  Besides the  indicated change in   ve loc i ty ,   the   to ta l   p ressure ,  
the  entropy, and even the  total   temperature  also  vary.  The s t a t i c   p re s -  
sure, however, i s  l i k e l y   t o  be approximately  constant  through  the bound- 
ary  layer .  

One of   the most important  effects  of  viscosity i s  that it re t a rds  
the   r e l a t ive   f l ow  in   t he  boundary layers.   (In making this  statement,  it 
i s  implied  that   the flow i s  viewed from  the  coordinate  system  attached 
t o  rthe blades. For  stators,  such a coordinate  system is stationary,  as 
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previously  noted; f o r   r o t o r s ,  it moves at blade  speed.) Because of t he  
Low r e l a t i v e  flow, the boundary layer  may be almost  replaced  by a region 
of no flow for  inviscid-flow  analyses.   Wfectively,   then,  the boundary 
layer  changes  the aerodynamic  shape  of the  blades,  a phenomenon which 
must be  recognized i n  interpreting  inviscid-flow  analyses. Although some 
methods  of par t ia l ly   cor rec t ing   inv isc id- f low  ana lyses   for   these  changes 
i n  boundary  conditions have  been  developed, it has usually  been more 
pract icable   to   use  experimental   resul ts   as  a source  of.two-dimensional- 
cascade  data  (ch. V I  ( r e f .  11)). Two-dimensional-cascade.inviscid-flow 
theory  (ch. IV) may then be used to   cor re la te   these   da ta .  

Important  data  derived  from  two-dimensional-cascade  experiments are 
the  def lect ions  or   turning  angles  as functions  of  blade  shape and inlet 
flow  conditions. The turning angles are given  by 

When the  turning  angle i s  known, the change i n  Ve i s  a function of t h e  
change i n  V,. Also of importance are the  lo s ses   i n  the r e l a t i v e   t o t a l  
pressure  suffered  in   the boundary  layer,  because these represent   par t  of 
the over-al l  change i n  entropy. 

It is  noted that a l l  changes in  f low  propert ies   occurr ing  . in   the 
boundary layer  are passed on t o   t h e  wakes, which are  eventually mixed 
wi th   t he   r e s t  of t he  flow. The d i s t r ibu t ion  of losses  as indicated  by 
total   pressure  behind a two-dimensional  cascade  thus  varies i n  two d i -  
mensions.  Along t h e   l i n e  B-B of  f igure ll( a),  t he  d i s t r ibu t ion  of t o t a l  
pressure  resembles  that shown i n   f i g u r e  11( c) . Farther downstream, along 
C-C, the   to ta l -pressure   d i s t r ibu t ion  i s  more uniform ( see   f i g .  11( d) ) . 
Rigorously  coping  with the loss d is t r ibu t ions  i s  no t   p rac t i ca l   a t   t he  
present time. An average  flow  condition  behind  the  blade row i s  there- 
fore  sought. Such ag average i s  also  required when unsteady  flows  are 
prevalent, as discussed  in  the section on Treatment  of Time-Unsteady 
Flows (p. 150) . 

The bes t  way of  averaging the flow  conditions  behind a two- 
dimensional  cascade i s  not  established a t  the present  time.  Discussions 
on th i s   po in t   i n   r e f e rence  1 2  indicate  that one method of averaging i s  
probably as good as another as long as the  t ra i l ing-edge boundary layers  
a r e   t h i n  and the  f low Mach numbers are  subsonic. Inasmuch as   these  con- 
d i t i ons   a r e   s a t i s f i ed  at the design  point of many compressors, no case 
has yet  been made f o r  a pa r t i cu la r  method of averaging. 

Hub and  casing  boundary  layers  in compressor blade rows. - The hub 
and casirx boundary layers   are   indicated by the shaded areas  of  f igure 
lZ(a). The corresponding radial d is t r ibu t ions  of the  circumferentially 
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averaged to t a l   p re s su re  ahead of and  behind a blade row w e  shown i n  
f igure  12(b). Between a and bl of t h i s  figure the   t o t a l   p re s sme  
at the   i n l e t  i s  p rac t i ca l  i y constant. Beyond these  l ines ,  it drops 
rapidly.  The distance from the hub t o  a1 (fig.   12(b) ) is indicative 
of the  boundary-layer  thickness at the hub of t h e   i n l e t .  The distance 
from the   cas ing   to  bl ( f i g .  1 2 ( b ) )  indicates  the  boundary-layer  thick- 
ness at the  casing.   Similar ly ,   the   l ines  a2 and b2 represent  the 
extent of the  boundary layer  at the out le t .  The boundary layer is also 
indicated by the   d i s t r ibu t ion  of circumferentially  averaged axial veloc- 
i t y  at t h e   i n l e t  and  out l e t  of a row  of blades  (fig.  1 2  (c ) ) . 

Reference t o   f i g u r e  1 2  (b) shows that  the  circumferentially  averaged 
losses  between aL-bl and a2-b2 can be small. (The difference 
between i n l e t  and ou t l e t   t o t a l   p re s su re  i s  a measure  of t he  loss.) Within 
t h i s  area the  flow propert ies  might be considered t o  be a function of the 
two-dimensional  cascade, where the  circumferentially  averaged  losses are 
usually  quite small. In these  cases, l i t t l e  e r r o r   i n   t h e  state of t h i s  
main flow is introduced  even  by  assuming  the  flow t o  be isentropic.  
Beyond these  l ines ,  a t  the blade ends, the  circumferentially  averaged 
losses   a re  more severe.  Since  the  flows  causing  these end losses  have 
no counterpart in a t r u l y  two-dimensional  cascade, loss data and flow- 
angle data from such cascades  are  expected t o  be useless in t he   v i c in i ty  
of the  hub and casing.  Therefore,  pertineat  data must preferably come 
from the  blade row i t s e l f .  

This  retarded  f low  in  the hub  and casing boundary layers  poses  an 
important  problem i n  design. The nature of t h i s  problem may be  studied 
from the  following  considerations. 

The requirements of continuity may be expressed by the  following 
equations: 

where 

This  expression i s  derived from equations (2) , (4), and (5) . The various 
flow  quantit ies  here must be  the  circumferentially  averaged  values  ahead 
of and  behind a blade row. For the .  flow behind a blade row, equations 
(22 )  and (23)  may be combined to  read 

. 
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If the  circumferentially  averaged  flow  properties were known as a 
function  of  radius between the  hub and casing, it would be a simple matter 
t o  use  equation (24) t o   r e l a t e   t h e  hub and t i p  radii t o   t h e  mass flow. 
Unfortunately, computing the  extent of the boundary layer  and $he d i s t r i -  
bution  of  flow  within it remains  an  unsolved  problem  except for extremely 
s i q l e  flow  situations.  Therefore, methods of making reasonable  allowances 
for it have  been  sought. 

When the  circumferentially  averaged  flow  between a-a and  b-b of f i g -  
ure 12  i s  known, equation (24) may be  wri t ten as 

The f i r s t  in t eg ra l  i s  readily  evaluated from data. The last two in te -  
grals ,   wi thin  the  brackets ,   represent   the  re la t ively small mass flow 
through  the space-consuming  boundary layers .  For lack of a b e t t e r  way 
of  coping  with  these two integrals,,   they have usually,been assumed t o  be 
adequately  handled by the   fac tor  Kbk in   the   equat ion  
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where the  blockage  factor Kbk i s  a function of  the  design of the  blade 
row, t h e   i n l e t  flow, and the  posi t ion of the  blade row i n   t h e  compressor. 
The quant i t ies  Pz, V,, 2, Vr ,  2 2  and Ve,2 are  taken as those  in   the 
main flow. However, an  estimated  average  value of t o t a l   p re s su re  over 
the  entire  flow  passage  (including  the  boundary  layer) might also be 
used; i n   t h i s   c a s e  a different  value of IGok would be  necessary. 

As long as the boundary layers   are   real ly   thin,  one technique i s  
probably as good as another. If the  boundary-layer  correction i tself  
amounts t o  1 or 2 percent, a 20-percent e r ror   in   the   cor rec t ion  amounts 
t o  only  0.2 or 0.4 percent   in   the  estimate f o r  a single  blade row. Notice, 
however, t h a t   t h e  compounding e f f e c t s   i n  a multistage compressor  might make 
even th i s   e r ror   excess ive .  When the  boundary layers  become thick,   greater 
accuracy i s  needed. When the  flow  resembles  fully  developed  pipe  flow, 
t h i s  method of  accounting for   viscous  effects  may leave something t o  be 
desired. It should a l so   be  noted, moreover, that, when the  boundary layers  
are relat ively  thick,  a consistent system  of  handling the  boundary layers  
i s  especially  imperative.   Serious  errors  can  result ,   for example, i f  one 
system i s  used to  estimate P2 and  another to   select   the   correct ion 
fac tor  Kbk. 

In  addition  to  complicating  the  continuity  relation,  the  existence 
of w a l l  boundary layers  could make the  determination  of  average  total  
pressure and to ta l   t empera ture   d i f f icu l t .  It may be   no ted   tha t   the   to ta l  
pressures and total   temperatures of the boundary layers  may appreciably 
d i f fe r  from those   i n   t he  main stream. The problem  of correctly  averaging 
the   t o t a l   p re s su re  and total   temperature   thus arises. A technique similar 
to   that   jus t   d iscussed  for   cont inui ty   suggests   i tsel f .   Correct ion  fac-  
tors ,  when they are required,  could  be  applied  to  the main f low  to  esti-  
mate the mass-averaged quant i t ies .  These correct ion  factors   are   again 
functions of the  blade  design,  the  inlet  flow, and the   pos i t ion  of the  
blade row i n   t h e  compressor. 

Loading limits. - Any flow  device  using a diffusion  process w i l l  
have a l imiting  diffusion at which the  flow  breaks down. This  flow 
breakdown, or separat ion,   can  be  direct ly   a t t r ibuted  to   the boundary 
layers; they do not have enough momentum t o  overcome the  adverse  s ta t ic-  
pressure  gradient accompanying the  diffusion.   In   the  usual  compressor 
design,  the  velocity  diffusion  required  on  the  blade  surface  increases 
as the   i dea l   t u rn ing   i n  a blade row increases. The in tens i ty  of t h i s  
diffusion i s  frequently  taken as a measure  of the  blade  loading. The 
condition at which serious flow separation  begins t o  occur i s  therefore 
called  the  loading limit. 

The details  determining  the  loading l i m i t  are s t i l l  imperfectly 
understood.  This  statement i s  t r u e  even f o r   r e l a t i v e l y  simple f low de- 
vices, and t h i s   s i t u a t i o n  i s  therefore  not  uniquely familiar t o  compres- 
sors.  One of the  important  variables  involved seems t o  be t h e   r a t i o   o f  
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the  required  s ta t ic-pressure rise to   an  appropriate   veloci ty   pressure 
( r e f s .  13 and 14) . The shape  of the  blades,  the  inlet  flow  conditions, 
and the   requi red  downstream flow  conditions are thus  expected  to  be  in- 
volved in   the   loading  l i m i t .  It should  be  noted  that  the  previously 
d iscussed   rad ia l   sh i f t s   in   the   s t reaml ines   a l so   in f luence   the   d i f fus ion;  
t h i s   e f f e c t  i s  pa r t i cu la r ly  noteworthy for  non-free-vortex  distributions 
and a t  Mach numbers i n   t h e  neighborhood  of 1.00, where s l i gh t  changes i n  
stream-tube  distribution  can  -cause  large  changes in   ve loc i ty   d i s t r ibu t ion .  
Some important  differences between the  loading  l imits  of  blade rows and 
those of corresponding  two-dimensional  cascades may therefore   be  ant ic-  
ipated.   Since  the demands of a i r c r a f t  encourage the  use of  compressors 
with  highly  loaded  blades  (ch. 11), at  l e a s t  some loading-limit  informa- 
t i o n  i s  a v i t a l   n e c e s s i t y .   m e r i m e n t s  on actual   b lade rows w e   a g a i n  
the  only  posi t ive  source of data. 

Experimental  data  required. - There a r e  a number of questions  relat-  
ing   to   v i scos i ty   tha t   can   on ly   be  answered  by  experiment. The losses  and 
loading limits of  two-dimensional  cascades  over a range of blade  shapes 
and inlet   f low  condi t ions  are  of i n t e r e s t .  Data for   var ious  blade rows 
and in le t   f low  condi t ions   in   the   ac tua l  compressor are  required  to  evalu- 
a te   the  usefulness   of   the  lo s s  and loading-limit data obtained  from two- 
dimensional  cascades. Data are   a l so   requi red   to   es tab l i sh   the   e f fec t   o f  
staging on the   losses   suffered and the  loading limits. 

Data are requi red   for   the  performance  of  the hub and t i p   s ec t ions  of 
the  blades as w e l l  as f o r   t h o s e   i n   t h e  main flow  regions. Because of the  
increased  viscous  effects   in   the w a l l  regions,  the  turning-angle data, 
loss data, and  loading-limit data can  be  quite  different  from  those ob- 
ta ined under i d e a l  two-dimensional-flow  conditions. 

Some examples  of the  s tudies   required  are   given  in   the  sect ion o f  
this  chapter  devoted  to  experimental data. Representative  turning-angle, 
loss, and  loading-limit   data  are first presented  for two-dimensional  cas- 
cades. The t rends  of   these  var iables   in   var ious compressor  blade rows 
and  under various  conditions  are  then  noted. The relat ive  thicknesses  
of t h e  hub and t i p  boundary layers  are  discussed. 

Treatment of Time-Unsteady  Flows 

Time-unsteady  flows must e x i s t   i n  a compressor,  because  both s t +  
t ionary and rotat ing  blade rows are  used. Even for  ideal  flow  conditions, 
as  previously  noted,  the  flow i n  a s t a t o r  can  be  steady  only when the 
motion i s  r e f e r r e d   t o  a coordinate  system  that i s  also  s ta t ionary.  Sim- 
i l a r l y ,  a coordinate  system moving a t   r o t o r  speed must be  used fo r   t he  
ro tor .  From a purely  theoret ical   point  of  view, then,  the flow through 
a ro to r  i s  therefore  always  unsteady  with  respect t o  uniform  flow  in a 
s t a t o r ,  and vice  versa. 
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Moreover, time-steady  circumf'erential  variations  in  the  flow ahead 
of or behind a rotor  cause  the  flow  in  the  preceding or following  stator 
to  be  time-unsteady  irrespective of the  coordinate  system  used. Simi- 
larly,  time-steady  circumferential  variations  with  respect t o  the   ro tor  
induce  inevitable  time-unsteady  flows in   the  preceding and succeeding 
s t a to r s .  It may also  be  noted  that  time-unsteady  flows  are  also  inevi- 
t ab le  when e i the r   ro t a t ing  stall  (ch. X I  ( r e f .  6 ) )  or  surge  (ch. X I 1  
( r e f .   6 ) )   occu r s .  

Circuuferential  variations  in  the  flow  behind a blade row, and thus 
unsteady  flows in  the  following  blade row, are encountered  even when the 
flow i s  completely  inviscid. Some circumferential   gradients  in  the  f low 
p e r s i s t   f o r  some distance upstream  and downstream  of even  an idea l  two- 
dimensional  cascade.  Similar  circumferential  gradients  are  associated 
with  the  types  of  f low  presented  in  f igure 8( c) . 

Additional  circumferential  gradients  are  brought  about by the  blade 
wakes ( f i g .  11). These gradients   are  made even more complicated by the 
f a c t  that a fluctuating  pressure f ie ld  ahead  of a blade row periodical ly  
changes the  character of the wakes leaving  the  previous blade row. As a 
r e s u l t  of a l l  these phenomena, both  the  rotor and s t a t o r  are beset  by 
complex unsteady  flows.  Notice  that  any two adjacent  blade rows,  one 
ro ta t ing  and the  other  stationary,  experience  the same sort  of 
disturbances. 

Because of these  time-unsteady components  of the  flow,  average  values 
of flow  properties  leaving one blade row have been  used to   represent  
t he   i n l e t  flow to  the  next   blade row. I n   t h i s  way, the  unsteady-flow 
problem i s  r a t h e r   a r b i t r a r i l y  reduced t o  a steady-flow  problem. As dis- 
cussed in   chapter  X I V  ( r e f .   6 ) ,  some theoretical   considerations  indicate 
that  additional  t ime-unsteady  effects may be of importance. How v i t a l  
these   e f fec ts  are must eventually  be  determined by experimental data. 

The va l id i ty  of this   t reatment  of unsteady  flow  can  also  be  judged 
by experimental  data. Comparing the  performance  of isolated  blade rows 
with  those  subjected  to  unsteady  flows  provides  the  basis  for this eval- 
uation.  Notice of t h i s  problem i s  taken  during  the  discussion of experi- 
mental  data  presented  in  the  following  section. 

REPR;ESENTATIVE EXPERIMENTAL DATA SUPPORTING DESIGN  CONCEPTS 

Many of  the  quest ions  that  have  been raised about  the  simplified 
flow concepts i n  the  previous  section  have  been answered  by the  published 
r e s u l t s  of a l a r g e   n u d e r  of  experiments and analyses. Some representa- 
t i v e  examples  of these  experiments and the  indicated  conclusions are 
presented   in   th i s   sec t ion .  Through t h i s  review, a qua l i ta t ive   p ic ture  of 
the  flow i s  establ ished  that  becomes the   bas i s  of a design  system. More- 
over,  the  results  presented  indicate  the  classes  of  assumptions and 
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calculat ion  techniques  that  may be used with a reasonable  degree of con- 
fidence. The areas  where design  information must be  tempered  by i n t u i t i o n  
and judgment are   a lso  spot l ighted.  

Before  presenting  the  data on ac tua l  compressor  blade rows, a t ten t ion  
i s  first focused on the  aerodynamic p rope r t i e s   o f , t he  two-dimensional  cas- 
cade, s ince   t h i s   t ype  of  reference  data i s  the  basis f o r  many of the  devel- 
oped procedures.  Typical data from i n l e t  guide  vanes are  then  reviewed. 
For inlet  guide  vanes w i t h  free-vortex  f low  distribution,  the assuurption 
of no radial flow i s  examined  under conditions where the radial flows and 
viscous  effects  may be reduced  as much as possible and the  unsteady-flow 
e f fec t s  are completely  eliminated. The e f f e c t s  of changes i n   r a d i a l  den- 
s i ty   g rad ien ts ,  of blade thickness   dis t r ibut ion,  of blade  force, and  of 
the  hub slopes are noted. Radial flows  resulting  from  non-free-vortex 
f low  dis t r ibut ions are then examined. 

Representative data obtained from rotat ing  blades are a l so  reviewed. 
The e f f e c t s  of  blade  rotation,  over and  above the  effects  considered for 
inlet   guide  vanes,  are thus  evaluated. Some e f f ec t s  of unsteady  flows  and 
the  mixing  of w a k e s  are  noted from the results of t e s t s  of  both  stationary 
and rotat ing  blades.  

Several   s ignif icant   resul ts   obtained from  experiments on multistage 
compressors are next  reviewed.  These  data  indicate  the  validity of the 
simplified  flow  concepts under  adverse,  but  typical,  conditions. They 
also  provide a basis  for  indicating  important  missing  gaps  in  available 
knowledge. 

For each  experiment,  the  turning-angle  data  are  presented and the  
loss  or   eff ic iency data are  noted. Flow condi t ions   in   the  main flow  are 
discussed. The influence of the hub  and t i p  boundary layers   are  also 
noted. Comments a re  made about  the  indicated  effects of radial flows 
and unsteady  flows. The s igni f icant  knowledge derived from these  c lasses  
of experiments i s  then summarized by out l ining a model of the  f low  that  
can be used for  design. 

Two-Dimensional Cascades 

Aerodynamic behavior. - Five  quantities  determine  the aerodynamic 
behavior  of a cascade  with  ideal  flow. One of  these i s  the  shape of the 
blades, which i s  usually  expressed i n  terms  of t he   d i s t r ibu t ion  of thick- 
ness and  camber.  Another quantity i s  the   o r ien ta t ion  of the  blades  with 
respect   to   the  cascade  axis ;   th is   or ientat ion may be  defined  by  the blade- 
chord  angle yo ( f i g .  2) . The th i rd   quant i ty  i s  the   so l id i ty  (cr = c/s) , 
al though  the  pi tch-chord  ra t io ,   the   reciprocal   of   this  number, i s  some- 
times used. With these  three  quant i t ies ,   the  geometry  of t he  cascade of 
blades i s  defined. The fourth  quant i ty   ident i f ies   the  direct ion of the  
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flow  ahead of the  cascade. The r e l a t ive   i n l e t - a i r   ang le  p ’  i s  f r e -  
quently used f o r   t h i s  purpose.   Finally,   the  relative Mach number of the 
flow a t  some point must be known. This  quantity i s  also  usual ly   referred 
to   the  re la t ive  inlet   f low.   Theoret ical ly  speaking, a l l  d e t a i l s  of the 
flow of an   i dea l   i nv i sc id   f l u id  can  be  determined  from  these data. 

1 

For r e a l  f lows,  the  factors  involving  friction  are  also  pertinent.  
The Reynolds number of t he   r e l a t ive  flow thus becomes an  important  item. 
The Reynolds number i s  usually  based on the  propert ies  of t h e   i n l e t  flow, 
using  the  chord  length as the   charac te r i s t ic  dimension. The fac tors   in -  
volved are the  turbulence of the  incoming flow  and  the  condition of the  
a i r fo i l   sur faces   ( see   ch .  V i n   t h i s  volume and V I  ( r e f .  11)). Bgcause  of 
the  complicatinp e f f ~ ~ s . o f _ _ S ~ i ~ t ~ O ~ , - t h e . -  most_”rel&ble  cascade _data a r e  
d e r i v .  P ~ ~ n t r a ~ ~ e ~ . . ~ h ~ , . a n a l - Y s . i s ~ =  

Types  of experimeEtal  data  observed. - One of  the most important 
pieces of  cascade data  required i s  the  def lect ion of the  flow ( p  - p2), 
since  deflecting  the  flow i s  the main purpose  of the  cascade. Although 
analytical   techniques have been  developed.and are occasionally  used  for  de- 
termining  this   def lect ion  (ch.  IV), the   greatest  amount  of data i s  obtained 
by experiment. A t yp ica l  sample  of the  experimental  data i s  shown i n  
f igure  13, which was obtained from reference 15. These data were obtained 
for  f ixed  values  of  blade shape, so l id i ty ,  and i n l e t - a i r  angle. The blade 
angle was varied,  the magnitude of the  variation  being  described by the  
angle  of  attack a = B1 - yo. The deflection,  or  turning  angle, is 
measured by the  angle 4 = p 1  - p2. 

1 

The losses  incurred by the  cascade may be  described in  a var ie ty  of 
ways. I n  reference 15 the loss  i s  measured  by a drag coefficient;   an 
average  total-pressure loss or an  average  entropy  increase  could  also have 
been  used.  (Notice  that  the  drag  coefficient i s  independent  of the  posi-  
t i o n  of t he  downstream  measurement  and t h a t  no averaging  techniques  are 
required, The total-pressure loss  and the  increase i n  entropy, however, 
depend on the   ax ia l   pos i t ion  of the measurements, the Mach number of  the 
flow,  and the method of  averaging.) O f  pa r t i cu la r  importance are the 
regions where the loss  r ises   rapidly;   the   rapid rise i n  loss and the  
accompanying droop in  the  turning-angle  curve  indicate  the  point  of  flow 
separation o r  the  loading limit of the  cascade. For the  par t icular   family 
of blade  shapes  discussed in   re fe rence  15, it has been possible   to   corre-  
la te   the  loading l i m i t  by the  following  equation,  developed in   re fe rence  
13 : 

All the  blades  reached  their   loading l i m i t  at a value of D of approxi- 
mately 0.6. This equation i s  simply an empirical means of estimating 
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Downstream s t a t i c   p re s su re  - minimum s t a t i c   p re s su re  on blade  surfaces 
Maximum veloci ty   pressure on blade  surface 

Since it w a s  der ived  for  one family  of  blades, it i s  not  expected t o  be 
universally  applicable.  It does,  nevertheless,  provfde an indicat ion of 
the  loading l i m i t  as good as or   be t te r   than  magy other recommended em- 
p i r i c a l  rules. A more fundamental  approach would u t i l l ze   equat ion  (26) 
with  the  actual   veloci ty  and pressure data ( see   r e f .  14) . 

Other d e t a i l s  of the  flow  within a blade row may a lso   be   par t ia l ly  
examined by  studying  the  velocity  distribution  about a cascade  element. 
The r e s u l t s  of a typical  experimental measurement i n  a two-dimensional 
cascade a r e  shown i n  f igu re  14. The veloci ty   dis t r ibut ion  presented 
corresponds to   the  operat ing  condi t ion  indicated by point  A i n   f i g u r e  13. 
These da ta   a re   va luable   for   in te rpre t ing   over -a l l   resu l t s ,   s ince  comparing 
these  data  with similar measurements i n  a compressor blade row provides 
a means of  comparing the  internal   f lows - 

The data described  thus far  were obtained a t  low i n l e t  Mach numbers, 
the  operat ing  condi t ion  for  most published  cascade data. Increasing  the 
i n l e t  Mach number i n  two-dimensional-cascade r i g s  has the   e f fec t  shown i n  
f igure  15, which was obtained  from data of reference 16. A s  the Mach 
number increases,  the  range  of  angle of attack  decreases.  When the  Mach 
number  becomes high enough, the  cascade i s  choked  and t h e  flow  deterio- 
r a t e s   t o  such an extent  that   the  cascade i s  completely  ineffective. The 
behavior of the  flow at  high Mach numbers i s  shown by the  schlieren  photo- 
graphs of f igu re  16, which i s  taken  from  reference  17. The strong  shocks 
t h a t  have  developed  cause  the  boundary  layer t o   s epa ra t e   a t  a l l  angles 
o f  at tack.  This  type of da ta   ind ica tes   an   in te r re la t ion  between loading 
limit and flow Mach number. 

These resu l t s   represent   the   p r inc ipa l  knowledge obtained Prom numer- 
ous t e s t s  of two-dimensional  cascades. A s  previously  noted,  the  turning- 
angle  data  obtained  are  of  primary  interest .  When the  observed  turning 
angle in an actual   b lade row agrees  with  that  observed i n  two-dimensional 
cascades,  credence may be  given  to  the simple  equations  obtained  by  ignor- 
ing radial flows i n   t h a t   t y p e  of blade row. The relatively  inexpensive 
two-dimensional  cascade  can  then  be  used as an  important  source of design 
turning-angle data. 

I n l e t  Guide Vanes 

Tests of inlet  guide  vanes  alone have been  invaluable f o r  studying 
. and developing  flow  concepts and theory.   In  the  laboratory  setup,  the 

flow  ahead of i n l e t  guide  vanes  has no tangent ia l  component of velocity,  
so the  inlet   guide  vanes have the  function  of  creating a preconceived 



NACA RM E56B03 15 5 

d i s t r ibu t ion  of tangent ia l   veloci ty .  When tested  alone, the i n l e t  guide 
vanes a re  exposed to  essentially  t ime-steady flow; therefore,  time-unsteady- 
flow  effects  are  el iminated. Moreover, the  flow  velocity  behind  the  guide 
vanes i s   usua l ly   g rea te r   than   tha t   in   f ron t ;   thus ,  many adverse  effects 
of v i scos i ty   a r i s ing  from  unfavorable  pressure  gradients  are  avoided. 
Inlet   guide vanes, therefore,  provide  an  excellent  vehicle  for  studying 
the   e f f ec t s  of radial  flows  brought  about  by  the changes i n   r a d i a l  den- 
s i ty   gradients   through a blade row,  by the   rad ia l   d i s t r ibu t ions  of blade 
thickness, by t h e   r a d i a l  components of blade  force, by the  slope of the 
hub or casing, and  by nonvortex  distributions  of  tasgential   velocity.  

A typical  setup used t o  conduct  flow  investigations i s  schematically 
shown i n   f i g u r e  17.  Measurements a re  made ahead  of and behind  the  blade 
row t o  determine  the  velocit ies and s ta te   p roper t ies  of the air a t   t h e s e  
two stations.   Sufficient  data  are  taken  behind  the  blade row to   de te r -  
mine the   rad ia l   g rad ien ts  of the  circumferentially  averaged  properties 
of the main flow. Ahead of the  blade row, precautions  are  taken  to  ensure 
a uniform d i s t r ibu t ion  of  the  flow. Complete uniformity  cannot,  of 
course,  be  achieved i n   t h e  hub and casing boundary layers,  where the  ra- 
dial  variation  of  entropy and the  tangent ia l  component of v o r t i c i t y   a r e  
not  zero. Care i s  taken, however, t o  make these boundary l aye r s   a s   t h in  
as possible.  

Free-vortex  flow. - A representa t ive   resu l t  of an  investigation  with 
free-vortex blades i s  shown in   f i gu re  18, which was obtained from refer- 
ence 18. (The experimental  setup was essent ia l ly   the  same as t h a t  shown 
i n   f i g .  1 7 . )  I n   f i g u r e  18, the  observed  turning angle of the  cascade 
elements  of  the  blade row i s  compared with the  turning  angle that the  
same cascade  elements would have i n  a two-dimensional  cascade. As indi-  
ca ted   in  th i s  figure,  the  observed  turning was subs tan t ia l ly   the  same as 
t h a t  of the  corresponding  two-dimensional  cascade. The order of magnitude 
of the radial flows i n   t h i s   b l a d e  row i s  just   about  the same a s   t h a t   i n  
many conventional  compressors  having  free-vortex  subsonic  blade  rows. 
There are  strong  indications, ther.~~.ore,-._t-,t,_the radial flows  themselves 
have r e l a t i v e u d w r  effectsJ-is-7asy, on the  t ~ n i n g  a le  at subsonic 
Mach numbers. Some discrepancies  are  noted  in  the  vi-cXnity of the-b lade  
ends. <e differences  within  the  boundary  layers are not  unexpected, 
but  the  observed boundary layers  were t h i n  enough for   these   var ia t ions  
to  be  disregarded. The circulat ion  gradients ,   or   vort ic i ty ,   wi thin  the 
boundary l a y e r  do, however, induce some deviat ions  in   the main flow. 
A s  shown in   re fe rence  19, these  deviations  are sometimes s ignif icant ;  
they can, however, be  accurately  treated  by  the  technique  reported 
therein.  

" .. I - 

The r ad ia l   d i s t r ibu t ion  of circumferentially  averaged  flow was also 
s tudied  in   reference 18. In general,  the  flow was fa i r ly   accu ra t e ly  
described  by  equation  (19a). An important  point  to  note, however, i s  
that   the   f low Mach numbers were not   very  c lose  to  1.0, and the  value  of 



156 NACA RM E56B03 

t he   l oca l  Mach nwdbers were therefore   not   extremely  sensi t ive  to  small 
changes i n   t h e   a r e a  of the   s t reamtubes .  A t  Mach nunibers nearer 1.0, a 
small change in stream-tube  area accompanying radial flows may give dif-  
f e r e n t   r e s u l t s .  

The loss data  reported  in  reference 18 show that  the  average  losses 
i n   t o t a l   p r e s s u r e  were small. This  trend  agrees  with  two-dimensional- 
cascade ‘data. In   t he  hub and casing  boundary  layers,  the  losses  in- 
crease; and eventually, of course, a l l   t h e  dynamic pressure is l o s t  
a t   t h e  hub and casing  surfaces. The main th ing   to   no t ice   wi th   respec t  
t o   l o s s e s  is t h a t  radial flows  themselves do not  necessarily  create 
large  addi t ional   losses .  The important  losses, when the  blades are op- 
erated  within  their   loading  l imits,   appear  near  the hub or  casing. Prob- 
ably  the most i q o r % a n t   e f f e c t  of these  losses  i s  the   f ac t   t ha t   t hey  
occupy  space  without  transporting much mass. The correction Kbk i n  
equation  (24a) i s  thus  an  important  quantity  that  depends on loss data. 
Therefore,  two-dimensional-cascade loss data  do not t e l l  the whole story; 
data from actual   b lade rows are   requi red   to  complete the  loss pic ture .  

Non-free-vortex  flow. - Several  investigations have  been made w i t h  
i n l e t  guide  vanes  designed to  establish  the  type  of  f low  described by 
equation (21)  . Except for the  type of ve loc i ty   d i s t r ibu t ion   c rea ted ,  
these  blade rows are   physical ly  similar t o  many of the  free-vortex  blades 
t h a t  have  been  tested.  Studies of the  non-free-vortex  blade rows, there- 
fore,  provide a means of studying  the  effects  of  radial   f lows  result ing 
from  the radial grad ien ts   in   c i rcu la t ion .  

In   f i gu re  19 are shown representative data from a tes t  of i n l e t  
guide  vanes  designed  for  wheel-type  rotation (I’ = 0 i n  eq. ( 2 1 ) )  . These 
data are   taken from reference 20.  The average  flow  angles at the   ex i t  
of the  inlet   guide  vanes  agree  fa i r ly   wel l   wi th   those  obtained from two- 
dimensional-cascade  considerations. The e f fec t  of radial   f lows them- 
sel-yzs i s  .g&ai&g.uite smal~,.ig-~hg-re~is any e f f e c t  a t  a l l .  The other 
e f fec t  of c i rculat ion  gradients ,  as reported  in   reference 19, cannot  be 
completely  ignored, however; and the  correction  techniques developed i n  
this   reference  are   f requent ly   necessary  for   ref ining  the  analysis .  But, 
when the radial gradient of t a m e n t i a l  ve1gcc)ty i s  correctly  established, 
th-e- r a d i a l  st-r j&&iop of ,. through-f low usuall~~.agr,~$_s-~th  the distri-  

f in i t e   va lues  of both C z  and Ce required  for  axisymmetric  flow  are 
apparently  suitable;  the  complicating  flows shown i n   f i g u r e  8( e) seem t o  
have l i t t l e   e f f e c t  on the  radial d i s t r ibu t ion  of the  circumferentially 
averaged  flow. 

. ~ . ~  -- ..r -._”- 

but&g?,cfessed  by  equation @a)-. ..(?%h,,.br@i2kL~ f & ! ! s ? ~ g 2 % d .  The 
. . -_ ”... ... --- , ” 

”_. ~ - -  ..I ._- .._ 

The loss data   avai lable   are  similar to  those  obtained  with  free- 
vortex  blade rows. Almost negligibly small losses  are  impressed on the  
main flow. The important-losses  again  appear a t  the  blade  ends. Even 
here,  the  losses  themselves  are  not as serious as their   b lockage  effects  
a re .  The i q o r t a n t  loss information  to  be  obtained i s  tha t   requi red   to  
evaluate %k in  equation  (24a) (or some similar  function) . 
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Rotors and Single-Stage Compressors 

A large number of  investigations have  been made with  rotors  alone, 
rotors  with  inlet   guide  vanes,  and  complete stages formed from i n l e t  guide 
vanes, ro tors ,  and downstream stators .  Tests of rotors  alone have many 
of the  same aims as t h e   t e s t s  of i n l e t  guide  vanes - t o  study the   ne t  ef-  
f ec t s  of radial   f lows.  In  addition,  the  effects of ro t a t ion   t ha t  are not 
accounted for   in   s implif ied  theories   are   invest igated.  Tests of i n l e t  
guide  vanes  and  rotors examine the   e f fec ts  of unsteady  flow and other 
phenomena for  interferences between ro ta t ing  and stationary  blade rows 
t ha t  are otherwise  neglected..  Tests of a complete stage add the   e f f ec t s  
of another  blade row. 

A representative  schematic  layout  for  testing a complete stage i s  
shown i n   f i g u r e  20. A s  with  the  inlet-guide-vane  investigations,  care 
i s  exercised  to  have t h i n  hub and casing  boundary  layers at t h e   i n l e t .  
Circumferentially  uniform  flow  without  distortion a t  t h e   i n l e t  of t he  
f i r s t  blade row i s  also  sought. Enough measurements are taken  upstream 
and downstream of  each  blade row to  obtain  an  accurate  picture  of  the 
behavior of t h e  cascade  elements a t  s eve ra l   r ad i i .  These data  also  enable 
the   rad ia l   d i s t r ibu t ion  of flow t o  be compared with  that   indicated  by 
simple  theory. 

Free-vortex  rotor blade rows. - A representative  investigation  of a 
free-vortex  rotor  with  axial  inflow i s  presented  in  reference 21. The 
observed  turning-angle  data are compared with  those of the  corresponding 
two-dimensional  cascades i n   f i g u r e  2 1  for   th ree   rad ia l   pos i t ions :  (a) 
near  the  t ip,  (b)  a t  the  center  of  the span,  and (c) near   the '  hub. A s  
shown i n   f i g u r e  21( a) ,  t h e  observed  turning a t  t h e   t i p  i s  s l ight ly   higher  
than  that  of  the  corresponding  two-dimensional  cascade. The rate of 
change of turning  with  angle  of  attack i s  about  the same for  both, how- 
ever. A t  midspan ( f i g .  21(b) ), the  agreement in   tu rn ing   angle  i s  good a t  
low angles  of  attack. With high  angles of attack,  the  turning  through 
the  rotor  i s  greater   than  that   indicated by two-dimensional-cascade  data. 
The faired  turning-angle  curve  for  the  data at the  rotor  hub ( f i g .   2 l ( c ) )  
has a steeper  slope  than  the  corresponding  cascade  curve.  In  this  respect, 
the  flow  about  the  blade near the  hub i s  comparable t o   i d e a l  t w o -  
dimensional  flow.  Apparently th i s   s ec t ion  can  operate a t  much higher 
angles of attack  than  cascade  data would ind ica t e .   In   t he   v i c in i ty  of 
the  design  angle of attack  of  the  cascade,  the  difference  in  turning 
is small. 

In   this   par t icular   invest igat ion,   ' the   pressure  dis t r ibut ion  about  
the  blades was a l so  measured at , t h e  same time. These da ta  are com- 
pared  with  those of the  corresponding  cascade  in,figure 22. A t  the hub 
and midspan, t h e  agreement i s  excellent,  exceptefor some i r r egu la r i ty  of 
the  cascade  curves  between  the 40- and.80-percent-chord  points on the 
upper surface. The i r regular i t ies ,  however, are a t t r i b u t e d   t o  laminar 
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separation (see ch. V) which may have  occurred  during  the  cascade  tests 
bu t  which did  not  occu during the rotor   blade tests. The agreement 
t h e   t i p  i s  not   qui te  so good, but   there   appmently are no pronounced 
e f f e c t s  of radial f lows   in  the main stream. 

These and  other similar data  indicate  that   the  f low  around  the  blade 
elements of a ro t a t ing  row i s  reasonably  the same as t h a t   i n   t h e  two- 
dimensional-cascade  counterpart,  except a t  the blade  ends. In the main 
flow, the ant ic ipated  enthalpy  r ise  i s  rea l ized  as long as flow  separation 
is avoided. 

In  t h e  boundary layer  at the   t i p ,  however, the energy added by  the 
r o t o r  i s  usually  higher  than that anticipated  from  two-dimensional- 
cascade data, The to ta l - tempera ture   d i s t r ibu t ion   ind ica ted   in   f igure  23 
i s  fa i r ly   representa t ive .  There i s  always some s c a t t e r i n g   i n   t h e   r o t o r  
data, which might  be a t t r i b u t e d   t o  radial and  time-unsteady  flows as well 
as t o  instrument  errors.  The higher  energy  addition at the  blade  ends 
may be expressed i n  terms of a higher  turning  angle; however, a gross 
co r rec t ion   fo r  the higher temperature  r ise i s  probably  just  as good as 
any other a t  the present time. 

As was the  case  with  inlet   guide vanes, t he   ro to r  loss o r  efficiency 
is not always comparable t o   t h a t  of the  corresponding  two-dimensional 
cascade. A t y p i c a l  radial d i s t r ibu t ion  of  compressor r o t o r  blade-element 
eff ic iency i s  shown i n   f i g u r e  23. Losses  increase  rapidly  near  the  casing, 
and the  loading l i m i t  frequently  appews at lower values of D (eq. 
(25))  than  suggested  by  two-dimensional-cascade  data. It must be empha- 
sized, however, that the  changes in   the   absolu te   to ta l   p ressure  do not 
follow a simple  trend. They depend  on the r e l a t i v e  magnitudes of the , 
temperature rise as wel l  as the  loss i n   r e l a t ive   t o t a l   p re s su re   ( s ee   eqs .  
(12) and (13)). 

The problem  of  accurately  correlating  the  net  effects  of  the  flows 
i n  the hub  and casing  boundary  layers i s  s t i l l  somewhat confused. A s  
proposed i n  the sect ion on Analysis of Viscosity Problem  (p. 145), the 
space-consuming propert ies   of   the  boundary layer  can  frequently  be  corre- 
l a t ed  by f a c t o r  Kbk i n  equation (24a) . I n  using this factor,  a f i c t i -  
t i o u s  mass flow  for  ideal  f low  conditions i s  computed or assumed and the  
result i s  multiplied  by Kbk t o  obtain the t r u e  mass flow.  Similarly, 
the  ideal   temperature   r ise  and total   pressure  could be estimated  by 
analyzing the ideal   f low and then  multiplying  the  result  by an  empirical 
correct ion  factor .   Sat isfactory answers t o  these problems are s t i l l  t o  
be  found.  Except f o r  their  e f f ec t s  on blockage,  the  variations i n  t o t a l  
temperature and pressure at the   b lade   t ips  are usual ly  either ignored o r  
are t reated  together  as pa r t  of the over-al l   eff ic iency.  
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Investigations of the  type just described have been  extended t o  
rotors  with  inlet   guide vanes  and t o  complete single  stages.  The r e s u l t s  
of these  investigations  are comparable with  those  indicated  previously. 
As' far as could  be  determined,  the  unsteady  flows  introduced by t h e  
a l te rna te   s ta t ionary  and rotat ing  blade rows had l i t t l e   e f f e c t  on the  
turning  angle of the  blade row; the  turning over  a  large  part of t h e  
annulus was primarily  decided  by  the  corresponding  two-dimensional- 
cascade  variables. Moreover, the  losses  were not   drast ical ly   increased 
by  unsteady  flows i n   t h e  normal operating  conditions. 

Non-free-vortex  blade rows. - An investigation was conducted on a 
setup  consisting of inlet   guide vanes  and  a ro to r   t o   s tudy   t he   e f f ec t  of 
c i rculat ion  gradients  on the  performance  of a ro tor  and s t a to r .  The i n l e t  
guide  vanes,  the  performance of which i s  presented  in  reference 20 and i n  
f igure  19, were designed to   e s t ab l i sh  a solid-body  type of ro t a t ion  
(wair # 0, r =  0 i n  eq. ( 2 1 ) ) .  No change i n  w a s  then  required of 
the  rotor;   instead,  the  value of r was increased  through  the  rotor. The 
arrangement  of the  inlet  guide  vanes and rotor  reported  in  reference 20 
i s  shown i n   f i g u r e  24. The large  pi tch of the  inlet  guide  vanes  suggests 
t ha t   t he  warping of the  f low  surfaces  (fig.  10( b) ) must be more than neg- 
l igible .   Not ice   a lso  that   the  gap between the  inlet   guide  vanes and the  
ro tor  i s  small. It i s  doubtful  whether  complete  readjustment of t he  flow 
( t h a t  ideally  occurring at an   in f in i te   d i s tance  downstream of the  vanes) 
could  have  taken  place a t  t h e   r o t o r   i n l e t .  The r ad ia l   d i s t r ibu t ion  of 
f l o w   a t   t h e   r o t o r   i n l e t  might be i n  question, and severe  time-unsteady 
flows might be  anticipated.  

A s  previously  noted,  the  average  flow  angle at t h e   e x i t  of t h e   i n l e t  
guide  vanes  alone  agreed fa i r ly   wel l   wi th   tha t   an t ic ipa ted  from two- 
dimensional  blade-element  considerations ( f i g .  25) . The presence of the  
ro tor  may have  had some additional  influence on the  flow  angle, and some 
of this  discrepancy might be   a t t r i bu ted   t o  time-unsteady  flow. The major 
cause of the  differences, however, i s  believed  to  be minor changes i n   t h e  
average  radial   d is t r ibut ion of flow due to  the  presence of t he   ro to r .  
Even t h i s   e f f e c t  i s  not  excessive, however. Therefore, it has  generally 
been  ignored in   p rac t ice ,  and equation  (19a),  obtained by ignor ing   rad ia l  
flows, i s  usua l ly   qu i te   accura te   for   th i s   type  of design. 

. The average  turning  through  the  rotor  (f ig.  26) was observed a t  the  
f ive   r ad ia l   pos i t i ons   i nd ica t ed   i n   f i gu re  24. A t  r ad ia l   pos i t i on  a, the  
observed  turning w a s  s l igh t ly   h igher   than   tha t  of the  corresponding two- 
dimensional  cascade. A t  the  low angles of a t tack,   the   t rends of the  two 
cur-Jes are   s imilar .  The flow at  the  t ip   sect ion  of   the  blade  apparent ly  
separated at a s l igh t ly  lower  angle  of  attack  than  cascade  data would 
indicate .  ' 
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In th i s   par t icu lar   type  of f low  distribution, the static-pressure 
rise near the casing i s  higher than that f o r   t h e  corresponding two- 
dimensional  cascade. If equation (26) is a cr i ter ion  for   the  loading 
limit, t h i s  premature  separation is expected. The rise in  turning  follow- 
ing   t he   d ip   i n  the curve i s  not related at a l l  t o  normal  two-dimensional- 
cascade  performance. 

A t  the other  radial posit ions,   the agreement i s  surprisingly good. 
Moreover, the trends  observed  are  the same as those  observed w i t h  free- 
vortex  flow. The hLib regions  appear t o  be capable of operating a t  much 
higher  angles of attack  than  the  corresponding  two-dimensional  cascades. 
A t  those  angles of a t tack  where the  data may be compared, the  turning of 
the ro tor  is somewhat lower than that of the two-dimensional  cascade. 
The similarity of these  trends t o  those of rotors  alone  suggests that 
the   e f fec t  of unsteady  flows is relatively t r i v i a l .  

The loss  problem  appeass not t o   d i f f e r  from that of the  free-vortex 
designs. Only mall losses   are  imposed on the active  flow. The problem 
introduced by the boundary layers i s  pr inc ipa l ly   tha t  of boundary-layer 
blockage,  although the different   total   temperatures  and pressures i n   t h e  
bouidary  layers  introduce  complications  that confu ge the theory if not, 
t h e w -  Losses ~ ~ ~ ~ ~ ~ ~ . , " ~ ~ ~ ~ ~ ~ ~ ~ " ~ ~ ~ ~ , . ~ ~ ~ - ~ ~ ~ ~ ~ ~ ~ ~ ~ - ~ ~ ~ ~ ~ ~ ~ . ~ ~ ~  
w i t f i _ D s ~ i c ~ ~ t . ~ ~ a c . c ~ a c ~ ~ . t . o ~ . ~ r ~ . ~ ~ ~ ~ ~ ~ u _ _ a _ _ l _ x ~ ~ ~ e - r o w  data- 

f 

Transonic  blade  rows. - Recent investigations on free-vortex  rotors 
(see refs. 22 and 23, e.g.)  demonstrate  the  feasibility of obtaining 
high  efficiency from r o t o r s   i n  which the Mach nunibers at t h e   t i p s  are as 
high as 1.35. The turning  angle of the  blade  elements at these  higher 
Mach numbers cannot  be compared w i t h  similar two-dimensional-cascade  data, 
because  usable  two-dimensional  cascades for   t ransonic   f lows  are   yet   to   be 
developed. The compressor blade-element  data that have  been  obtained, 
however, seem t o  lend  themselves t o  the same correlation  techniques that 
have  been  developed f o r  two-dimensional-cascade data (ch. V I  ( r e f .  11)). 
1 t - m ~ e m e . d - f r - m  these  dats, f o r  the  time-ke&g at  lea&, that 
r a d i a l  flows t h e ~ s ~ l ~ e ~ ~ ~ s e r i o u s l y _ - ~ - f - e . c ~ - ~ ~ ~ ~  angle i n   t h e  
"OE% of ..,_ the_*3L*LTLw2 

Studies of the r ad ia l   d i s t r ibu t ion  of the  circumferentially averaged 
flow  properties  indicate that equation  (19a)  or (19b) i s  not  entirely 
adequate  for  the  types of blade rows investigated.  Reliable  solutions 
t o  this problem  have  not  yet  been found, but  the  treatment  discussed  in 
the last section of this chapter  offers some promise. 

The loss picture  is not  different from that i n  subsonic  blade rows, 
except that low losses  are  obtained  only  over a very narrow range of in- 
let  flow  angles at high Mach numbers. The viscous-flow  regions  near  the 
hub and t ip   f requent ly  have different  total-pressure and total-temperature 
changes  from  those of the main flow.  Their  principal  effect i s  again that 
of  blocking  part  of the  flow  area. Whether the flow i s  subsonic  or  tran- 
sonic  is..immaterial with regard  to  the  factor Kbk i n  equation  (24a), if 
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the  loading limits are  not exceeded. The loading l i m i t  of the  blade row, 
as indicated by the  value  of D, i s  about  the same as  t h a t  f o r  conven- 
tional  subsonic  blade rows. The allowable  values of D near  the  casing 
of the rotor  appear  to  be  lower  than  those  elsewhere on the  blade row. 

Multistage Compressors 

A representative example of the performance  of the  blade rows  of a 
multistage compressor i s  shown in  references 24 t o  26. A schematic  lay- 
out of this uni t  i s  shown in   f i gu re  27. This compressor was designed 
( see   re f .  24) f o r   f i n i t e   v a l u e s  of  both Wair and r (eq. (21) ) . Strong 
radial   f lows and time-unsteady  flows are thus  expected  to be prevalent, 
pa r t i cu la r ly  in t h e   l a t t e r   s t a g e s .  

In reference 26 data for the performance of the first, f i f th ,  and 
tenth  s tages  are presented. Only the f i f t h  and tenth  s tages   are  dis- 
cussed  here, however, since the flow  entering the first stage i s  similar 
t o  that in   s ingle   s tages ,   and  the  resul ts   are  similar to  those  previously 
presented. 

Performance of f i f t h   s t a g e .  - In sp i t e  of the  f a c t  that the hub and 
casing  boundary  layers seem t o  have  ample opportunity  to  thicken, the 
flow  distribution  entering the f i f t h  r o t o r  at design  speed ( see f ig .  28) 
was almost that expected for ideal flow,  which w a s  the basis for   design 
computations. The observed  turning  angles  through the  ro to r  are shown 
fo r   s eve ra l  radial pos i t ions   in   f igure  29. Near the t ip ,   the   turning-  
angle data suggest that the  blade i s  stalled; the  loading l i m i t  i s  
apparently exceeded  even  though the  angle of a t tack and the  value of D 
are   within  the limits of good two-dimensional-cascade  performance. A t  
the  next two rad ia l   pos i t ions ,  good agreement w i t h  cascade data i s  found. 
A t  the  two lowest radii (c losest   to   the  hub) ,   the   turning  angle  i s  some- 
what below that obtained  in  two-dimensional  cascades. These trends are 
similar to  those  presented  in  f igures 21 and 26. 

The turning-angle  data  for the following  stator i s  presented  in  
f igure  30. The agreement with cascade data i s  f a i r ly   s a t i s f ac to ry ,  
particularly  near  the  design  angle  of  at tack. The t ip   (ou ter   rad ius)  of 
the s ta tor   appears   to  have a greater  range  of  useful  operation  than i s  
indicated  by  two-dimensional-cascade  data. This trend, which i s  opposite 
t o  that of  rotors, i s  f a i r l y  common for s t a to r s .  

These resul ts   suggest  t ha t  t h e  turning angle of the main flow i s  not 
s ignif icant ly   affected  by the wakes introduced by the upstream  blade  rows. 
The e f f ec t  of the unsteady  flows  created in t h i s  compressor i s  apparently 
within  the  accuracy of instrumentation. 
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Qualitative  observations of the l o s s e s   i n   t h e  main flow  indicate 
t h a t  no unexpected  developments  have  occurred. The main point of concern 
is  the apparent  premature stalling at the   ro to r  blade t i p .  As previously , 

indicated,   th is  phenomenon is frequently  observed,  and  the  loading limits 
near the extremities of a blade row are frequently much different  from 
those  in  the  corresponding  two-dimensional  cascades. An important  point 
t o  notice, however, i s  shown i n  figure 31. Because of the poor  flow ere- 
ated by the  rotor,  significant  entropy  gradients were found i n  t he   en t i r e  
flow  field  behind the f i f t h  stage.   In  other words, thick hub and casing 
boundary layers appeared. When the observed  entropy  gradients were used 
in  equation  (19a),  reasonably good correlat ion between the  observed and 
computed axial   veloci ty   dis t r ibut ion was found. If the  entropy  gradients 
were ignored, however, the  correlat ion w a s  not  only  poor  but  misleading. 
This experience shows the importance of recognizing  entropy  gradients 
when the  boundary layers  are thick.  This point is elaborated  in refer- 
ence 27. 

Performance of tenth  rotor .  - In  contrast   to  the  f low  conditions at 
the  entrance  to   the  f i f th   rotor ,   the  flow  ahead of the  tenth  rotor  was 
qui te   d i f fe ren t  from  design  (fig. 32 )  . The axial veloci ty  i s  lower than 
the  design  value a t  a l l  radi i .   Instead of being  faixly uniform, as de- 
signed, the ve loc i ty   d i s t r ibu t ion  i s  parabolic. The boundary layers a t  
the hub and casing  resemble  those of f u l l y  developed  pipe  flow. The de- 
sign values of absolute flow angles p1 are  realized  near  the  center of 
the  passages; at the  hub and casing  they  tend  to  be  high. The resul t ing 
relat ive  angles  of a t tack on the  rotor   blades are higher  than  the  design 
values a t  a l l  radii, the greatest angles  occurring a t  the hub. 

I n   s p i t e  of the  difference between the  design and observed i n l e t  
conditions, the observed  turning  angle a t  a given  angle  of  attack  (fig. 
33) i s  surprisingly similar t o   t h e  corresponding  turning  angle of the  
two-dimensional  cascade. The trend i s  the same as that observed i n  in- 
vestigations of s i w l e  blade rows and single  stages.   This  result  i s  
consistent over a wide range of  compressor t i p  speeds and operating 
points  at a given  speed. These and similar tests indicate  tha t  the  turn- 
ing  angle of a cascade  element i n  a blade row i s  j u s t  about  completely . 

determined by the  corresponding  two-dimensional-flow  conditions. The 
one important  qualification i s  that the  cascade element must not  be 
s ta l led .  Two-dimensional-cascade data are not always  a reliable  source 
o f  s ta l l ing  data ,  however. - 

The poor flow  distribution at the   ro tor   in le t  caused the  over-all  
losses   to  be rather  high. How t h i s  flow  can  be  estimated  properly i n  
design  remains  an unanswered problem.  Both in tu i t ion  and judgment a re  
s t i l l  required  to  estimate  the  appropriate  values of Kbk and P i n  
equation  (24a) . 
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The r ad ia l   d i s t r ibu t ion  of the  flow i s  adequately  described by  equa- 
t ion  (19a) . All the  terms must be  used i n   t h i s  equation,  because  the 

' enthalpy and entropy  gradients  permeate  the  entire  flow  instead o f  being 
' confined t o   t h i n  boundary layers.  Accurate  estimates of the  radial   gra-  

dients  in  enthalpy and entropy would thus be  necessary t o  make accurate 
designs, if this   type of flow  cannot  otherwise be avoided. 

Significance of Results 

The r e s u l t s  of experiments  like  those  presented show that many fea-  
t u re s  of the  f low can be  correlated  with  the  aid of a f e w  simple  concepts. 
A s  long as the  loading limits are not exceeded, the  flow  through a blade 
row may be  divided  into two regions. One of these  regions i s  the  main 
flow, where the  viscous  effects  are  comparatively small. In the  other 
region,  the  velocity  gradients  are  steep and the  viscous  effects   are  
large.  

Main-flow region. - In  the  main-flow region,  the  deflection  of  the 
flow a t  a given  radius  obeys  about  the same laws t h a t  govern the  deflec- 
t i o n   i n  a two-dimensional  cascade  having the same geometry  and i n l e t  flow 
conditions. Two consistent  differences  are noted, however: (1) A t  a 
given  angle of attack  the  turning  angle i s  usually  sl ightly  higher  near 
the  casing of a rotor  than  that  of  the  corresponding  two-dimensional 
cascade. ( 2 )  Near the  hub of a ro tor   the  rate of  change of  turning  with 
angle of a t tack i s  greater   than that of the two-dimensional  cascade. 

1 In  the  previous  discussion,  the  governing  flow  has  been assumed t o  
be   pa ra l l e l   t o   t he   ax i s  of the  blade row.  These and other   data  may also 
be used t o  show t h a t  no accuracy i s  sacr i f iced when the  cascade  element 
and the  governing  flow  are assumed t o   l i e  along a conical  surface  (fig. 
34). This  device is  frequent ly   useful  when there  i s  a pronounced r a d i a l  
shif t   in   the  s t reamlines   through a blade row. 

The r ad ia l   d i s t r ibu t ion  of  flow  ahead  of and behind  subsonic  blade 
rows i s  quite  accurately  described by equation  (19a),  the  form  obtained 

. by  neglecting radial flows. As  long as the boundary layers   are   ra ther  
I thin,  the  entropy-gradient  term i s  ignored. When thicker  boundary layers  

a r e  encountered,  the  entropy  gradients must be recognized. For some 
transonic  blade rows, this  technique  leaves something t o  be  desired. In 
these  cases, it i s  believed  that  techniques similar t o  those  used i n  
turbines and  mixed-flow  compressors may be  useful. In these more erudi te  
analyses,  only  axial symmetry i s  assumed, and the   rad ia l -d is t r ibu t ion  
problem i s  t rea ted  as p a r t  of a two-dimensional-flow  problem  involving 
a x i a l  and radial   gradients .   This   point  i s  discussed in mre d e t a i l  in 
t he  last sect ion of th i s   chapter .  
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To a first approximation, the  losses  encountered  by  the main flow 
may be ignored if' the   design i s  not  too  cri t ical .   Recognition  of  the 
l o s s e s   i n   t h e  main flow, however, may be made by  using two-dimensional- 
cascade loss data. In  order   to   ob ta in  greater accuracy,  the  losses meas- 
ured  from similar blade rows in   s imi l a r   f l ow environments  should  be  used. 
The losses  would then  a lso be a function  of  the radial posi t ions of t h e  
cascade  element. 

O f  v i t a l  importance i s  the question of loading limits and Mach num- 
ber limits. Although the D f a c t o r  of equation ( 25) i s  far from the  
pe r fec t   c r i t e r ion  of blade loading, it does  offer some guide  for   select ing 
the  def lect ion  required  of  a blade row. When the  s ta t ic-pressure rise 
near  the  casing of a ro to r  is  of the order of that of the  corresponding 
two-dimensional  cascade, the limiting  value  of D f o r  the r o t o r   t i p  
seems t o  be  about  0.35. When the   s ta t ic -pressure   r i se  i s  higher  than  that  
for  the  corresponding two-dimensional  flow,  lower  values  of D seem t o  
be  necessary. The se lec t ion ,   for   the  time being, must be l e f t   t o  the 
judgment  of the designer. If development t i m e  i s  t o   b e  minimized, low 
values of D w e  t o  be  favored,  even  though the number of blade rows may 
be  increased. 

Up t o  Mach numbers a t  least as high as 1.35 there  appears  to  be no 
fundamental  reason for   prescr ibing a Mach number limit. As the design 
Mach number i s  increased, however, more and more a t t en t ion  must be paid 
t o   t h e   d e t a i l s  of the flow.  Defining  and  accounting for  the  important 
d e t a i l s  i s  not  yet a science, however; there  have  been too  few successful 
designs above t h e  Mach number of 1.2 to c l a r i f y   t h e  problem. Up t o   t h e  
Mach  nurriber of 1.2, however, the  design  problem  does  not  appear t o  be much 
more complicated  than  the problem  of executing a subsonic  design. 

For  design,  then, the main flow a t  the i n l e t  of a blade row may be 
known or assumed. The main flow downstream  of the blade row may be s t ip -  
ulated, if it can be  prescribed  within known loading limits, and if the  
d is t r ibu t ion  meets the requirements of equation (19) o r  i t s  equivalent. 
Two-dimensional-cascade data  or  the  equivalent may then  be  used  to  select 
blades to   ob ta in   the   requi red   def lec t ion  of the main flow. 

Viscous-flow  region. - Between the main flow  and the hub and  between 
the main flow and the  casing i s  the  second flow  region, where viscous 
forces dominate the motion. The laws governing  the movement of  flow i n  
th i s  region  are  very  imperfectly  understood.  Since the ac tua l  mass flow 
in   these   reg ions  i s  of ten small, the areas usua l ly   con t r ibu te   l i t t l e   t o  
the mass-averaged enthalpy.  Therefore, t h i s   e f f e c t  i s  usual ly   e i ther  
ignored or given  par t ia l   recogni t ion by the  use of gross  correction  fac- 
t o r s .  By the  same token,  the  losses at the blade  ends  offer  only a small 
cont r ibu t ion   to   the   loca l  mass-averaged loss. Significant  additional 
losses  may r e s u l t  from  subsequent mixing,  however. One important  factor 
that cannot  be  ignored i s  the space-consuming property of these  viscous- 
flow  regions. This problem is discussed  in the section on Analysis of 
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Viscosity Problem, where the use of the   cor rec t ion   fac tor  Kbk i s  sug- 
gested. Methods of accurately  estimating Kbk have  not  yet  been  devel- 
oped, however, and frequently an educated  guess i s  the  best technique 
available.  It i s  the  lack of  information on t h i s  problem that has led t o  
serious e r rors  in   es t imat ing  the  f low  in   the la t ter  stages  of many com- 
pressors.   This  point i s  developed more f u l l y  in  the  following  paragraph6. 

Accuracy  of estimate of state of air .  - Many of t h e   d i f f i c u l t i e s  en- 
countered i n  development  have ' resti l ted  from  the  fact  that the flow  to- 
wards the   r ea r  of the  compressor i s  d i f fe ren t  from that ant ic ipated i n  
design. A common experience has already  been mentioned i n  connection 
with figure 32. In th i s   par t icu lar   ins tance ,   the  magnitude  of the  veloc- 
i t y  is  lower than the  design  value a t  all r a d i i .  In other  compressors, 
however, the  opposite  behavior  has  been  observed, the  average  velocity 
being  higher  than i t s  design  value. The high angles of a t t ack  shown in 
f igu re  32 increase  the  turning  through the rotor;  the  enthalpy rise 
through the r o t o r  i s  then  increased, and the performance  of the  following 
ro to r  blade row de ter iora tes .  The difference between the design and ob- 
served  values of the average axial veloci ty  i s  one of the pr incipal   rea-  
sons f o r  this r e s u l t .  The e r ro r  i n  turning  angle owing t o   d w f e r e n t  
radial gradients   in   f low  propert ies  may have contr ibuted  to   the problem, 
but   these  effects   are   usual ly  small ( f i g .  33) and i n  any event are masked 
by differences  in  the  average  velocity.  

Er rors   in   es t imat ing   the   ax ia l   ve loc i ty  can frequent ly   be  a t t r ibuted 
t o  small errors in   es t imat ing  the various  terms i n  equation  (24a). Sup- 
pose, f o r  example, that the effective  thicknesses  of the hub and casing 
boundary layers after the  first stage of a compressor are smaller than 
those  anticipated;  that  is, Kbk i s  actual ly   greater   than  , the   value used 
i n  design. If the estimated  enthalpy  and  total-pressure  increases in  the  
main flow are otherwise  accurately  predicted, the ax ia l   ve loc i ty   ac tua l ly  
obtained after the  s tage i s  lower  than that anticipated  (eq.  (2451)) . 
(Notice that the  same r e s u l t  would occur if  Kbk were correct ly   predicted 
but   the  eff ic iency of the blade row or  the  turning  angle of the  cascade 
elements were underestimated i n  design.) 

The angle  of  attack on the  blade  elements of the next r o t o r  row is 
too  high as a r e s u l t  of the low axial veloci ty .  The turning  angle is in-  
creased, and the  energy  addition i s  higher  than i t s  design  value.  (This 
trend  of  energy  addition with turning angle is required  by the r e l a t ions  
expressed i n  eqs. (9) t o  (11) ) . If the  eff ic iency and the  value of Kbk 
f o r   t h i s   s t a g e  were correct ly   es t imated,   the   total   pressure of the  leaving 
flow would be  too  high and the  axial velocity  further  reduced from i ts  
design  value.  Repeating  this  trend of e r ro r  from stage to  stage  eventu- 
ally  causes  an  important  error i n  the  estimated axial ve loc i ty   t o   r e su l t  
from only a small error   in   es t imat ing  the  blockage  effects  of the hub and 
casing  boundary  layers. O f  course, the same kind  of   resul t  i s  obtained 
if the  eff ic iency happens t o  be  higher  than  the  design  value. 

i 
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A qual i ta t ive  indicat ion of these  trends is shown i n   f i g u r e  35. The 
dashed l i nes  of f igu re  35(a) represent a design  distribution of axial 
ve loc i ty  and efficiency  through  the  blade rows. A t yp ica l   t r end  of the  
observed  values of these  quant i t ies  is shown by  the  sol id   l ines .  Because 
of t he  lower than  estimated  boundary-layer  thicknesses or the  higher  than 
est imated  eff ic iencies   obtained  in   the  f ront   s tages  of the  compressor, 
the  annular   area  for   these  s tages  i s  greater  than it should have been. 
If the  flow  ahead of the compressor were that  designed,  the  axial   velocity 
leaving  the  front  stages would be  too low, Towards the  middle of the  
compressor, t he  observed ax ia l   ve loc i ty  would be so much less   than i t s  
design  value  that  the  angle of a t tack on the  blade rows would be  such 
tha t   the   s tage   e f f ic iency  would suffer  and the  boundary-layer  blockage 
increase. Flow separation might  even  occur, The ax ia l   ve loc i ty   there-  
a f t e r  would not  decrease  as  rapidly as before. It might s t i l l  s t ay  lower 
than  the  design  value, however; and i n  any  event  the  efficiency of t he  
compressor  always becomes low enough or   the  f low  dis t r ibut ion  dis tor ted 
enough for   the  air t o  f i l l  the  passage made f o r  it. 

The opposi te   t rend  in   axial   veloci ty   dis t r ibut ion  occurs  when the  
eff ic iency is lower or the  boundary-layer  thickness i s  greater  than  the 
design  value. A s  indicated  in   f igure  35(b) ,  if the  design mass flow were 
obtained,  the  axial   velocity  leaving  the f i rs t  stage would then  be  too 
high. The subsequent  energy r i s e  and pressure   ra t io  would be  too low, 
and the   ax ia l   ve loc i ty  would increase  with  respect  to i t s  design  value. 
The axial veloci ty  would eventually become s o  high  that   the  angle of 
a t t ack  on the  blade rows would be too low f o r   e f f i c i e n t  performance, and 
the   e f f ic iency  would drop s t i l l  fur ther .   In   the extreme case,  the  veloc- 
i t y  would become so high  that   the   rear   s tages  would be choked. I n   t h i s  
case  the mass flow is  limited, so  tha t   the   ax ia l   ve loc i ty   in   the   f ront  
stages may be  reduced below t h a t  shown. 

A s  a matter of fact ,   experience  indicates  that ,   while  the  trends of 
f igure  35 axe  observed,  the  flow usually adjusts   i tsel f  so  tha t   t he  mid- 
dle   s tages   operate   a t  about the  optimum angles of a t tackj   the  f r .ont  
s tages   deviate   in  one direction  about as f a r   a s   t he   r ea r   s t ages  do i n  
the   o the r .   I n   t h i s  way the  excessive  losses due to  high  angles of 
a t t ack  at one  end of the compressor are  about  equal to   those   resu l t ing  
from low angles of a t tack  a t   the   other  end. 

It should  be  noted  that  an  overestimated  value of Kbk in  equation 
(24a) i s  just as bad  as  an  underestimated  value. The  same thing may be 
sa id  of the  estimated  blade-row  turning and the  total-pressure loss or 
ef f ic   i enc  y. 

The inab i l i t y   t o   e s t ima te  Kbk cor rec t ly  i s  the  pr incipal   reason 
t h a t  most successful compressors  have  required a t   l e a s t  some development. 
There i s  an  urgent need for  better  design  information on these problems. 
The present   d i f f icu l ty  i s  not due t o   t h e   f a c t   t h a t   t h e  problems  have not 
been  recognized.  Instead,  the  difficulty  l ies  in  obtaining  the  required 
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data.  Multistage  data  are  required  because  efficiency and boundary-layer 
thickness  are, among other  things,  functions of the   ax ia l   pos i t ion ,  which, 
in   turn,   par t ia l ly   determines  the  dis t r ibut ion of flow  ahead of a blade 
row. Actual measurement of the  blockage i n  numerous compressors i s  of 
l i t t l e  value,   since  the  blockage  adjusts  i tself   to  the  design anyway. 
The blockage t h a t  i s  required  for maximum efficiency, which i s  r e a l l y   t h e  
blockage  desired,  remains  undetermined.  Systematic  readjustments i n   t h e  
annular  area or the   blade  set t ing of a number of compressors w i l l  probably 
be  required  before  correct  estimates of the  minimum required  blockage  area 
(that for highest blade-row efficiency}  can  be made. In   t he  meantime, 
some development e f f o r t  must be expended t o   f u l l y   e x p l o i t   t h e   m e r i t s  of 
a given  design. 

SYSTEM ADOPTED FOR DESIGN AND RESEARCH 

The preceding  discussions have presented  the  techniques  that have 
been useful  for describing  the  important  features of the  three-  
dimensional  time-unsteady  motion of the  viscous  f luid  through an axial- 
flow  compressor. They have also  indicated  the  general   approaches  that  
have  been u t i l i z e d   i n  compressor  design.  These  design  procedures  simplify 
the  three-dimensional  aspect of the  problem by considering  the main flow 
t o  be  described  essentially  by  two-dimensional  solutions  in two pr inc ipa l  
planes,  thus making the  problem  mathematically  tractable. 

F i r s t ,   t he  blade-element  approach i s  used. That i s ,  the  f low  in  
the  blade-to-blade or circumferential  plane i s  t r ea t ed  by considering 
f l o w  about the developed  blade  profiles formed by the  intersect ion of 
flow  surfaces of revolution and the compressor blading  (fig. 2) .  The 
performance of such a blade  element i n   t h e  main flow i s  then  described 
by a circumferentially  averaged  value of (1) turning and (2) loss; these 
data me  obtained  eqer imental ly ,   preferably under  conditions similar t o  
those   ex is t ing   in   the  compressor.  Thus, e f f ec t s  such as those  ar is ing 
f r o m  viscosity,  time-unsteady  flow, and blade-row interactions  are  ac- 
counted f o r   i n  a gross manner. Ipsses may be  treated as functions of 
cascade  geometry of the  blade  element,   inlet  Mach number, diffusion  fac-  
t o r ,  radial posit ion of the blade element, and axial posi t ion of the blade 
row. Turning may be t r ea t ed  as a function of cascade  geometry, loss, 
Mach number, and r ad ia l   pos i t i on  of the  blade element. On t he  basis of 
available  experimental data, limits are suggested f o r  c e r t a i n   c r i t i c a l  
design  parameters  such as Mach  number and blade  loading. 

Secondly,  under the  assumption of a x i a l  symmetry, the average quan- 
t i t i es  in  the  blade-to-blade  plane are used t o  descr ibe  the  dis t r ibut ion 
of the  flow in  the  hub-to-casing or meridional  plane  (fig. 34) . Equations 
' represent ing  the  radial   var ia t ion of t h i s  average s t a t e  of t h e  air are 
writ ten  for  continuity,   energy  addition, and radial   equi l ibr ium.  In  
t h i s  system, cer ta in   d i f f icu l t ies   a re   c rea ted  by t he  hub and casing 
boundary  layers. It i s  eventually hoped that reliable estimates, of t he  
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s t a t e  of t he  air  can  be made a t  a l l  rad ia l   pos i t ions ,  even  within  the 
w a l l  boundary layers .  For the  present,  however, the  meridfonal-plane 
analysis  i s  based on the  main-f low region (al-bl of f i g .  12), and 
the   e f f ec t s  of w a l l  boundary layers  are  accounted  for  by  applying  gross 
corrections.  

I n  essence,  then, a combination  of  two-dimensional  solutions i n   t h e  
two pr incipal   p lanes   (c i rcumferent ia l  and  meridional) i s  used t o  approx- 
imate  the  complete  three-dimensional  flow.  Comparatively  excellent com- 
pressors  have  been  and  can  be  designed  by  this  approach, if the  essence 
of the  derived  technique i s  used i n  i t s  en t i r e ty  and if the  data  are  not 
extrapolated  too far. 

It i s  recognized  that  this  quasi-three-dimensional  design  procedure 
can  be  an  oversimplification  of  the  problem,  particularly as performance 
i s  extended to   h igher   l eve ls .  However, this   s implif ied  f low model has 
been  adopted  for   this   ser ies  of repor t s  on the  basis t h a t  (1) it corre- 
lates  experimental  data as wel l  as the  more complicated  systems t h a t  have 
been  tested; (2)  it provides  adequate corupressor designs, a t   l e a s t  up t o  
current   levels  of  performance; (3) it has  received  general  acceptance  in 
the  f ield;   and (4) no p rac t i ca l  and tested  three-dimensional  design  pro- 
cedure i s  yet   avai lable .  

In  practice,   the  design  system  can be  considered to   cons is t  of 
three  pr incipal   phases:  

(1) Design-point  solution in   the  meridional   plane:  A s  previously 
indicated,   th is   phase of the  problem i s  based  on  the  assumption of a x i a l  
symmetry. The problem i s  reduced t o  a two-dimensional  system, i n  which 
on ly   r ad ia l  and ax ia l   va r i a t ions  are considered,  by  assuming  circumferen- 
t i a l  averages to   represent   the   f low at a l l  points  along  the  meridional- 
plane  streamline.   In many cases,  the  problem may be  further  reduced  by 
ignoring  the axial gradients as well.  Equations  describing  radial v a r i -  
a t ions of these  average  values  are  writ ten  to  account  for  equilibrium, 
continuity,  and  energy  addition. For a given  f low  distribution ahead of 
a blade row, a quan t i ty   l i ke   t he   r ad ia l   d i s t r ibu t ion  of tangential  'veloc- 
i t y .  may be  selected. Another quantity  such as the   ax ia l   ve loc i ty  a t  the 
casing  (required for a certain  loading l i m i t )  may also  be  selected. The 
r a d i a l   d i s t r i b u t i o n  of t he   ax ia l  component  of veloci ty  may then  be  calcu- 
lated.  Velocity  diagrams  (fig. 36) may be  then  constructed  at  each of 
several  radii to   dep ic t   t he   a i r   ve loc i t i e s  and flow  angles at the en- 
t rance and discharge of each  blade row.  The functions of the  blade 
elements  are  thus  given. 

( 2 )  Blade  selection: This phase  of t he  problem i s  based  currently 
on the  concept  of  blade-element  flow,  with  the  flow  limited  to  the sur- 
faces  of a cone which approximates  the  surface  of  revolution  generated 
by  rotating  the  meridional-plane  streamline (for the  circumferentially 
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averaged  flow)  about  the  axis  (fig. 34). Blade  elements m u s t  then  be 
selected which are  consistent  with  the  average  conditions  established 
in  the  meridional-plane  analysis.  This  requires a knowledge of l o s s  
and turning  character is t ics  of compressor blade  elements.  This  infor- 
mation is  usually  provided  by  correlated  empirical  data, which are  
obtained  from  both  two-dimensional  cascades and from actual  blade rows. 

(3) Off-design  performance: With the compressor blading and geome- 
t ry   e s t ab l i shed ,   t he   f i na l  phase of design is the  estimation  of  the  per- 
formance cha rac t e r i s t i c s  of the compressor  over a range of speeds and 
flows. A rigorous  solution  to  this  "analysis" problem involves  the  use 
of the  re la t ions  previously  es tabl ished  in   the  meridional  and blade-to- 
blade  planes. 

As might be  inferred from the  preceding  brief  description, such a 
design  system i s  not   direct   in   the  sense  that  a single  step-by-step  pro- 
cedure w i l l  r e s u l t   i n   t h e   d e s i r e d  compressor. For example, because  of 
the  large number  of factors  involved  in  design  ( including matching with 
other  engine components), the optimum compressor f o r  any application i s  
obtained  only  after a se r ies  of compromises among these  various  factors.  
Obtaining  the  required  off-design  characteristics  usually  necessitates a 
trial-and-error  screening of a number of alternate  designs.  Therefore, 
this  chapter  does  not  at tempt  to  outl ine a complete  systematic  step-by- 
step  design  procedure.  Instead,  the  various  elements  entering  into  the 
design  system that must be  considered in   the  design  process   are  summarized 
and in te r re la t ions   a re   po in ted   ou t .  The ac tua l  sequence i n  which these 
elements  are  then  u€il ized i s  le f t   to   the   ind iv idua l   des igner .  In  the  
following  discussion,  the  design  concepts  are grouped  under the  three 
pr incipal   phases   previously  l is ted.  

Design-Point  Solution i n  Meridional  Plane 

Over-all   specifications.  - A s  indicated  in   chapter  11, the   specif i -  
ca t ions   for  an axial-flow compressor in   an  a i rcraf t   gas- turbine  engine 
cannot  be  stipulated i n  an arbitrary fashion.  Preliminary  design  studies 
and combined engine  and  airplane  analyses are usually needed before  the 
requirements are suf f ic ien t ly   expl ic i t   to   def ine   the   des ign .  Based on 
these  preliminary  studies,  the  following  data may be  given: 

(1) Design  weight  flow 

( 2 )  Design  over-all  pressure  ratio 

(3) Design  equivalent  speed 

(4) Desired  level of eff ic iency 
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(5) Range of  operation  for which a high  level  of eff ic iency must be 
obtained 

(6) I n l e t  and ou t l e t  diameters 

( 7 )  Maximum veloc i ty  of air at compressor o u t l e t  

(8) Desired  length and weight 

(9)  Some idea of   veloci ty   dis tor t ions  l ikely  to  be encountered at 
i n l e t  

In  the  process of design,  adjustments i n  some of t h e s e   i n i t i a l   s p e c i f i c a -  
t ions  a r e  necessary when they  are  not  completely  compatible. 

Velocity diagrams. - Init ially,   the  meridional-plane  solution i s  
directed at determining  the  velocity  diagrams  throughout  the  compressor 
for   the  design  operat ing  condi t ions.   In   the  past ,   analyses  have  been 
made in   the   a t tempt   to   es tab l i sh   the  most desirable  radial d i s t r ibu t ion  
of   veloci ty   diagrams  for   a i rcraf t   gas- turbine  appl icat ion.  For .example, 
reference 8 showed that ,   for   given Mach  nurriber and l i f t - coe f f i c i en t  l i m -  
i ta t ions,   the   use  of  a symmetrical  velocity  diagram at  a l l  r a d i i  would 
produce  higher  mass-flow and pressure  ratios  than  the  f tree-vortex  type of 
diagram. With the  use of blade-element  theory  based on incompressible 
a i r fo i l   concepts  and with  the  assumption of constant axial veloci ty   across  
the  blade row, it was also shown t h a t   t h e  symmetrical  velocity  diagram a t  
a l l  radii was a l so  optimum with  respect   to   prof i le   eff ic iency.  

With advances in   t he   f i e ld ,  such as the   r a i s ing  of m c h  number limits 
( r e f .  1 7 )  and the  establishment  of more s ignif icant   parameters   for   blade 
loading  ( ref .  13), specific  velocity-diagram  types  begin  to  lose  their  
significance.  Research  results  have shown tha t   s a t i s f ac to ry  performance 
can be achieved  for a wide raage of velocity  diagrams.  Although  specific 
velocity-diagram  types may s t i l l  be used  because of t he   r e su l t i ng  con- 
venience in design  calculations,   the  present  trend  in compressor design 
i s  toward a grea te r  freedom in   t he i r   cho ice .  

For example, ra i s ing   the  Mach number l imitat ions  has  made f r ee -  
vortex  velocity  diagrams  attractive  because  of  their   simplicity.  The 
design  can  be  further  simplified by specifying  zero inlet and ex i t   whi r l  
i n  each  compressor stage. With constant work input from hub t o   t i p ,  as 
i s  frequent ly   specif ied  in  compressor designs,   calculating  the  radial  
d i s t r ibu t ion  of the   ve loc i ty  diagram becomes a rather  simple  process. 
High-performance  compressors  have  been obtained  through  the  use of t h i s  
design  approach (refs . 28 and 29) . 

Design  equations. - In   o rder   to   sa t i s fy   the  aerodynamic  and  thermo- 
dynamic requirements for the  circumferentially  averaged  f low  in  the 
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meridional  plane, a n u d e r  of the  previously  given  equations are used. 
The enthalpy change  brought  about  by a blade row i n  a txibe of flow is 
given by the  energy  equation: 

or 

If the inlet flow  conditions are known, f o r  example, and the out le t   tan-  
gen t i a l   ve loc i ty  i s  assumed, the temperature  ratio T2/T1 may be com- 
puted. A n  assumed rad ia l   d i s t r ibu t ion  of tangent ia l   veloci ty  a t  the  out-  
let   thus  determines the ou t l e t   r ad ia l   d i s t r ibu t ion  of enthalpy. The 
associated radial d i s t r ibu t ion  of axial ve loc i ty  between blade rows must 
sat isfy  equat ion (19), which i s  frequently  called  the  equilibrium equa- 
t ion   s ince  it may be derived  from the consideration of the radial equi- 
librium  of  forces: 

where 

and 

For a x i a l  symmetry with no radial flows,  equation (19) assumes the  
following form: 

"t-" dH a Ve d(rv0) dvz 
dr d r - r  ctr +'ZZ 

By integrat ion,   th is   equat ion becomes 

L 
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The ve loc i ty  Vz at any radius  is t h e n   e q r e s s e d   i n  terms of Vz,i, the  
ve loc i ty  a t  any reference  point  (e.g.,  the  hub). By interchanging  the 
limits of  integration,  the  casing  radius  could  be  used as a reference 
point.  

Notice  that  V, + Vr = V, sec E ( f i g .  34). With a known value of 8 ,  

the  value of V, may now be  determined a t  any  radius.  For example: A 
value of Vz,i may be t en ta t ive ly  assumed; equation (27) then  enables 
the  corresponding  values  of V, t o  be  found a t  various  radii ;   subsitut-  
ing the known values of Ve and the  tentat ive  values   of  V, in to  equa- 
tion  (24b)  determines  the  resulting mass flow w as a function of r h  
and rt. If rt i s  given, Q i s  then  found. If the  values of rh 
and rt are  independently  given,  the mass flow  calculated may d i f f e r  
from the known value;  another trial value  of V i  i s  then assumed, and 
the  procedure i s  repeated.  In making th i s   ca l cu la t ion  a value of Kbk 
must be  selected.   For  this and  other   detai ls   in   these  calculat ions,   see  
chapter VIII ( r e f .  11). 

2 2 2  2 

The s ta t ic   temperature  at var ious   rad i i  at the   ou t le t  may  now be 
determined  by 

~ g R T = ~ g R t + - V r + - V z + z V ~  1 2  1 2  1 2  
Y -1 Y -1 2  2 

If Vz is  known, V r  may be  estimated  to  be Vz t a n  f (see  f ig.  34). 

The change in   t he   t o t a l   p re s su re  of a stream  tube  through a blade 
row may be  estimated by  one o r  another  form  of  the  following  equation: 

Y Y Y 

Estimates may be made of qp o r  qad t o  determine P2/P1. O r ,  the  
change in   t he   r e l a t ive   t o t a l   p re s su re  may be  estimated and the  entropy 
change determined  from 
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where 

Notice  that Vr may frequently be  used i n   t h e  thermodynamic equations 
even  though it is   e f fec t ive ly   ignored   in   o ther   cor re la t ions  and equations. 
By using  the  entropy change in  equation (12) ,  the  change i n   t o t a l   p r e s -  
sure of a stream  tube  through  a.blade row i s  estimated.  Notice  that  dif- 
fe ren t   e f f ic ienc ies  and entropy rises are  required when the  average change 
in   total   pressure  over   the  ent i re   blade row i s  desired.  

The change in   t he   s t a t i c   p re s su re  of each  stream  tube may  now be 
determined  by  the  equation 

The to ta l   p ressures   in   th i s   equa t ion  must be  those  in  the  given stream 
tube ahead of and behind  the  blade row. The associated change in   dens i ty  
i s  f inal ly   given by 

or 

Average values of energy  addition for ent i re   blade row. - In  order 
t o  determine  mass-flow-averaged  values  of  pressure  and  temperature (or 
eff ic iency)  a t  the  discharge of a compressor blade row, the  contributions 
of the boundary layer  must be  accounted  for. As previously  discussed, a 
precise   integrat ion from wall t o  wall i s  not  possible,  because of a lack 
of knowledge of the  conditions  within  the boundary layer .   In   the main- 
flow  region, however, a l l  the  conditions o f  s t a t e  may be presumed t o  be 
kmwn. A possible  technique  for  accounting  for  the  effects of w a l l  bound- 
asy layers  i s  to   wri te   the  equat ions as i f  the  main-flow conditions 
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preva i led   across   the   en t i re  annular height, and t o   u t i l i z e  modifying 
coefficients  (based on the  experimental  data) t o   co r rec t   fo r   t he   de fec t s  
i n  the boundary layer. As previously  noted,  this  technique i s  similar 
t o  that used for   sat isfying  cont inui ty .  A detai led  discussion of tech- 
niques  avai lable   for   es tabl ishing mass-averaged  values  of  pressure, t e m -  
perature,   or  efficiency i s  given  in  chapter VI11 (ref.  11). 

Blade  loading. - In  t h e  preceding  sections,   relations have  been 
presented that permit  the  designer  to  determine  velocity  diagrams. In 
general,  designers  establish  these  velocity  diagrams on the basis of 
optimizing  such  performance  characteristics as spec i f ic  mass flow, stage 
pressure  ra t io ,  and efficiency.  Unfortunately, the condi t ions  for  ob- 
ta in ing  maximum values of a l l   t h r e e   f a c t o r s  are not  usually  compatible. 
Therefore, the designer must consider  the-  selected  values of the  design 
parameters  on  the basis of t he i r   e f f ec t  on each  of the several   factors  
describing  compressor  performance. Blade loading i s  one  of the  primary 
aerodynamic fac tors   in f luenc ing   th i s  performance t h a t  must be selected 
i n  the process of determining  compressor  velocity diagrams. It is appar- 
en t  that large  values of AVO are desirable  w2th respec t   to   ob ta in ing  a 
' l a rge   p ressure   ra t io   per   s tage  (eqs. (7)  and (12) ) . In   the   pas t ,  the 
concept of maximum lift coeff ic ient  as used in   i so la ted-a i r fo i l   des ign  
has been also applied t o  compression to   es t imate  the maximum blade  turning 
angle,   or  hading limit, f o r  which high  eff ic iency may be obtained  (e.g., 
t h e  CLa limit of r e f .  8 ) .  It has  been  recognized, however, t h a t   t h e  
lift coeff ic ient  i s  not  completely adequate as a measure of loss var ia t ion  
and of loading limits i n  a compressor. 

An improved approach to   t he  problem i s  one previously  outlined. It 
considers  the  pressure  distribution  about a two-dimensional  blade  element 
i n  cascade  and its influence on boundary-layer  growth and separation. 
References 13 and 14  show t h a t  loading  parameters  based on the  diffusion 
on the  suction  surface  provide improved c r i t e r i a   f o r  loss and fo r   l imi t ing  
loading. The d i f fus ion   fac tor  as proposed in   r e f e rence  13 i s  given f o r  
the  case of a ro to r  with no radius  change as 

A discussion  of  diffusion limits, as w e l l  as empirical loss correlat ions 
based on available  experimental data, i s  given in   chapters  V I  and VI1 
( r e f .  11). Notice that ,  f o r  a given  value of AV' and a given  value  of 
D, the corresponding  value of Vk i s  automatical !? y  determined. This 
value  could  be  used as a guide for   se lec t ing  V z , i  in  equation (27), or,  
instead, Vz , could be independently  scheduled and Ve ,i determined. 

Relative Mach number. - Another  important  aerodynamic f ac to r  that 
has  been  discussed  previously i s  the Mach number r e l a t i v e   t o   r o t o r  blade 
elements. A s  a r e s u l t  of the demand .for  high  stage  pressure  ratios and 
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high mass-flow capacity,   the  trend  in compressor design has been  toward 
higher compressor r e l a t i v e  Mach numbers. The ear l ies t   a t tempts  (ref.  30) 
to   u t i l i ze   t hese   h igh   r e l a t ive  Mach numbers l ed   t o   l a rge   s ac r i f i ce s   i n  
efficiency. However, with an improved understanding  of  the  physics of 
flow  over  compressor  blading (ref. 17), the  gains  associated  with  high 
Mach numbers have  been  achieved  without  corresponding  reductions i n   e f f i -  
ciency. High performance has been demonstrated i n  multistage  axial-flow 
compressors u t i l i z ing   loca l   re la t ive   en t rance  Mach numbers above 1.0 
( r e f s .  29 and 31) . Mach numbers up t o  1.35 have  been  successfully  uti- 
l i zed  in  single-stage  units (ref. 23).  It i s  generally  accepted  that  
t h i s  high  level of r e l a t i v e  Mach nmiber can  be  maintained i n  compressors 
if proper  consideration is given t o  t h e  accompanying value of d i f -  
fusion  factor  and. t o   t h e  form and thickness of t he  blade p ro f i l e s .  For 
routine  design  purposes, Mach numbers up t o  1 . 2  may be  contemplated. 
For  higher Mach nunibers, more refined  techniques must be used. 

Reynolds number. - Compared with  the  effects  of loading  and Mach 
number, t he   e f f ec t  of Reynolds number on compressor  performance i s  of 
secondary  importance for   the  current  t y p e s  of a i r c ra f t .  Reynolds number 
in a compressor i s  usually  expressed  in  terms of blade  chord pVc/p, and 
the   e f fec t   o f  a reduct ion   in  Reynolds  nwiber i s  t o  reduce  the  pressure 
r a t i o ,  weight  flow, and eff ic iency of the compressor. This reduct ion  in  
performance  depends bas ica l ly  on the  development of the  boundary layer 
over  the  airfoil   suTfaces,   the magnitude  of the   e f fec t  depending  on the 
magnitude  of  Reynolds nuniber, the  turbulence  level, and the  pressure 
gradients  in  the  f low.  Discussions of  Reynolds number e f fec ts   a re   in -  
cluded in   chapters  V, VI, and VI1 (see ref. 11) . Although  Reynolds num- 
ber  has  been  largely  ignored  in  the  past, it may play an  important ro l e  
in   es tab l i sh ing   the   s ize  of the compressors i n   h igh -a l t i t ude   a i r c ra f t .  

Axial veloci ty .  - In a multistage  axial-flow compressor, t he   ax i a l  
ve loc i ty  at t h e   i n l e t  i s  usually  f ixed by the mass f low  per   uni t   f rontal  
area and the  compressor  hub-tip r a t i o .  The axial ve loc i ty  at the  compres- 
so r   ex i t  i s  usually  f ixed  by  the  diffuser and  combustor requirements. 
The exact  scheduling  of axial ve loc i ty  between these  points  i s  la rge ly  a 
function of  blade-row  design.  Large  reductions  of  axial  velocity  across 
any  one blade  element  should  be  avoided whenever possible,   since,   for a 
given  value of AVg, the   d i f fus ion   fac tor  i s  thereby  increased. 

Hub and t i p  contours. - In a multistage  axial-flow compressor,  con- 
f igura t ions  are poss ib l e   i n  which the  t ip   diameter ,   the  hub diameter,  or 
both,  vary  from  stage  to  stage  through  the  compressor. A s  pointed  out   in  
reference 8, a progressive  increase  in   t ip   diameter  i s  desirable  with 
regard t o  maintaining  high  pressure  ratios  per  stage and keeping  the 
r e l a t i v e  Mach number below a given  value. However, the  weight  flow  per 
unf t   f ron ta l   a rea  i s  reduced.  Furthermore,  an  increase i n   t i p  diameter 
r e s u l t s   i n  reduced  annular  heights  (for a given  flow  area) and  reduced ’ 

aspec t   ra t ios   ( for  a given  blade  chord). Consequently, t ip-clearance 
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and annulus  losses are probably  larger f o r  the  increased  tip  diameter 
than f o r  a comparable constant-tip-diameter  design. Moreover, the  high 
r e l a t ive  Mach numbers t h a t  may  now be used  tend t o  reduce many  of the  
advantages c i t ed  in reference 9. 

Constant-hub- o r  constant-tip-diameter  designs  offer some advantage 
with respect   to   fabr icat ion and therefore are frequently used. However, 
there i s  increasing  evidence  that  a  configuration  with a decreasing  t ip 
diameter may provide  the  best compressor layout, even  though it may 
require one o r  two more s tages   for  a given  over-all  pressure r a t io .  From 
the aerodynamic point of view, the  increased  annular  heights  near  the 
e x i t  may also  offer  higher  efficiencies.  

Thus, the final selection of the  configuration  in  the  meridional 
plane i s  seen t o  depend t o  a large  degree on the  application  being con- 
sidered. Again, t h i s  i s  a phase of design i n  which the  designer has 
considerable freedom; at least, several  designs  should be evaluated t o  
es tabl ish an optimum f o r  a given  application. 

Blade Selection 

The basic   pr inciple  of compressor blade  selection i s  that, if the 
blade element turns   the air through the required  angle w i t h  the  predicted 
loss, the  desired blade-row velocity d i a g r a m s  w i l l  be  closely  achieved. 
The selection of blade  sections and se t t i ngs   fo r  a given  turning may be 
obtained  from  two-dimensional-cascade t e s t ing  (ch. V I  ( ref .  11) and refs. 
15 and 32) o r  from  blade-element measurements made in   ro t a t ing  o r  s ta-  
t ionary annular cascades  (ch. V I 1  ( ref .  ll) ) . Loss data are usually 
based on measurements made i n   t h e   a c t u a l  compressor  environment (ch. 
VII). By using data such as these,  elements  are  selected  to  obtain  the 
desired  turning  with a minimum l O S 6  and t o  provide a m a x i m u m  range of 
operation. The complete blade i s  bui l t  up from the blade-element p ro f i l e s  
determined a t  several  selected  stations  along  the radial height of the 
passage. 

Blade p ro f i l e .  - Basic  blade  shapes f o r  compressor application  are 
usually  obtained  by (1) establishing a mean l ine  and ( 2 )  imposing a 
thickness  distribution on t h i s  mean l ine .  This method of designation i s  
a  carryover from isolated-airfoil  experiences. It should  be  noted t h a t  
the mean l i n e  and thickness  distribution do not  have the same significance 
in  cascades as they did in   i so l a t ed   a i r fo i l s .  Mean l i n e s  may be  based on 
geometric  shapes ( e  .g., circular- o r  parabolic-arc) or  on prescribed 
loading  distributions (NACA A ) . The mean-line  shape i s  then  scaled t o  
give  any  desired camber. "bigness   dis t r ibut ions  are   s imilar ly   deter-  
mined;  two popular  thickness  distributions  are  the NACA 65-series and 

' the   Br i t i sh  C .4. Variations  in  absolute  blade  thicknesses  are  obtained 
by  proportionally  scaling  the  basic  thickness  distribution. 
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In the  past ,   only a l imited nunher of  basic  blade  shapes have been 
used in  compressor design, primarily  because of the  lack of  adequate 
cascade  data. In the  United States, the NACA 65-series  blade  section  has 
found the  greatest   appl icat ion.   In  England, the  blades with circulaz and 
parabolic mean l ines  have  been  used  extensively. With the   recent   t rend  
toward  high Mach  number applications,  however, blade  sections  such as the  
double  circular  arc  (ref.  33) and the  modified  65-series  blades  (ref. 34) 
have received  the most a t tent ion.  A l l  these common denominators f o r  
developing  blade families are   ra ther   synthet ic .  The aerodynamic s i g n i f i -  
cance of geometric  blade  shapes  changes so much wi th   so l id i ty  and blade 
angle that some implied  correlations are misleading. 

Blade-element data. - The basic  parameters  selected i n  this report  
for   the   descr ip t ion  of flow  about compressor blade  elements are: 

(1) Incidence  angle i (angle between inlet   a i r - f low  direct ion and 
tangent  to mean l i n e  at leading edge, f i g .  2) 

( 2 )  Deviation  angle so (angle between out le t   a i r - f low  direct ion 
and tangent   to  mean l i n e  a t  trailing edge, f i g .  2) 

(3) Total-pressure-loss  coefficient (0 ' - 

Incidence  angle has been  selected as the   bas ic   d i rec t iona l  approach  pa- 
rameter  rather  than  angle of attack, since  incidence  angle i s  independent 
of  blade camber and therefore  provides a more s ignif icant  description of 
flow  around the  blade  leading  edge.  Deviation  angle i s  selected as a 
measure  of the blade  guidance  capacity;  turning  angle  can  then be deter- 
mined by   the   re la t ion  

4 3 = C p + i - 6 O  (28) 

The loss  

e 0)' = 

where  (Pk/Pi)id is 
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Blade-element  characteristics are presented  in  terms of these  turn- 
ing and loss pa rme te r s  i n  chapters V I  and V I 1  (ref.  11). In  chapter V I ,  
the   da ta   a re   cor re la ted   for   b lades   in  a two-dimensional  low-speed  cascade; 
in   chapter  V I I ,  the  data are given  for  blade  elements of single-stage 
ro tors  and s t a t o r s .  

In   t he   l a t t e r   ca se ,  data are presented as functions of the radial 
posit ion of the element. Through the  use of t h i s  type of experimental 
data, obtained  in   the  actual  compressor  environment, it is  hoped tha t  
the  important  effects of three-dimensional  flows w i l l  be  accounted  for. 
This concept is probably va l id  if the  design  under  consideration does 
not  deviate  too  greatly from the conditions under  which the data were 
obtained. 

Chord length and number of  blades. - The aerodynamic design  normally 
establ ishes   the  desired  value of the  cascade  solidity.  The actual  selec- 
t i o n  of t he  chord  length and number of  blades  then  involves a considera- 
t i o n  of a large number of  factors,  including  blade-chord Reynolds number, 
weight, available  length,  blade  root choking, blade  root  fastening, 
steady-state  stresses,   vibratory  stresses,  and  manufacturing  problems. 
Over and above many of these   fac tors  i s  t h e   f a c t  that the  curvature of 
the  hub and casing  changes with chord  length. This fac tor  i s  discussed 
in   the  sect ion REWIRED IMPROVEMENTS I N  ANALYSES. 

Off-Design  Analysis 

With the  compressor  flow  channel  and  the  blading  established, the 
final phase  of  compressor  design i s  the  estimation of the performance of 
the compressor  over a range  of  speeds and flows.  Basically,  the same 
re la t ions  and data are   required  for  a thorough  treatment of t h i s  problem. 
This  blade-element  type of solution, however, necessi ta tes  a ra ther  com- 
p l e t e  knowledge of the  blade-element  flow,  radial  equilibrium, boundary- 
layer growth,  blade-row interactions,  radial mixing,  and so fo r th .  Un- 
fortunately, this type of information is limited,  and  the  prediction of 
compressor  performance on the basis of the integration  of  blade-element 
charac te r i s t ics  i s  probably  limited t o  operating  points  close  to  design. 
In part icular ,   th is   technique always breaks down  when a stalled  condition 
occms  in   the  blade rows and may break down sooner owing to  the  lack  of 
appropriate data concerning  the  behavior  of Kbk and  loading limits i n  
the latter stages of  a  compressor. 
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Other  simpler and more approximate  approaches to   the   p red ic t ion  of 
off-design  performance  have  been  developed. In part icular ,  a stacking 
technique  that   uti l izes  certain  generalized  stage performance  curves  has 
been  used effect ively  in   the  qual i ta t ive  s tudy  of   off-design  operat ing 
problems. A discussion  of  those  techniques which ?.re available for pre- 
diction  of  off-design  performance of multistage compressors i s  given i n  
chapter X ( ref .  11) . 

REQUIRED IMPROVEMENTS I N  ANALYSES 

As previously  noted,  there  are  three  areas  in which a b e t t e r  under- 
standing  of  the  flow i s  requi red   in   o rder   to  improve design  techniques. 
One area encompasses the  problem  of es t imat ing  the  radial   d is t r ibut ion  of  
flow i n  compressors  of  advanced  design. The second area  concerns  the 
problem of   t reat ing  the boundary layers at the hub and casing. The t h i r d  
area  deals  with  the problem  of  estimating  loading limits. Some of the 
work that  has  been done t o  c la r i fy   these  problems i s  discussed i n   t h i s  
section. While none  of the  work i s  far enough advanced to  be  included 
i n  a recommended design system, some phases  can  be  useful  for  refining 
the  design  calculations.  In  other  cases,  the work has  progressed  only 
far enough to   pa r t i a l ly   i den t i fy   t he  real  underlying  problems. 

Radial  Distribution  of Flow 

The problem of accurately  es t imat ing  the  radial   d is t r ibut ion of t he  
flow i n  compressors  of  advanced  design may be  appreciated  from  the  follow- 
ing  considerations:   In  order  to  obtain  high  f low  capacity and short 
length,  the f i r s t  rotor of advanced multistage  compressors may look more 
l ike  those shown in   f i gu res  37(a) and (b) than   tha t  shown i n   f i g u r e  
37( c), which represents  current  practice.  The h igher   p ressure   ra t ios '   in  
the new designs  require a greater change i n   t h e  annulas area through  the 
blade row, and the  chord  length w i l l  be as small as possible.   In  order 
to  obtain  high  air-flow  capacity,   the new designs will have  lower hub-tip 
r a t i o s  and higher axial ve loc i t ies .  

Because  of these  differences i n  geometry, the  curvature of t he  
streamlines of f igure 34 will be  greater   for   the new designs.  In  flowing 
through  the  stream  tubes,  the air exerts  a centrifugal  force: 

The large  curvatures and h igh   ax ia l   ve loc i t ies  make TC have the  same 
order op magnitude as 



180 NACA RM E56B03 

which i s  the centr i fugal   force  resul t ing  f rom  the  rotat ion  of   the air 
about  the compressor axis .  (Eqs. (19a)  and  (19b) are   essent ia l ly   based 
on the  premise  that  SF, i s  low enough i n  comparison t o  SR t o  be 
ignored.)  Since  has  been  found t o  be  quite  important (it i s  a domi- 
nant  term i n  eq.  (19a)), it follows that Sc must a lso  be  taken  into 
account i n   t h e  new designs. 

An indicat ion of the  problems  encountered  by  neglecting  curvature 
i s  obtained from reference 35. An invest igat ion was made of a single- 
stage compressor with  an  inlet   hub-tip  ratio of  0.4 and a n   i n l e t  axial 
ve loc i ty  that was intended  to  be  constant  along  the  radius. Tests showed, 
however, that the in l e t   ax i a l   ve loc i ty   ac tua l ly  had the var ia t ion  shown i n  
f igure  38. The ord ina te   in  t h i s  f igure i s  the r a t i o  of the measured a x i a l  
ve loc i ty   t o  that a t  the mean radius.  While the  difference between the  
design and observed  velocities  did  not  seriously  affect  the  average  per- 
formance of t h i s  par t icu lar   ro tor ,  it did  upset  the  flow  in  the  neighbor- 
hood  of the  casing. Both the  angle  of  attack and the blade  loading  can 
be c r i t i ca l ly   upse t  by t h i s  order of error ,  and the  mult is taging  effects  
become undesirable. 

Some methods  of including  the  effects  of streamline  curvature  in the 
flow  .analysis  have  been  developed  for mixed-flow compressors ( r e f .  36) . 
These  methods a r e  similar to   those   a t t r ibu ted   to   F l i ige l   in   re fe rence  37 .  
Substant ia l  improvements in   the   des ign  performance  of these compressors 
immediately  resulted  from  the  use of t h i s  technique  (refs.  38 and 39).  
It enabled  the  designer  to  eliminate  adverse or impossible  flow  situations 
t h a t  would otherwise  be unknown. The method has also been  extended t o  
turbines  (ref. 40). A s  shown i n   r e f e r e n c e s 4 1   t o  43, techniques such as 
t h i s  had t o  be used when the  curvature of the hub and the   ax ia l   ve loc i t ies  
were high.  Otherwise,  the measured ve loc i ty   d i s t r ibu t ion   d i f fe red  so 
much from that  designed  that  poor  performance was inevi table .  In other 
instances,  premature  choking  within  the  blade row could  be  recognized 
and  avoided in   design  only by using such an  analysis.  

The ex ten t   to  which these methods can be used in   axial-f low compres- 
sors i s  unknown.  The small chord  length compared w i t h  the  blade  spacing 
and the  span makes  some of the  necessary  assumptions  rather  tenuous. 
Perhaps some of  the  techniques  reviewed in   chap te r  X I V  (ref. 6)  may have 
t o  be  used.  9ne c r i t i c a l  problem is  tha t  of estimating  the  circumferen- 
t i a l l y  averaged  flow  distribution  through  the  blade row f o r  flows at high 
Mach numbers. Some hope is  offered by the  approximate methods of r e fe r -  
ence 23. I n  par t icular ,   the  method used for  designing  the Mach 1.35 
rotor   in   reference 23  may be  of  value,  crude  though it is. More  work 
along  these  l ines i s  necessary. 
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Hub and Casing Boundary Layers 

18 1 

One of   the   g rea tes t   l imi ta t ions  of current  design  techniques i s  the 
f ac t   t ha t   t he   f l ows   i n   t he  hub and casing boundary layers  cannot  be  cor- 
re la ted  against   anything  def ini te .  The importance of t h i s  problem  has 
been the  impetus  for a considerable amount of  research,  both i n   t h e   f i e l d  
of compressors  and i n   t h e   a l l i e d  f ie ld  of turbines.  The r e s u l t s  of pre- 
liminary  studies  suggest  that  the key t o   t h e  problem may be  an  under- 
standing o f  secondary  flows. Some noteworthy  advances i n   t h i s  under- 
standing are described  in  the  following  paragraphs. 

Secondary  flows of blade boundary layer and wakes. - Detailed  studies 
of the  f low  dis t r ibut ion i n  annular  stators  (ch. XV ( r e f .  6 ) )  revea l   tha t  ~ ~~ 

some of the   losses  a t  the  blade ends may be  created or transported  there 
by  secondary  flows. One type of secondary f l o w  a r i s e s  from the  require- 
ments of radial equilibrium  (eq. (4) of ch. X I V  ( r e f .  6 ) ) :  

Within  the boundary layers  and wakes of a blade row, the  pressures 
a d  pressure  gradients  are  approximately  the same as those  in  the  adjacent 
potential-flow  streams.  In  the  type of s t a to r s  normally  used, the  value 
Of V r  i s  small in   the  main stream, and the  values of Ve and Vz are  
lower i n   t h e  boundary layer  and wakes than  they  are  in  the main stream. 
Unless Ffr,r is also large,   the  derivatives of Vr must increase  ( in  
the  absolute  sense), and Vr may thus' assume moderately  high  values. 
When the boundary layers  are  thin,   the  value of sfr ,r throughout  the 
e n t i r e  boundary layer may be  high enough t o  prevent  large  radial  move- 
ments of the  flow. When the  boundary layers   are   thick,  however, the 
f r i c t iona l   fo rces  are r e l a t ive ly  low. The boundary layer on the   s t a to r  
blades  then  flows from a region of high  pressure  to one of l o w  pressure - 
t h a t  is, toward  the hub. Since  the  value of sfr,r is small i n   t h e  
wakes, t h e   f l u i d   i n   t h e  wakes a l so  moves toward the hub. Physical  evi- 
dence  of th i s   f low is  presented  in  chapter XV ( r e f .  6 ) .  

In ro tors ,  on the   other  hand, the  boundary layers  and wakes t r a v e l  
r ad ia l ly  outward.  Since the  tangent ia l   veloci ty  of the  blades i s  
greater   than  that  of the main stream, the  value of VQ i n   t h e  boundary 
layer  exceeds  that of the  main stream. The s ign of the  derivatives  of 
V, i s  thus  reversed. 

Existing  evidence,  such as t h a t  reviewed in   chapter  XV, suggests 
t h a t  a considerable  portion of the  losses  near  the  casing of a ro to r  and 
near  the hub of a s t a t o r  may be  a t t r ibuted  to   losses   created at some 
other  point  of  the  blade  and  transported  to  these  regions.   Besides  just  
being  there,   the boundary layers  a t  the  blade  ends may d is turb   the  flow 
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enough t o  induce  flow.  separation and thereby  create  additional  losses.  
Conversely, t h e  movement of  boundary layers  away from the   ro to r  hubs  and 
s t a t o r   t i p s  may permit  these  regions to   ope ra t e  at conditions  that  would 
be  impossible  for  their  two-dimensional  counterparts.  This  reasoning 
could pa r t i a l ly   exp la in  why the  cascade  elements of ro to r  hubs  and s t a to r  
t i p s  can sometimes operate a t  higher  angles  of  attack  than  their two- 
dimensional  counterparts. 

Cross-channel  flows and  passage  vortex  formation. - Secondary  flow 
also  descr ibes  a movement of  the  boundary  layer on the  hub or casing. 
The flow i s  from the  high-pressure  side of  one blade  to  the  low-pressure 
side  of  the  adjacent  blade  (fig.  39( a) ) . The phenomenon i s  fundamentally 
the  same as t h a t   f o r   t h e  radial flows  just   described. The transverse 
pressure  gradients   in   the main flow we  again  greater   than  those which 
the  slowly moving boundary layers  can  support.  Part  of  these  gradients 
a r e   r e s i s t ed  by f r i c t i o n  and the  res t   tend  to   accelerate   the  f low  to   the 
low-pressure  region. The experiments  reviewed in  chapter XV show t h a t  
the  boundary layers  move across  the  passage and then roll up in to  a vortex 
( f ig .   39 (b ) ) .  It i s  conceivable  that   this movement of boundary layer may 
cause  the  flow  near  the  suction  surface of the  blade ends t o  be more 
easily  separated  than  the  corresponding  f low  in ideal two-dimensional 
cascades. 

Flow in   b lade  end regions  with  clearance. - Other  secondary  flows 
r e s u l t  from the  clearance between the  blades and the  adjacent wall. If 
the  blades and the  w a l l  are   s ta t ionary,  air flows  through  the  clearance 
space  from the  high-  to  the  low-pressure  side. It then rolls up as a 
vor tex   ( f ig .   40(a) ) .  If the w a l l  i s  moving with  respect   to   the  blades 
(such as an unshrouded r o t o r   t i p  or stator  hub),   the  blades may a l so  
scrape  the  boundary  layer  from  the walls; a vortex similar to   t ha t  of 
figure  40(b) i s  then formed near  the  pressure side of the  blades.  

Mixing of hub and casing  boundary  layers  with main flow. - After the 
boundary-layer  distributions  are  established  behind a blade row (e.g., a 
rotor),   the  following  blade row ( i n   t h i s   c a s e  a s ta tor )   t ends   to  mix them 
with  the main flow. This behavior i s  c lear ly  shown in   re fe rence  44. 
Figure 41( a), taken  from  this  reference, shows the  measuring s ta t ions  and 
rad ia l   pos i t ions  of measurements taken  to  determine  the radial dis t r ibu-  
t i o n  of the   e f f ic iency  of the   ro tor  and the  corresponding radial distri-  
bution of efficiency of ro to r  and s t a t o r .  An example of the  eff ic iency 
d i s t r ibu t ion  i s  shown in   f igure   41(b)  . Because the   ro tor  was severely 
loaded  (large D fac tor ) ,   the   ro tor   e f f ic iency  dropped r ap id ly   i n   t he   v i -  
c in i ty  of the outer   radius .  Measurements a f t e r   t h e   s t a t o r ,  however, indi-  
cated  that   the  over-all   efficiency a t  the  outer  radius was higher  than 
that measured after the  rotor .  A t  the  inner radii, the  eff ic iency was 
much lower. The inc rease   i n   e f f i c i ency  a t  the  outer  radius  can  only  be 
explained  by a r a d i a l l y  inward movement of the   th ick  boundary  layer 
as  the flow  passes  through  the  stator.  This movement a l so   he lps   to  
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explain  the low efficiency of the  a i r   leaving  the  s ta tor  a t  the  inner 
r a d i i .  Because of the  different  boundary-layer  motions i n  a rotor  and 
stator, a stator  tends t o  m i x  up the  boundary-layer  distributions  set up 
by a rotor,  and vice  versa.  Although the  energy added t o   t h e  main flow 
by  the hub and casing  boundary  layers  usually  does  not  noticeably  increase 
the  enthalpy  of  the main flow, these wayward  movements  of the  boundary 
layer make the  correlat ion of losses a d i f f i c u l t  problem. Among other 
things,  the  losses  transported by the boundary l aye r   t o  a given  radius 
must be  separated  from  those  created a t  tha t   rad ius .  The losses  created 
must, i n   t u r n ,  be divided  into  those which are inherent at the   rad ius   in  
question, and those which a r e  induced  or  allayed by the  inward or outward 
flux of the boundary layer .  To date, no satisfactory  technique  has  been 
found for  separating  these  losses.  A t  present,  perhaps  the  best alter- 
native i s  to  continue t o  report   the  obserted  losses as a function of four 
quantit ies:   the aerodynamic loading of the  blade  element, which involves 
r e l a t ive  Mach  number and  something akin  to   the  diffusion  factor ;   the  
geometry of t he  cascade  element; the   rad ia l   pos i t ion  of the element with 
respect t o  t he  hub and t ip;  and the  dis t r ibut ion  of   f low ahead of  the 
blade row. 

Loading L i m i t s  

The analyses  presented in   re fe rences  13 and 14 suggest  that   the 
loading limits of a two-dimensional  cascade  can  be quite  ably  described. 
Experience in   ac tua l   b lade  rows, however, indicates  that   the  loading 
limit of a cascade  element  depends upon the  locat ion of  the  element. 
Cascade elements  near  the  casing of a rotor  seem t o  s ta l l  a t  lower load- 
ings  than  those  near  the  center of the  span or near  the hub.  There a r e  
a lso some indica t ions   tha t   the  hub regions of a s t a t o r   a r e   c r i t i c a l .  
Moreover, the  condition of  the  hub and casing boundary layers i s  suspected 
to  play  an  important  role  in  determining  the  loading l i m i t  of t he  nearby 
cascade  elements . 

Because of the  importance of the  problem  of loading limits, a large 
amount  of work i s  being  devoted t o  it. One of the  questions  to  be an- 
swered i s  whether or not  the  ideas  expressed  by  equation  (26) are the 
important  ones.  Another  important  question i s  concerned  with  estimating 
the  various  terms of t h i s   equa t ion .   S t i l l  a t h i r d  problem i s  the  deter-  
mination of the  way the  inlet  flow  conditions  influence  the  loading 
parameter. 

Improving the  understanding of these  loading limits i s  another 
incent ive  for   cont inued  effor t   in   the  s tudy ,of ideal-f lows and the  study 
of  boundary layers.  Reasonably  simple yet  accurate methods of estimating 
t h e   c r i t i c a l   v e l o c i t i e s  about  various  cascade  elements are required. The 
in t e r r e l a t ion  between  boundary-layer  behavior and the  pressure  gradients  
created  by  the main flow must be  better  understood.  Intensive  efforts, 
both  theoret ical  and experimental, w i l l  probably  be  required  to  pinpoint 
the  answers within a tolerable  range. 
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CONCLUDING REMARKS 

A general   picture of the  f low  characterist ics of axial-flow compres- 
sors  has  been developed, indicat ing  those  features   that  must be  considered 
in   the  design  process .  On the basis of th i s   qua l i ta t ive   descr ip t ion  of 
flow, the  s t ructure  of a design system i s  outlined. The individual  ele- 
ments of the  design system, including  basic  techniques and equations,  are 
sllmmA.rized. Also  noted a re  some of the  important  gaps i n  knowledge, where 
art must be  substituted  for  science. This information  provides a design 
system and summarizes much of t he  work presented i n   t h e  succeeding chap- 
ters.  This  general  treatment i s  expanded in  these  chapters  to  provide 
specific  design  data  that  describe  the  techniques of appl ica t ion   in  
de t a i l .  
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Figure  1. - Sketch  of flow sur face   and   s t reaml ines  when assumed flow l i e s  on 
t h e   s u r f a c e  of a right c i r c u l a r   c y l i n d e r .  
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Figure 2. - Sketch of two-dimensional cascade  showing  streamlines and nomenclature. 
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Figure 3. - Changes i n  d is t r ibu t ions  of p and rpVz due 
t o  change i n  r through  blade row. 
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Figure 4. - Radial  shift of streamlines  due to change  in  radial  density  gradient thmugh a  blade row. 
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Figure 5. - Effect of blade  thickness on radial location of stream  surfaces. 
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(a) Radial  line  through 
leading  edge. 

(b) Radial  line  through 
center of gravity.  

Figure 7.  - Various radial  alinements of compressor blade 
elements  having the  same radial d is t r ibu t ion  of cascade 
elements . 
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(a)  Free-vortex  rotation. 
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(b) Solid-body rotation. 
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(c) Eddy f low (ref. 9). 

Figure 8. - Circumferential-plane  streamlines for no through-flow. 
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Figure 9, - Radial  shift  of streamlines due t o  hub and casing  curvature. 
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(a) Free-vortex design. 
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(b) Non-free-vortex design with converging annulus area. 

Figure 10. - Warping of  stream  surfaces through a blade  row. 
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Figure 11. - Boundary  Layers and wakes formed by cascade elements. 
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(c)   Veloci ty   dis t r ibut ion.  

Figure 12. - Boundary l ayers  at  hub and casing. 
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Figme 13. - D r a g  and t u r n i q - w l e   d i s t r i b u t i o n  fo r  cascade 
combination. B l a d e  section, NACA 65-(12)10; i n l e t - a i r  
angle, 4S0; so l id i ty ,  1.0 (ref 15). 
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Figure 14. - Blade  surface  veloci ty   dis t r ibut ion  for   cascade 
combination.  Blade  section, NACA 65-( 12)lO; i n l e t - a i r  
angle, 45 O; s o l i d i t y ,  1 .O ( r e f .  15) . 
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Figure 16. - Schlieren photographs for a range of Mach number. 
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Figure 17. - Schematic diagram of an  inlet-guide- 
vane t e s t   r i g .  
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Figure 18. - Comparison  of measured and  design  turning 
angles  for  free-vortex guide vanes ( re f .  18). 
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Figure 19. - Comparison of measured  and  design  turning  angles 
for non-free-vortex  guide  vanes. 
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/ L L R o t o r  blades 
Guide vanes 

Figure 20. - Schematic layout of compressor stage. 



Figure 21. - Compre88or r o t o r  and cascade turning angles ( ref .  21). 
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Figure 22. - Compressor  rotor  and  cascade  pressure  distributions.  Relative  inlet-air angle, 60'. 
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Figure 23. - Radia l   d i s t r ibu t ion  of t o t a l  tempera- 
t u r e  and efficiency  through  compressor  rotor. 
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Inlet   guide vane Rotor View of i n l e t  guide  vanes 
looking  upstream 

Figure 24. - Schematic l ayou t   fo r   t e s t s  of i n l e t  guide  vanes and ro to r   ( r e f .  20 ) .  
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Figure 25. - Radial  vastation of  flow angle  leaving  inlet   guide 
vanes with and without  rotor (ref. 20).  
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Figure 26 .  - Variation of turning  angle   across   rotor   blades  with  angle  of a t t ack  
a t   des ign   specd   ( r e f .  20 ) .  
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Figure 27. - Cross section of 10-stage axial-flow compressor, inlet bellmouth, 
and discharge collector (ref. 25). 
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Figure 28. - Radial  distribution  of flow properties  entering  fifth 
rotor row of 10-stage  compressor  (ref. 26). 
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Figure 29. - Variat ion of f i f th-rotor   turning  angle   with  angle  
of a t t a c k   a t   f i v e   r a d i a l   p o s i t i o n s   ( r e f .   2 6 ) .  
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Figure 30. - Variation of  f i f th-s ta tor   turnin  angles   with  angle  
of a t t a c k   a t   f i v e   r a d i a l   p o s i t i o n s   ( r e f .  2 6 7 .  



NACA RM E56B03 

"1 Axial veloci ty  
___O____ Measured - -0- - Calculated  by  eq.  (19a)  neglecting 

observed  entropy  gradients 
- Calculated  by  eq. (19a) including - -A- 

I observed  entropy  -gradients 

.80 .84 .88 .92 .96 1.00 
Hub-tip  radius  ratio,  rh/rt 

Figure 31. - Axial ve loc i ty   d i s t r ibu t ion   a f t e r   f i f t h   s t age  
of  10-stage  compressor  (from  ref. 26 ) .  
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Figure 32. - Radial   d is t r ibut ion of f low properties 
enter ing  tenth  rotor  row of 10-stage  compressor 
( r e f .  26) .  
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Figure 33. - Var ia t ion  of t e n t h - r o t o r   t u r n i n g   a n g l e   w i t h   a n g l e  
of a t t a c k  a t  t h r e e   r a d i a l   p o s i t i o n s   ( r e f .  2 6 ) .  
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Figure 34. - Sketch  showing  typical  projection of streamlines  on  meridional  plane. 

F 



NACA RM E56B03 221 

Efficiency 

i  ty Axial veloc 

(a) Case I. 

Efficiency 

Axial velocity 

Axial station 

(b) Case 11. 

Figure 35. - Axial distribution of efficiency and axial ve- 
locity in multistage axial-f low compressors. 
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(a) Advanced design. (b) Advanced design. 
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- 
(c)  Current  design. 

Figure 37. - Schematic  drawing of several  compressor-inlet  stages. 
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Figure 38. - I n l e t   a x i a l   v e l o c i t y   d i s t r i b u t i o n  for 
compressor of reference 35. 
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Figure 39. - Secondary f low resulting  from  boundary  layer  on  annulus walls. 
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Figure 40. - Secondary flow i n  blade  end-clearance  region. 
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(a)  Measuring  stations. 
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Figure 41. - Measuring  stations  and  radial  variation of 
efficiency  for  compressor A of reference 44. 
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POTENTIAL FLOW I N  TWO-DIMENSIONAL CASCADES 

By William H. Roudebush 

SUMMARY 

The complexity of the  flow of a f l u i d  through a rotating  blade row 
makes a direct   theoret ical   a t tack on the  general problem very d i f f i c u l t .  
However, the  flow  through  axial-flow compressors, at least near  the mean 
radius, i s  of ten  suff ic ient ly   c lose  to  a mathematically  two-dimensional 
flow that  valuable  results can be  achieved by using two-dimensional 
theory. 

An extensive  review i s  presented of the literature concerning  plane 
potent ia l  flow i n  cascades. No method of determining  the  flow is pref- 
erable under a l l  conditions. The nature of the  individual problem and 
the  computing equipment available w i l l  d ic ta te   the  method t o  be  used. 
Some of the  available  techniques  for  solving  the two basic problems,  de- 
sign and analysis,  are  evaluated; and several of the methods tha t  have 
been  used sat isfactor i ly   are   presented  in   considerable   detai l .  

The potential-flow  cascade  theories  to  be  discussed  are  indicated 
by author in  the  following  chart,  arranged  with  regard  to  general  regions 
of applicabili ty.  The divisions  are  not  absolute and can serve  only as 
a general  guide. The numbers i n  parentheses  indicate  the page where the  
reference i s  first cited,  and the  as ter isks  denote  those  authors whose 
methods are  presented i n  de ta i l   in   th i s   chapter .  
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Compressor design  techniques  should always r e f l e c t   t h e   c u r r e n t  
basic  knowledge of air flow. Time l imi ta t ions  may prevent a designer 
from using  ref ined  theoret ical  methods in  individual  design  problems, 
but  the  simplifying  assumptions made should  be  based on a sound  theory. 
Unfortunately,  the  flow  through a ro ta t ing   b lade  row is very complex. 
The three-dimensional  potential-flow  equations,  representing a highly 
idealized  flow and a substant ia l   s implif icat ion of t h e   t r u e  problem, 
s t i l l  cannot be so lved   sa t i s fac tor i ly .  The added d i f f i c u l t i e s  of 
boundary-layer  buildup  and  displacement,  separation,  tip-clearance  ef- 
fects,   compressibil i ty  effects,   unsteady flow,  and local  regions  of 
supersonic  flow make compressor  design one of t he  very d i f f i cu l t   p rac -  
t ical   engineering  problems. 

Since a complete  solution is  not  currently  obtainable,   another  ap- 
proach must be  used.  Historically,  a problem of t h i s   n a t u r e  i s  t r e a t e d  
by making simplifying  assumptions.  Chapter I11 indica tes   tha t   f low 
through  an  axial-flow  compressor  can  be  represented  in many important 
instances  by a combination  of e s sen t i a l ly  two-dimensional  solutions. 
Generally  speaking, one of these  solut ions i s  from hub t o  shroud  and  the 
other is  from blade   to   b lade .  

Within the  l imitat ions  discussed  in   chapter  111, t h e  change i n   r a d i u s  
of a particle  passing  through a compressor  blade row can  be assumed small, 
and t h e  two-dimensional  blade-to-blade  flow  surface i s  taken as cyl indr i -  
cal .   This  cylindrical   surface  can  be  developed  into  an  infinite  plane 
cascade. The theoretical   determination of the  potential   f low  about  such 
a cascade is t rea ted   in   the   p resent   paper .  Some of t he  methods consid- 
ered are not   res t r ic ted   to   p lane   f lows ,  as will be   i nd ica t ed   i n   t he  
discuss  ion. 

The exact  theoretical   treatment of  two-dimensional-cascade  flow is 
not a simple  problem,  and past   invest igators  have re l ied   heavi ly  on 
experimental  cascades to  obtain  basic  f low  information.  Early  experi-  
mental  cascades, however, did  not  successfully  achieve  two-dimensional 
flow. The data   obtained  in   different   cascades  exhibi ted a considerable 
lack of  uniformity,  primarily as a r e s u l t  of using  blades  of small aspect 
ratio  in  different  tunnel  geometries  without  adequate  boundary-layer 
bleed. It w a s  d i f f i c u l t   t o   s e p a r a t e   t h e   e s s e n t i a l   c h a r a c t e r i s t i c s   o f   t h e  
two-dimensional  flow  about a given  blade  system  from  the  characterist ics 
introduced  into  the f l o w  by  the  individual i ty   of   the   par t icular   cascade 
operation. A s  a re su l t ,  comparison of early  experimental  and t h e o r e t i c a l  
r e s u l t s  w a s  not  always  practicable. 
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This  si tuation  has been  corrected i n   r e c e n t  cascades by the develop- 
ment of successful  boundary-layer  controls; A close  approximation of 
two-dimensionality  has  been  obtained, and accurate  data are now availa- 
b l e  (see ch. V I  ( re f .  1)). Therefore, it has become possible and highly 
desirable  to  interpret   experimental   cascade  results  in  the  l ight of  theo- 
re t ical   analyses .   In   the  future  development of axial-flow compressors, 
more accurate  predictions of turning angles and loss character is t ics  
w i l l  probably be required  over a wider  range of operating  conditions. A 
careful  coordination of theory and experimental  data may  make possible 
accurate  extrapolation of present  data and should also  provide  a  guide 
to  future  experimentation. Research on the  off-design problems, in   par -  
t i cu la r ,  can  prof i t a b l y  employ t h i s  coordinated  approach. 

The flow of a viscous  fluid  through a cascade  cannot  yet  be  deter- 
mined i n  i t s  general form. However, since  the  effects of the  viscosity 
are  concentrated, i n  many cases, a t  the  blade  surfaces,  the problem  can 
be  treated by boundary-layer  theory. I n  t h i s  event  the  flow  outside a 
narrow region at the  boundaries i s  pract ical ly   i r rotat ional .   Potent ia l -  
flow  calculations  often  provide  reasonable  pressure  distributions, al- 
though they  completely  ignore  viscosity. A t  times when thick boundary 
layers  or  separation  exist   or when knowledge  of loss i s  desired,  the 
potential-flow  solution  does  not  alone  suffice. Even then, however, the 
pressure  distribution  obtained from the  potential-flow  calculation i s  
indispensable  for  boundary-layer computation  by existing methods. For 
these  reasons  the  two-dimensional  potential-flow  solutions  provide what 
i s  probably  the most important  single  theoretical  tool  for  analyzing  the 
flow  through  an  axial-flow compressor. 

A survey of the  large body of existing  plane  potential-flow  theory 
may help  to  increase i t s  present  application. Although the  theory has 
a t ta ined a high  degree of  completeness, the  time  involved  in  obtaining 
exact  solutions is  considerable. A reduction  in  time may be  anticipated 
if the methods are  used and understood and i f  attempts  are made t o  adapt 
them t o  modern computing equipment in   t he  most prac t ica l  manner. There 
are  also  simplified approximate solut ions  that  save  time and may be 
quite worthwhile.  Often the  range of application of such methods i s  
qui te   res t r ic ted;  and accurate  results  in  certain  regions,  such as the 
leading edge, a re  sometimes unobtainable.  Subsequent  examination may 
reveal, however, t h a t  some of  these  approximations  are  substantially 
valid  in  the  region of interest   to   designers  of axial-flow compressors. 

An extensive  review of t he   l i t e r a tu re  on the  potential ,  f l o w  about 
cascades i s  presented  herein. M a n y  of the  methods are  evaluated  within 
the bounds of limited  available  information on actual  use. No method i s  
universally  applicable. The individual  nature of a  particular problem 
and the  computing equipment available  are  large  factors  in  determining 
the method of solut ion  to   be used. Some of the methods tha t  have been 
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used   success fu l ly   a r e   p re sen ted   i n   de t a i l   t o   i l l u s t r a t e   t he   ma themat i ca l  
techniques and to   i nd ica t e   t he   na tu re   o f   t he   ac tua l  computation. 
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SYMBOLS 

The following symbols are   used  in   this   chapter :  

speed of sound 

dimensionless  blade  thickness 

pressure  coeff ic ient  

curvature 

chord  length 

spec i f ic  heat at   constant  pressure 

charac te r i s t ic   l ength  of thin  blade  for  small-perturbation 
theory 

height of water surface 

e l ec t r i c - f i e ld   s t r eng th  

locat ions of s ingu la r i t i e s   i n   c i r c l e   p l ane  

accelerat ion due to   g rav i ty ,  32.17 f t / sec  2 

mapping function  defined  by  eqs. (13) t o  (16) 

r e a l   p a r t  of  h 

imaginary  part  of h 

mapping function  corrected t o  sat isfy  c losure  condi t ions 

electr ic-current   densi ty  

distance  along  streamline 

leading-edge  stagnation  point 
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Zte,P t r a i l i n g  edge  approached  from pressure  surface 

Zte,s t r a i l i n g  edge  approached  from suction  surface 

z* function  relating  corrected  distance about  blade  perimeter t o  
c i rc le   central   angle  

M Mach number 

m plate  thickness 

P t o t a l  o r  stagnation  pressure 

P s t a t i c  o r  stream  pressure 

9 velocity  in  compressible medium 

9 vector  velocity  in  compressible medium 
- 

- 
9 disturbance  velocity  in  small-perturbation  theory 

R e lec t r ica l   res i s tance  

r radius 

S blade  spacing 

S dimensionless  blade  spacing 
c 

T t o t a l  or stagnation  temperature 

t s t a t i c  o r  stream  temperature 

V velocity  in  incompressible medium 

- 
V vector  velocity  in  incompressible medium 

A 

V ve loc i ty   i n  cascade  plane  expressed as function of circle  plane 
coordinates 

"E 
V velocity  in  cascade  plane  expressed as function of circle  plane 

coordinates  corrected  for  closure  condition 

- 
V disturbance  velocity  in  small-perturbation  theory 

W complex potential  f 'unction 
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W complex velocity 

AW r a t e  of mass flow 
A 

W complex ve loc i ty   in  cascade  plane  expressed  as  function of 
circle  plane  coordinates 

X abscissa   in  cascade  plane 

X axial  length of region of va l id i ty  of solutions by r e f .  7 2  

X dimensionless  distance  along  x-axis 

- 

A 

Y ordinate  in  cascade  plane 
h 

Y dimensionless  distance  along  y-axis 

Z complex var iable   in  cascade  plane 

P angle between air velocity and x-axis 

r circulation 

Y r a t i o  of specific  heats 

Yo blade-chord  angle,  angle between blade  chord and x-axis  (fig. 1) 

&X increment in   x-direct ion 

6Y increment in  y-direction 

CL 
A 

V 

E 

P 

complex variable  in  plane of mapping c i r c l e  

imaginary par t  of 5 

constant  in  affine  transformation (58) 

angle made by  tangent t o  blade prof i le  and x-axis 

thickness  ratio,  $/: 

r e a l   p a r t  of 5 

density 

so l id i ty ,   ra t io  of chord t o  spacing 

" 
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potential  function 

disturbance  potential  function 

electric  potential  f'unction 

central  angle  in  mapping  circle  plane 

angle  corresponding  to  leading-edge  stagnation  point 

angle  corresponding  to  trailing  edge  approached  from  pressure 
surf ace 

angle  corresponding  to  trailing  edge  approached  from  suction 
surf  ace 

stream  function 

electric-current  function 

specific  resistance 

Subscripts: 

a 

add 

add, 

add, 

av 

C 

v 

C 

CS 

cV 

cr 

stagnation  conditions 

additional 

additional  due  to  sources 

additional  due  to  vortices 

arithmetic  average of values art suction  and  pressure  surfaces 

compressible 

curvature 

compensating 

compensating  due  to  sources 

compensating  due  to  vortices 

critical 



NACA 

d 

dS 

d V  

inc 

1 

l e  

m 

m a x  

0 

P 

r 

S 

t e  

X 

Y 

Z 

r 

h 
0 

z 

1 

2 

RM E56B03 v 2 35 

disturb anc e 

disturbance due t o  sources 

disturbance due to   vort ices  

incompressible 

arbitrary  posit ion  along  potential   l ine 

leading edge 

mean of upstream and downstream conditions 

maximum 

i so la t ed   a i r fo i l  

pressure  surface 

radial   d i rect ion 

suction  surface 

t r a i l i n g  edge 

direction of x-axis 

direction of y-axis 

i n  cascade  plane 

circulatory 

i n  mapping circle  plane 

tangential   direction 

t o t  a1 

upstream at i n f i n i t y  

downstream at  in f in i ty  
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GENERAL CONSIDERclTIONS 

Potential-flow  theory, as it p e r t a i n s   t o  two-dimensional  cascades 
of  blades, is concerned  with two bas ic  problems, r e f e r r e d   t o  as "direct"  
and " inverse .   In   the   d i rec t  (or analysis)  problem, t h e  geometry of a 
cascade  and a charac te r i s t ic   ve loc i ty   (usua l ly  vl, the   veloci ty   vector  
far upstream, or vm, t h e  mean free-stream  velocity  vector; see f i g .  1) 
are given. A so lu t ion   y ie lds   the   ve loc i ty   d i s t r ibu t ion   in   the   reg ion  of 
the  cascade. For the   inverse  (or design) problen;, t h e   v e l o c i t y   d i s t r i -  
bution on the  surface of a cascade  blade i s  given  along  with  the  vector 
ve loc i t ies  far upstream  and far downstream. A solution, i f  one ex is t s ,  
g ives   the  geometry  (blade  shape,  chord  angle,  spacing) of the  cascade. 

- 
- 

In   so lv ing   e i ther   the   d i rec t  o r  inverse problem, an important dis- 
t inc t ion   ex i s t s   i n   t he   unde r ly ing  approach. From f igu re  1 it can  be 
seen  that   the  f low  about  the  cascade i s  given  from a knowledge of t h e  
flow  between  streamlines bb  and dd as a r e su l t   o f   t he   pe r iod ic i ty  of t he  
f low  pa t t e rn   i n   t he   d i r ec t ion  of the  y-axis.   Similarly,  a knowledge of 
the  f low  field  between  streamlines aa and cc  const i tutes  a complete so- 
lut ion.  When the  cascade  f low  f ie ld  i s  considered  to   be made up  of  sec- 
t i ons  of t h e  type bbdd, the  cascade i s  pictured as an i n f i n i t e   a r r a y  of 
isolated  bodies .  On the  other  hand, when sections  of  the  type  aacc  are 
considered,  the  cascade  appears as an i n f i n i t e   a r r a y  of  adjacent  channels. 

A s  a resu l t   o f   these  two basic   points  of view, d i f fe ren t  mathemati- 
cal   techniques are employed i n   t h e  two cases.   Either  point of view i s  
theo re t i ca l ly   app l i cab le   fo r  a given  cascade. However, the  mathematical 
techniques employed in  the  "isolated-body"  approach become clumsy  and 
tedious as the   e f f ec t s  of the  neighboring  blades on each  other become 
large.  Similarly,  the  "channel-flow"  approach works well  only when the  
neighboring  cascade  blades  exert  an  appreciable  guidance on t h e   f l u i d .  
Hence, the  cascade  sol idi ty  a ( r a t i o  of  chord  length t o  spacing)  deter- 
mines the  point   of  view that  should  be  adopted  for a given  cascade. The 
solutions  considered are divided  into  "low-solidity" and  "high-solidity" 
methods,  where  each  of these   d i s t inc t ions  i s  subdivided  into i t s  rela- 
t i o n   t o   t h e   d i r e c t  and  inverse  problems. It must be  noted  that   the  
c l a s s i f i ca t ion   by   so l id i ty  i s  not   r igid,   but  may depend on such f ac to r s  
as cascade  stagger  angle,  experience  with  the  technique, and the  com- 
puta t iona l  equipment avai lable .  

Although f e w  of   the methods of solut ion have  been  widely  used, i n  
most instances some solut ions have  been  obtained  by  the  author  of  the 
method. I n  some cases,  experimental  cascades  have  been  investigated and 
compared wi th   t he   t heo re t i ca l   r e su l t s .  Some authors  have compared t h e i r  
solutions  with  other  theoretically  obtained  solutions.  
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While the  ul t imate   object ive of any t h e o r e t i c a l  method i s  to   des ign  
or analyze  an  actual  cascade,  there  exists a p r a c t i c a l   d i f f i c u l t y   i n  
appraising a t h e o r e t i c a l  method by  comparison  with an actual  cascade. 
Such  an  evaluation i s  indecis ive,   s ince  the  f luid  has   been  divested of 
a t  l e a s t  some of i t s  natural  properties  by  the  mathematician.  Therefore, 
t h e  most reasonable   t es t  of a g iven   theore t ica l  method i s  comparison 
with an exact known theore t ica l   so lu t ion .  Such exact  solutions do e x i s t  
comparable t o   t h e  Joukowski a i r f o i l s  of i so la ted-a i r fo i l   theory .   I f  t h i s  
comparison i s  good, t h e  new method i s  sa t i s fy ing  i t s  
ing  the  f low of an  idealized  f luid.   Determining  the 
actually  exist   about  the  experimental   counterpart  of 
determined  cascade i s  an  e n t i r e l y   d i f f e r e n t  problem, 
adequately  investigated. 

function  by  predict-  
f l ow  r e l a t ions  t h a t  
a t h e o r e t i c a l l y  
which has  not  been 

In   th i s   paper   an   a t tempt  i s  made to   d i scuss  and, t o  some e x t e n t ,   t o  
evaluate many of   the   theore t ica l  methods ava i l ab le   t o   t he   des igne r .  Ex- 
perimental   data  are  not  used  for  purposes  of  evaluation,  for t h e  reasons 
given  in  the  preceding  paragraph.  Three  design methods  (two for   h igh  
s o l i d i t y  and  one f o r  low s o l i d i t y )  and three   ana lys i s  methods  (two f o r  
high and one f o r  low so l id i ty )   a r e   p re sen ted   i n   de t a i l .  

LOW-SOLIDITY CASCADES 

Almost a l l  the   ava i lab le  work on low-solidity  cascades  has  been done 
on incompressible  flow  because of t h e   i n t r a c t a b i l i t y  of the  nonlinear 
equations  involved  in  the  compressible-flow  problem- The assumption of 
constant   densi ty  i s  j u s t i f i a b l e   f o r  a considerable  range of low Mach  num- 
ber  flows. When sonic  speeds are approached in   reg ions  of t he   f l ow  f i e ld ,  
t he   e f f ec t s  of dens i ty   var ia t ion  are, of course,  pronounced. I f  shock 
waves occur ,   qual i ta t ive as wel l  as quan t i t a t ive   e r ro r s  may b e   i n t r o -  
duced.  Therefore, some methods  of treating  compressible  flows  and  cor- 
rect ing  incompressible-f low  solut ions  for   the  effects   of   compressibi l i ty  
are discussed  following  the  sections  concerning  the  direct   and  inverse 
problems . 

The Direct  Problem 

The p a t t e r n   f o r   s o l u t i o n  of t h e   d i r e c t  problem  has  developed  along 
two d i s t i n c t   l i n e s .  The f i r s t  approach i s  t o  f i n d  a conformal mapping 
of the  cascade  onto a simple  geometric  shape,  such as a s t ra ight   P ine   o r  
a c i r c l e .  The flow  about  the  simple  shape i s  readily  determined,  and 
t h e  mapping funct ion i s  appl ied  to   yield  the  desired  f low  about   the 
a r i g i n a l  body.  This method  of solution  has  been  of  considerable  mathe- 
m a t i c a l   i n t e r e s t   f o r  many years.  
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The effect  of a so l id  body on the fluid  surrounding it can be closely 
approximated by replacirg t h e  body with a carefully chosen s y s t e m  of 
flow singularit ies  (sources,   sinks,   vortices).  The charac te r i s t ics  of 
these   s ingular i t ies  are well-known, and the i r   e f f ec t  on the uniform flow 
can  be  obtained. 

The second  approach t o   t h e  problem i s  based on the  following fac t :  

By  way of introduction  to  the  cascade problem, the  history of t h e  
appl icat ion of these two approaches t o   t h e   i s o l a t e d - a i r f o i l  problem i s  
discussed  br ief ly  in  t h e  following section. 

of  fluid  about an i s o l a t e d   a i r f o i l  were achieved  by  Kutta and Joukowski. 
I so l a t ed   a i r fo i l s .  - Early  significant results concerning  the flow 

The theory w a s  extended and improved by von I&-u&n, Trefftz,  von Mises, 
and many others  (see ref. 2 ) .  This is an ex-act theory of special  air- 

formations. The airfoi ls   thus   obtained are not  superior  aerodynemically 
f o i l  shapes  that  are obtained from a circle  by  simple conformal t rans-  

prof i les  was considered  necessary. 
t o  many others, and a method t o  analyze the f l o w  about  arbitrary wing 

3), who presented a t echn ique   fo r  determining  the o v e r - d l  character- 
A signif icant  contr ibut ion  to  the problem was made by MUPI (ref.  

i a t i c s  of the flow  about a th in ,   s l igh t ly  cambered a i r f o i l  of other- 
wise  arbi t rary shape. The mapping Z = C l./c i s  used t o  transform 
t h e  thin a i r f o i l   ( a c t u a l l y   t h e  camber line) in to  a near-circle in t h e  
5-plane. The near-circle is transformed into &D. exact circle resulting 
i n  a simple integral   equation  for  determining  the  stagnation  point of 

point  i s  Imam, t h e  circulat ion (and  consequently  the Lift) can be deter-  
the  flow about the  exact circle. When the  locat ion of the stagnation 

mined about   the  c i rc le  and hence  about the   a i r fo i l .  The technique Ls 
improved  and u t i l i z e d  by  Glauert i n  reference 4, where several  compar- 
isons are made with  experimental data. 

In 1923, Birnbaum (ref. 5) applied a method of s ingu la r i t i e s   t o  

bution of vort ices  along t h e  mean camber line. This method, which i e  
the  same problem. The thin a l r f o i l  is replaced by a continuous distri- 

appl icable   to  the inverse as wel l  as the   aFrect  pmblem, i s  se t   fo r th  i n  . 
d e t a i l  by  Glauert i n   h i s  text on a i r ro i l   theory   ( re f .  6 ) .  G l a u e r t  uses 
t h e  trigonometric series 

for t he   d i s t r ibu t ion  of vor t ic i ty-  The abscissa -x of t h e   a i r f o i l  i s  
related to 8 by 

x = 2 (1 - cos e)  
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The constants An are  determined  by  the  shape of t h e  camber l i ne .  The 
first t e r m  of the   express ion   for   the   vor t ic i ty   d i s t r ibu t ion   represents  
t he   d i s t r ibu t ion  on a s t r a igh t - l i ne   a i r fo i l ,  and the   s ine  terms compen- 
sate for   the  curvature  of the  thin  a i r foi l .   This   expression  has   been 
used i n  cascade work as wel l  as in   i so la ted-a i r fo i l   theory .  

I n   l a t e r  work along  these  lines,  source and s ink   d i s t r ibu t ions  were 
added  by  Allen (ref. 7 )  t o  approximate the   e f f ec t  of a i r f o i l   t h i c k n e s s .  
However, s ince   the   so lu t ion  s t i l l  applied  only t o   t h i n  airfoils of small 
camber, a more general   solution was desired.  

In  1931, Theodorsen (ref. 8) and  Theodorsen  and  Garrick ( r e f .  9 )  
produced  an  exact  solution  to  the  direct  problem  of  two-dimensional, in -  
compressible f l o w  about  an a i r f o i l  of a r b i t r a r y  shape. A Joukowski 
transformation i s  used t o  map t h e   a i r f o i l   i n t o  a near-circle .  The map- 
ping of the   near -c i rc le   in to  an  exact   c i rc le   then  leads  to  an i n t e g r a l  
equation,  solved  by  an  iteration  process. (The numerical  evaluation of 
the  cotangent   integral   in   the Theodorsen method i s  considered  in   refs .  
10 and 11.) This  general   solution had considerable  significance  both 
i n   t h e  impetus it gave t o  t he  work on the  a i r f o i l  problem  and i n  i t s  
d i r ec t   app l i ca t ion   t o  later work on cascades  of  airfoils.  A considera- 
t ion 'of   condi t ions   suf f ic ien t   to  assure convergence of t h e   i t e r a t i o n  
process of Theodorsen  appears i n   r e f e rence  12.  

Cascades. - The development of the  theory of flow  about  cascades of 
blades i s  similar t o   t h e  development of the   i so la ted-a i r fo i l   theory .  
Particular  cascades,   corresponding  to  the  so-called  "theoretical  air- 
f o i l s "  of the  isolated-airfoi l   theory,  were developed ( r e f s .  13 and 1 4 ) .  
Solutions were a l so  found for  cascades of th in ,   s l igh t ly  cambered, bu t  
otherwise  arbitrary,  blades.  Finally,  solutions  for  general  blade  shapes 
were obtained of a more or less exact  nature. 

I n  1935, a comprehensive t e x t  on the  theory of turbomachines w a s  
presented  by Weinig ( r e f .  15), i n  which was introduced and  demonstrated 
the  concept  that  every  cascade  has a corresponding  straight-line  cascade 
t h a t  i s  equivalent  insofar  as it produces the  same turning and has   the 
same circulat ion.  Methods f o r  approximately  determining  the  equivalent- 
l ine  cascade  are  given,  and  the  foundations  are  laid  for  exact  solutions 
t o  the  general  cascade  problem. The theory of equivalent-line  cascades 
w i l l  not  be  discussed  herein,  since it does  not  give  information  about 
local   condi t ions on the  blade  surfaces .  The  more general  theory w i l l  
be  mentioned later i n  i t s  connection  with  other methods t h a t  have  been 
developed  from it. 

. In  1937, P i s t o l e s i  (ref. 16) extended  the work of Birnbaum and 
Glauert t o  cascades of thin  blades.   This work is  s ign i f i can t   t heo re t i -  
cal ly ,   but   the   complexi ty   in   the  case  of  a staggered  cascade makes com- 
pu ta t ion   d i f f i cu l t .   I n   add i t ion ,   t he   i nhe ren t   l imi t a t ion   t o   t h in ,  
l ightly  loaded  blades i s  an  undesirable   res t r ic t ion  in   present-day  de-  
sign.  This  technique  has  been  extended  by V. Lieblein (ref. 1 7 )  t o   i n -  
c lude  the  effect  of thickness   dis t r ibut ion.  The approximations made i n  
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th i s   ana lys i s  become increasingly  inexact  with  higher camber and greater 
thickness. A closer examination of such  approximate methods may indicate 
that   they are reasonably  valid  in  the  ordinary  range of compressor blade 
shapes. If t h i s  should  be  the  case,  such methods w i l l  become important 
because of the  savings  in  time  realized  over  the more exact methods. 

An approximate  theory of pract ical   in terest   has  been  developed by 
E r w i n  and Yacobi (ref. 18), ut i l iz ing   the   p r inc ip le  of superposition 
common in   i so la ted-a i r fo i l   theor ies .  The local   veloci ty  on the  cascade 
blade  surface i s  taken  to  be  the sum of the  average  velocity  in  the 
passage  and  incremental  velocities due t o  thickness, camber, and angle 
of attack. The average  velocity i s  determined from area change through 
the cascade,  and the  incremental  velocities are r e l a t ed   t o  corresponding 
incremental  velocities on an  isolated  a i r foi l   of   the  same shape. The 
r e l a t ion  i s  determined  empirically in  the  report,  but  could  probably  be 
determined  theoretically as well. This method provides  solutions t o   t h e  
direct  cascade problem quite  rapidly when the  character is t ics  of the  cor- 
responding  isolated  airfoil   are known. 

Other  approximate methods, using a technique employing s ingular i t ies ,  
have been  presented by Woolard (ref.  19) and  Scholz (ref.  20). Results 
obtained  in  reference 19 show fair  agreement with  results  obtained by the  
more exact method of reference 21 f o r  NACA 4412 a i r f o i l s   i n  a cascade of 
near ly   uni t   sol idi ty   over  a range of angle of attack. 

I n  1941, Howell (ref. 22) produced an  exact  solution  to  the  general 
problem, employing the  method of  conformal mapping. A cascade, located 
i n   t h e  z-plane, i s  transformed in to  a d i s t o r t e d   a i r f o i l   i n   t h e  zl-plane 
by  the  equation z1 = tanh z. The d i s to r t ed   a i r fo i l  i s  then  transformed 
in to  a near-circle by two successive Joukowski transformations.  Finally, 
the  near-circle  i s  transformed  into  an  exact  circle  by  using  conjugate 
Fourier series. Since  four  transformations  are  involved,  the work i s  
necessarily  lengthy. However, a detailed  computational  layout  and some 
suggestions  for  decreasing  the  labor  involved are avai lable   in   reference 
23, and a number of theoret ical   solut ions are obtained  for a cascade  with 
a so l id i ty   s l igh t ly   g rea te r   than  1.0. In  reference 22 theore t ica l   re -  

. su l t s   a r e  compared with  experimental data f o r  a cascade  with a s o l i d i t y  
of 0.85. 

Howell's method appears to  give  reasonable and consis tent   resul ts  
f o r   s o l i d i t i e s  as high  as 1.0. Higher s o l i d i t i e s  could  be  used, but   the  
shape obtained in the  first transformation would be  distorted and the  
amount of labor would be  increased. It is estimated in   reference 23  
tha t  a complete solution  for  several   angles of a t tack can  be made i n  3 
weeks. If only  the  deviation  angle i s  required,  the  time is  reduced. 
Some further  simplifications of the method are  given i n  reference 24. 
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In  1944, Garrick ( r e f .  25)  presented a solution  using  the  well- 
known mapping (refs .  26 and 27)  of a s t ra ight- l ine cascade in to  a c i rc le .  
By means of this  transformation, a cascade i s  mapped in to  a near-circle, 
and f inal ly   the  near-circle  i s  mapped in to  an exact  circle. A computa- 
t i ona l  procedure is  given, and an example i s  worked out. A s  in   the  case 
of Howell's  solution,  the computations are  lengthy. 

A different  approach w a s  presented by Traupel  (ref.  28), who  mapped 
the  f low  f ie ld  of the cascade  onto the  inter ior  of an internal ly  concave 
closed  curve. A minimum of four  transformations is generally  required, 
and the  computer must exercise a cer ta in  amount of s k i l l  and judgment 
in   the  select ion of some of the  transformations. Using Green's  second 
formula, the  author  arrived at an integral  equation which he solved by 
an i t e r a t ive  procedure. No comparison with  other  results i s  made i n  
the  report,  although an example is  computed. The method i s  mentioned 
a l s o   i n  connection  with an experimental  investigation on internal-  
combustion  prime movers in  reference 29. 

Mutterperl  (refs. 30 and  31) mapped the   a rb i t ra ry  cascade d i rec t ly  
onto a s t ra ight- l ine cascade. Although the  method does reduce computa- 
t i ona l  time, some d i f f i cu l ty  has  been  encountered a t   t h e  Lewis labora- 
tory  in  obtaining  accurate  numerical  results. It is  d i f f i c u l t   t o   d e t e r -  
mine when the  resul ts  have converged t o  a valid  solution.  This method 
w a s  used i n  an investigation by  Resnick and Green (ref .  32), but  the 
val idi ty  of the  pressure  distributions  obtained cannot  be  determined. 

An exact  solution,  using a continuous dis t r ibut ion of vortices on 
the  perimeter of a cascade of blades, was developed  by  Katzoff,  Finn, 
and  Laurence (ref.  21).  With the  velocity  distribution of an a rb i t ra ry  
isolated  blade known, the  velocity  distribution about the  blade  in  cas- 
cade  can  be accurately  determined  with  reasonably l i t t l e  computation, 
and can be  approximated i n  even less time.  Experience  enables the  user  
t o  compare the  greater  accuracy  obtainable at any s tep of the  solution 
with  the  attendant  cost  in  computational time. Comparison of a solution 
by t h i s  method with one f o r  a cascade  about which the  ideal  f low is 
known exactly shows  good agreement (fig.  2) .  

In  reference 33 a comparison is  made of experimental r e su l t s  and 
theoretical  results  obtained  by  the  Katzoff, Finn,  and  Laurence method. 
A s  an example of the magnitude of agreement  between  experiment and  theory 
when good two-dimensional-cascade data are available, a typical  figure 
from reference 33 is  presented (see f ig .  3).  The disagreement i s  due 
la rge ly   to   the   use  of the  Kutta  condition  for  establishing  the  branch 
point of the  flow, as indica ted   in   the  figure by  the  results  obtained 
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when the  experimental  l i f t  coef f ic ien t  i s  used ins tead   to   de te rmine   c i r -  
culation.  Finally,   very good agreement i s  obtained  by  reducing  the  angle 
of a t tack   s l igh t ly .  Although th i s   r educ t ion   i n   ang le  was made a r b i t r a r i -  
l y   t o   o b t a i n  good agreement, it can b e   j u s t i f i e d   q u a l i t a t i v e l y  on t h e  
bas i s  of boundary-layer  formation  on  the  blade  surface. 

The method  of Katzoff,  Finn,  and  Laurence (ref. 21 )  i s  developed i n  
the   fo l lowing   sec t ion   in   g rea te r  detai l  as a n   i l l u s t r a t i o n  of an  adequate 
method for   so lv ing   the   d i rec t  problem f o r  a low- or medium-solidity  cas- 
cade. (Solutions are presented   in   the  l i terature f o r   s o l i d i t i e s  up t o  
1.5.) The mathematics  involved is  not  complicated.  This method is  ad- 
vantageous i n   t h a t  it can,be  used as an  approximate method with  any  de- 
sired  degree  of  accuracy. 

Solution of low-sol id i ty   d i rec t  problem. - I n   t h e   d i r e c t  problem, 
the  geometry of the  cascade  (blade  shape,  cascade  chord  angle yo, and 
s o l i d i t y  13 = c/s) and the  mean free-stream  velocity vm (i. e. , vector 
average  of  the  velocit ies far upstream  and fa r  downstream of the  cascade) 
are given (see f i g .  1). The problem i s  t o   f i n d  a flow  with mean free- 
stream veloci ty  vm, having  the  blade  prof i les  as par t ia l   s t reaml ines ,  
and leaving  the  blades at a f ixed   po in t .   In   the   case  of a sha rp   t r a i l i ng  
edge, the  Kutta   condi t ion  places   this   point  a t  t h e   t r a i l i n g  edge. If t h e  
t r a i l i n g  edge i s  rounded, t he   pos i t i on  of the  t ra i l ing-edge  s tagnat ion 
point must be  prescribed from  an  empirical knowledge of  t h i s   t y p e  of flow. 

- 

- 

The cascade w i l l  be  considered  to  consist   of a central   b lade  ( the 
one containing  the  origin) and a l a t t i c e  of external,  o r  interference,  
blades. The solution  obtained w i l l  be a superposition of flows,  derived 
by f i r s t  t rea t ing   the   cen t ra l   b lade  as an  isolated body i n   t h e  mean f r e e  
stream of the  cascade and then  f inding  the  interference  f low due t o   t h e  
presence of the   ex te rna l   b lades .  Such a superposition of solut ions i s  
possible  because of t he   l i nea r  and homogeneous character O f  the  equations 
governing a two-dimensional, i r ro t a t iona l ,  and incompressible f low.  

The t o t a l  complex poten t ia l   func t ion  W2 = ipc + i Y E  w i l l  be composed 
of the  following  parts:  

(1) The function Wo = 4~~ + i Y o  of the  f low  about   the  isolated 

central   b lade  or iented as i n   t h e  cascade  with  respect  to  the mean f r ee -  
stream velocity.   Since  the  blade  profile  forms  part  of a streamline, Yo 
w i l l  be  zero  on  the  blade. 

( 2 )  The interference  f low  function wd = +d + i Y d  representing a 
d i s t r ibu t ion  of i so la ted   s ingular i t ies   a long   the  mean camber l i n e s  (or a 
continuous  distribution of vort ices   a long  the  prof i les)  of t h e   i n f i n i t e l y  
many external  blades.  The central-blade  prof i le  w i l l  not be a streamline 
i n   t h i s  flow. 

.I. II 
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(3) The function W, = +c + i Y c  of the compensating flow  necessary 
t o  make the  central-blade  profile a streamline  in  the  disturbance flow; 

= -yd on the  blade.  This  flow  function i s  analyt ic   exter ior   to   the 
central  blade. 

(4 )  The function Wr = +r + i Y r  of the  circulatory flow, which 
causes  the compensating flow to  leave  the  blade  a t   the   t ra i l ing edge. 
Since  the  blade  profile forms par t  of a streamline, Yy = 0 on the  blade 
i n   t h i s  flow. 

The problem of finding  the  flow  about an i so la ted   p rof i le   in  a f r e e  
stream is  well-known and will be  considered as already  having  been  solved 
for   this   appl icat ion.  An extensive  treatment can be found in  references 
8 and 9.  The potential   distribution,  as  well   as  the mapping function of 
the  central  blade  onto a circle  (derived from the  isolated-profile com- 
putation), i s  assumed i n  what follows. The presentation  given  herein of 
the  cascade  solution is  concerned  only  with  finding  the  disturbance  ef- 
f ec t s  of the  external  blades on the  central   blade.  

For purposes of demonstrating  the  technique,  the  assumption i s  made 
tha t   the   f ina l   ve loc i ty   d i s t r ibu t ion  about the cascade is  already known. 
The appl icabi l i ty  of an i teration  process w i l l  be  indicated  later.  Using 
the known veloci ty   dis t r ibut ion and blade shape, the f i rs t  step i s  t o  
represent  the  external  blades by singularities  arranged on the mean  cam- 
ber   l ines  at intervals  measured along the chords. A good approximation 
can usually be  obtained  with two sources,  three  sinks, and five  vortices.  
A guide to   the   loca t ion  of these  singularit ies i s  given  later. To eval- 
uate   the  effect  on the  central   blade of these  inf ini te  rows  of singulari-  
t i e s ,   t he   cha r t   ( f i r s t  appearing i n   r e f .  3 4 )  shown in   f igure  4 i s  used. 
This  chart  represents  an  infinite row of vortices (or sources) of unit  
strength  placed a unit  distance  apart  with  the  central  vortex  omitted. 
A drawing of the cascade  blade i s  now prepared,  with chord length chosen 
t o  give  the  proper  solidity when used with  the graph. To f i M  the  effect  
on the  central  blade of an i n f i n i t e  row of vortices,  located at a point 
X on each exterior  blade,  the drawing of the  central   blade is placed 
with  the  point x on the  or igin of the graph  and  with  the  blade  properly 
oriented  with  respect  to  the  y-axis. The values  of  the stream function 
and potential   function can  be  read from the  graph at selected  points on 
the  central-blade  profile.  The values  indicated on the  graph must be 
multiplied  by  the  vortex  strength at the  position  being  considered. If 
the  singularity  involved is a source,  the lines marked ? become -+ 
and those marked 9 become Y.. A sink is  regarded as a negative  source. 
In   t h i s  manner, t he   e f f ec t   o f . each   i n f in i t e  row of s ingular i t ies  i s  found 
at certain  prescribed  points on the  central   blade.  Adding a11 these con- 
tr ibutions  gives and Ya. I 

Although the  use of isolated  s ingular i t ies   dis t r ibuted  a long  the 
mean  camber l i n e  i s  clear ly  an  approximation, the  resul ts   obtained  in  
%his manner are usually so accurate  that  no other  technique i s  required- 

4 In  instances where some doubt may ex is t  concerning the  accuracy Of 

\ 
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resu l t s   thus   ob ta ined ,  a somewhat different  approach i s  a v a i l a b l e   f o r  
f inding  the  dis turbance  f low.  It has  been shown (ref. 35) t h a t  a 
cascade of b l a d e s   i n  a uniform stream can  be  represented  exactly  by a 
continuous  distribution  of  vortices  on  the  perimeter of each  blade, where 
the  vortex  s t rength  per  unit length at each  point i s  equal   to   the  veloc-  
i t y  of the  f low  about   the  blade at tha t   po in t .  With t h i s  resu l t  i n  view, 
the   b lade  model i s  placed  with a point  of i t s  contour on the   o r ig in ,  and 
t h e   e f f e c t s  are computed as in   the  preceding  discussion.  A t  each  point 
the   vor tex   s t rength  i s  v dZ, where dZ i s  an  increment  of t h e   a i r f o i l  
a rc   l ength .  The veloci ty  i s  taken as pos i t ive  on the   suc t ion   sur face  
and  negative on the   p ressure   sur face ;   tha t  is, the   ve loc i ty  is taken as 
pos i t i ve   i n   t he   pos i t i ve ly   o r i en ted   a r c - l eng th   d i r ec t ion  (see f i g .  5) .  

The disturbance  flow  function i s  then  given at a point  zo = x. + iyo 
on the   cen t ra l   b lade   by  

r\ 

zo) = 9 + * v ( z )  d2 

where (p and Y are the  values  read at zo from the   cha r t   (no te   t ha t  
these  values are f o r   v o r t i c e s  of un i t   s t rength  and unit  spacing) when 
the   o r ig in  i s  a t  z on the   cen t ra l   b lade .  The in tegra t ion  i s  performed 
over   the   b lade   p rof i le .  It i s  convenient to   rewr i te   equa t ions  (1) as 

From equations ( 2 ) ,  @d and Yd are readi ly   evaluated  by  plot t ing + 
and Y against  +z and integrating  numerically  or  with a planimeter. 

A disturbance  f low  has now been  calculated  yielding a Y(d and + d  
d is t r ibu t ion   on   the   cen t ra l -b lade   p rof i le .  To make t h i s   p r o f i l e  a 
s t reamline  in   the  dis turbance  f low,  a compensating  flow Wc i s  now added 
such t h a t  Yc = -Yd on the   b lade   p rof i le .  It i s  necessary   to  compute 
t h e   p o t e n t i a l   d i s t r i b u t i o n  cBC of which Yc i s  t h e  harmonic  conjugate. 
This  problem i s  grea t ly   s impl i f ied ,   s ince   the  mapping of t h e   c e n t r a l   b l a d e  
onto a c i r c l e  i s  known from t h e   i n i t i a l  computation of the  f low  about  the 
i s o l a t e d   p r o f i l e .  The actual  procedure i s  given i n   d e t a i l   i n   r e f e r e n c e  
11 and will not  be  considered  herein. 

The flow Wc = +c + i Y c  thus  generated w i l l  have, in   genera l ,  a 
v a l u e  of  d+c/dq  unequal t o  zero at t h e   t r a i l i n g  edge (cp i s  t h e   c e n t r a l  
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ang le   i n   t he   c i r c l e   p l ane ) .   In   o rde r   t o   s a t i s fy   t he  K u t t a  condition, a 
vortex i s  added a t  the  center  of t he   c i r c l e   w i th  a s t rength 

The corresponding  contribution t o   t h e   p o t e n t i a l   f u n c t i o n  i s  
*y = (radd/2flc)(P. 

The complete po ten t i a l   func t ion  92 i s  now obtained  by summing t h e  
contributions @o, ad, and @r obtained  in   the  var ious  s tages  of t h e  
solut ion.  The f i n a l   v e l o c i t y   d i s t r i b u t i o n  i s  obtained by d i f f e r e n t i a t i n g  
Gz with   respec t   to   a rc   l ength  on the   b lade   p rof i le .  

The foregoing  discussion was advanced on the  assumption  that   the  
f i n a l   v e l o c i t y   d i s t r i b u t i o n  w a s  known i n i t i a l l y .   I n   t h e   a c t u a l   c a s e ,   t h e  
ve loc i ty   d i s t r ibu t ion   about   the   i so la ted   cen t ra l   b lade  may be  taken as a 
convenient  starting  value. Adding the   d i s turbance   ve loc i t ies   ca lcu la ted  
from t h i s   i n i t i a l   v e l o c i t y   d i s t r i b u t i o n   y i e l d s  a d is t r ibu t ion   nearer   the  
correct  one. The dis turbance  effects  are then  recalculated on t h e   b a s i s  
of the  corrected  velocity,  and so on. The r a p i d i t y  of convergence w i l l  
depend  on the  accuracy of t h e   i n i t i a l  approximation. It i s  c l e a r   t h a t  
for   high-sol idi ty   cascades  the  ini t ia l   approximation w i l l  be  poor  and 
slower  convergence  can  be  expected. 

In   the  course of actual   appl icat ion,   the   authors  of t h e  method de- 
veloped a t echn ique   fo r   t he   i t e r a t ion   p rocess   t ha t   r e su l t s   i n  much f a s t e r  
convergence. A s  t he   i t e r a t ion   p rocess  i s  carried  out,  each  change i n   t h e  
ex te r io r   s ingu la r i t i e s   necess i t a t e s  a change i n   t h e   s i n g u l a r i t i e s   w i t h i n  
t h e   c e n t r a l   a i r f o i l ,   t h a t  i s ,  a change i n  We. I n   t u r n ,   t h i s   r e s u l t s   i n  
a change i n  Wr and a change i n   t o t a l   c i r c u l a t i o n .   I n   t h i s   s e n s e ,   t h e  
change in   c i rculat ion  about   the  central   b lade  can  be  a t t r ibuted  to   changes 
made i n   t h e   l o c a t i o n  and s t rength of the   ex te r ior   sources  and vort ices .  
Then, i f  rz i s  t h e   t o t a l   c i r c u l a t i o n  and ro the   c i rcu la t ion   about   the  
isolated  blade,   the   fol lowing  equat ion i s  obtained: 

where  rad&  and radav are the   addi t iona l   c i rcu la t ions   about   the   cen t ra l  
b l ade   a t t r i bu tab le   t o   t he   p re sence  of t h e   e x t e r i o r  sources and vort ices ,  
re'spectively. In ac tua l   p rac t ice ,   the   va lue  of rad&  changes  very l i t t l e  
from one i t e r a t i o n  t o  t h e  next, and  radd, is nea r ly   p ropor t iona l   t o   t he  
total   c i rculat ion.   Therefore ,   the   fol lowing  equat ion may be   wr i t t en  in-  
s tead  of equation (3) : 
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Values of rc calculated from equation (4a) have proven t o  be consider- 
ably  closer  to  the  f inal   correct  value  than  those  calculated from  equa- 
t i o n  (3) .  Correspondingly, the  potential   function can be  written 

1, 

'2 ' 0  " *adds + *addv 
L; 

0 

where +2 i s  now considered as the sum of @o and *add,  where 

The second i t e r a t ion  can be s imi la r ly   d jus ted :  

where the  subscripts 1 and 2 r e f e r   t o   t h e   f i r s t  and second approxi- 
mations,  respectively.  This  modification i s  highly  effective  in  obtain- 
ing  rapid convergence. The additional  complication of separating  the 
e f f ec t s  of the  vort ices  and sources i s  not  great. 

When an arrangement of isolated  s ingular i t ies  i s  used ( t h i s  i s  rec- 
ommended by the  author of the  method almost  without  reservation),  the 
proper number  and locat ion  are   largely a matter of experience. For so-  
l i d i t i e s  near 1.0, f ive  vort ices  spaced a t  0.1, 0.3, 0.5, 0.7, and 0.9 
of chord  length w i l l  probably  give  an  adequate  representation of the ve- 
loc i ty   d i s t r ibu t ion   e f fec ts .  The vortex  strength  at  a given  chord  posi- 
t i o n  i s  determined from the  difference  in   potent ia l  on the upper and 
lower surfaces. For example, the  difference  in  these  potentials at 0.2 
chord i s  approximately  the  vortex  strength from the  leading edge to   t he  
0.2-chord  position.  This  vorticity i s  assumed t o  be  concentrated at the 
0.1-chord  position. ' The  sum of the  isolated  vortex  strengths must equal 
t he   t o t a l   c i r cu la t ion  about the  blade. 

In   the  example of reference 21, a source was placed at 0.025  chord 
and another midway between the  leading edge and the  posit ion of maximum 
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thickness.  Sinks were placed at 0.5, 0.7, and 0.9 of 'the  chord  length. 
To determine  the  source  strength,  the  average  velocity vav i s  defined 
as (vs + vp)/2, where vs and vp are the   loca l   ve loc i t ies  on the  suc-  
t i o n  and pressure  surfaces,  respectively. The internal   f low a t  each 
ax ia l   pos i t ion  i s  defined t o  be  the  product of the  blade  thickness  a t  
tha t   pos i t i on  and the  corresponding  average  velocity. The s t rength of a 
source or sink i s  then  taken as the  difference between the   in te rna l   f low 
at  a s t a t ion  midway between the   loca t ion  of the  source  in  question  and 
the  preceding  source and a t  a s t a t ion  midway between the   l oca t ion  of t he  
source i n  question and the  following  source. The t o t a l  source  strength 
must equal   the  total   s ink  s t rength.  The  optimum arrangement of these 
s ingu la r i t i e s  w i l l  differ  with  blade  shapes,  but a suitable  arrangement 
should  be  evident. 

The ve loc i ty   d i s t r ibu t ions  at other  angles of incidence  can  be 
easily  obtained by the  method of conformal mapping. No knowledge of t h e  
ac tua l  mapping function i s  required;  therefore,   the  off-design  condi- 
t ions  can  be  readily  obtained from the  exact  solution. The procedure  for 
t h i s  computation i s  given  in  appendix A and i s  app l i cab le   i n  any  case of 
plane  incompressible  irrotational  f low where a solut ion a t  one angle of 
a t tack  i s  available.   This  chasacterist ic of the  incompressible-flow 
solution  offers  an  advantage  over  the  compressible-flow  solutions  for 
t h e  same problem. 

An out l ine  of the  general  procedure t o  be  used i n  applying  the 
Katzoff,  Finn, and Laurence method follows: 

(1) Solve  the  problem of the  isolated  geometrically similar blade 
prof i le ,   or iented  properly  with  respect   to   the mean free-stream velocity.  
The method of reference 9 or  some re l a t ed  method yielding  the  blade map- 
ping on a c i r c l e  i s  used. 

( 2 )  Determine the   loca t ion  and strength of t he   s ingu la r i t i e s  from 
considerations of cascade  geometry  and the  isolated-blade  solut ion,  
respectively.  

(3) Determine 'dsj 'dS,  *dv, and Ydv from t he   cha r t   i n   f i gu re  4. 

(4 )  Let yCs = - yds  and ycv = - ydv on the  blade  surf  ace. Then 
determine *cs and *cv by  the method of  reference 11. 

( 5 )  Find  rad& and  raddv  from the  t ra i l ing-edge  cr i ter ion.   Find 

rx from equation  (4a)  and @z from equation (43). 

(6)  Compute t h e   f i n a l   v e l o c i t y   d i s t r i b u t i o n  as the   der iva t ive  of 02 
with  respect   to   arc   length.  

A 
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(7)  Reevaluate  the  strength of t he   s ingu la r i t i e s   i n   s t ep  -(2) on the  
bas i s  of the  new velocity and potent ia l   d is t r ibut ion.  

(8) Carry  through a l l  steps of the  process  again. If there   exis ts  
a doubt  concerning the  accuracy of results  obtained by using  isolated 
s ingular i t ies ,   replace  these  s ingular i t ies  by a continuous  distribution 
i n   s t e p  (2)  and carry  out  the  remainder of the  procedure. 

(9) Continue t h e   i t e r a t i o n   u n t i l  convergence i s  obtained. A second 
or t h i r d  trial should  be  sufficient. 

The Inverse Problem 

In  the  . inverse problem f o r  low so l id i t i e s ,  as i n ' t h e   d i r e c t  problem, 
the methods of coeormal mapping and representation  by  singularit ies  are 
used.  Contrary t o   t h e   d i r e c t  problem, however, the   so l id i ty   o f ten  is  not 
s ign i f i can t   i n   t he  methods for  solving  the  inverse problem. In  par t icu-  
lar, the  method p resen ted   i n   de t a i l   i n   t h i s   s ec t ion  can be  used f o r  any 
solidity.   This  generali ty,  where it exis ts ,  i s  indicated  in  the  table 
contained  in  the SUMMARY. 

Either   the  direct  or inverse problem  can generally  be  solved  by  the 
method of s ingular i t ies   appl ied  to   thin  blades,   e i ther   isolated or i n  
cascade.  Therefore,  the  techniques  developed  by Birnbaum, Glauert, and 
Allen,  mentioned  previously  in  connection  with  the  direct problem for 
i so l a t ed   a i r fo i l s ,  and the  solutions of the cascade problem by Pis tolesi ,  
Lieblein, and Woolard are  applicable  to  the  inverse problem as  well. 

The current  use of higher cambered blades  in compressors somewhat 
res t r ic t s   the   va lue  of the approximate methods. Hence, th i s   sec t ion  i s  
concerned chiefly  with  the more exact  solutions, which have achi'eved a 
complete  and  convenient form in  recent  years. 

I so l a t ed   a i r fo i l s .  - In  1935, Betz [ref.  36) presented an approxi- 
mate method for modifying the shape of an e x i s t i n g   i s o l a t e d   a i r f o i l   t o  
assure a predetermined change in   the  veloci ty   dis t r ibut ion.  Theodorsen 
also  presented a method of modification  based on his  exact  solution of 
the   d i rec t  problem ( re f .  37).  More general methods have been  given by 
Gebelein (ref. 38) and Peebles  (ref. 39) using conformal mapping and by 
Goldstein and Jerison  (ref.  35) using  singularit ies.  Other solutions of 
the  isolated-airfoi l   design problem exis t ,   but   the   foregoing  i l lustrate  
the   essent ia l   charac te r i s t ics  of a so lu t ion   to   the  problem. 

Cascades. - An approach t o  an exact  solution of the cascade problem 
w a s  given  by Weinig (ref.   15).  A complete solution by  conformal mapping 
w a s  developed and presented  in a se r ies  of unpublished  lectures  by  Arthur 
Goldstein. The computational  procedure was given in  considerable  detail  
by Hansen and Yohner (ref.  40), and a theoretical   solution w a s  obtained. 
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This method, considered  to  represent an  accurate and reasonably fast  
s o l u t i o n   t o   t h e  problem, w i l l  be  outlined later i n  some de ta i l .  There 
i s  no r e s t r i c t i o n  on so l id i ty .  

A s i m i l a r  approach was given i n  1945 by L igh th i l l  (ref. 41) ,   in  
which the  veloci t ies   are   not   prescr ibed  direct ly  as a function of a i r f o i l  
arc   length  but   ra ther  as a function of the  central   angle  of  the mapping 
c i r c l e .  Hence, a ce r t a in  amount of experience i s  requi red   to   ob ta in  a 
des i red   ve loc i ty   d i s t r ibu t ion  on the  cascade i tself .  

The method of  Mutterperl  (ref. 31), mentioned i n  connection  with  the 
d i r ec t  problem, is  applicable also t o  the  inverse problem. As mentioned 
before, some r e s u l t s  have indicated  that  the  numerical  answers  might  not 
always  be r e l i ab le .  If the  accuracy  can  be improved, t h e  method may 
f ind   prac t ica l   appl ica t ion .  

All the  inverse  cascade methods considered so far have made use  of 
conformal-mapping theory. A method of s ingu la r i t i e s  w a s  developed  by 
Goldstein and Jer ison  ( ref .  35) ,  but  they  encountered some p r a c t i c a l  
d i f f i c u l t y   i n   t h e   a p p l i c a t i o n  of their   technique  in  regions where the  
curvature  of  the  blade  surface is  large,   par t icular ly   in   the  leading-edge 
region  of a thick  blade.  However, t he   so l id i ty  is  not  an  important  fac- 
t o r ,  and the  method is considered  to   be  qui te   useful   for   the  design of 
th in   b lades .  

O f  t h e  methods discussed above, t he  conformal-mapping method of 
Goldstein  has  been  selected  for a detai led  presentat ion.  A report  (ref. 
40) i s  avai lable  on the  computational  procedure. 

Solution of low-solidity  inverse problem. - The low-solidity  inverse 
problem i s  twofold: (1) t o  determine  the  flow  about a u n i t   c i r c l e   t h a t  
w i l l  have the   des i red   charac te r i s t ics  when mapped-into  the  cascade  plane, 
and (2)  t o  determine  the mapping function and hence the  blade  coordinates.  
The problem i s  simpler  than  the  corresponding  direct  problem i n   t h a t  no 
i t e r a t i o n  i s  required.  Furthermore,  the  solution i s  known to   be   exac t ,  
s ince no convergence is  involved. A d i f f i cu l ty  i s  introduced, however, 
b y   t h e   f a c t   t h a t  an a rb i t ra r i ly   se lec ted   ve loc i ty   d i s t r ibu t ion  may f a i l  
t o   r e s u l t   i n  a c losed   prof i le .   In   th i s   event ,   the  method to   be   descr ibed  
indicates  the  necessary change in   the   p rescr ibed   ve loc i ty   d i s t r ibu t ion  
t h a t  w i l l  y i e ld  a closed  prof i le .  The suction-surface  velocity  distribu- 
t ion ,   usua l ly   the  most cri t ical ,   can  be  maintained as or iginal ly   specif ied.  

The following  information must be given t o   o b t a i n  a solution: (1) 
the   vec tor   ve loc i t ies   in f in i te ly  far upstream  and downstream of  the  cas- 
cade,  and (2) the   ve loc i ty   d i s t r ibu t ion  as a function  of arc  length on 
the  contour of a blade.   Velocit ies are considered  posi t ive  in   the  posi-  
t ively  or iented  arc- length  direct ion  ( f ig .  5). Note tha t   t he   a r c   l eng th  
i s  increasirig (d2 > 0) as the   b lade  is  t r ave r sed   i n  a counterclockwise 
direct ion.  
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The following  information i s  obtained i n   t h e   s o l u t i o n :  (1) t h e  
blade  prof i le ,  and (2)  the  blade-chord  angle ro and s o l i d i t y  CJ. 

The most convenient mapping fo r   t h i , s  problem i s  one  which takes t h e  
cascade  into a uni t   c i rc le   wi th   cen ter  a t  the   o r ig in .  The poin ts  a t  f -  
on a l i n e  normal t o   t h e   y - a x i s  are transformed  into  points f e K ,  
symmetrically  located  about  the  origin on t h e  real axis ( f i g .   6 ) .  Such 
a mapping i s  d iscussed   in   cons iderable   de ta i l   in   re fe rences  15 and 26. 
Under a mapping of t h i s  kind,  the complex p o t e n t i a l   f u n c t i o n   i n   t h e  
c i r c l e   p l ane  can be wr i t ten   ( see  ref. 15) 

This  equation i s  qui te   general  and holds for an a rb i t r a ry   ca scade   i n   t he  
z-plane. The q u a n t i t i e s  vm, Pm, s ,  r, and K are funct ions of t he   pa r -  
t i cu l a r   ca scade   t o   be  mapped i n t o   t h e   c i r c l e .  When these   quan t i t i e s  have 
been  chosen  properly  for a given  cascade,  the  f low  about  the  circle will 
map back into  the  desired  f low  about  the  cascade. The symbols vm, pm, 
s, and r a r e   t h e  mean free-stream velocity,  mean free-stream veloc i ty  
angle,  spacing, and c i r c u l a t i o n  of the  cascade,  respectively; K i s  a 
measure of t he   l oca t ion  +& of t h e   s i n g u l a r i t i e s   i n   t h e   f l o w   a b o u t   t h e  
c i r c l e .  All f i v e  of these  quantit ies  can  be  determined  from  the  pre- 
scribed  conditions i n   t h e   i n v e r s e  problem. 

From the  velocity  diagram  (fig.  1) it can  be  seen  that 

and 

The c i r c u l a t i o n  i s  given  by 
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where v(Z) i s  the  signed  velocity on the  cascade  blade  prescribed as a 
function of arc   length  ( f ig .  5 ) .  The blade  spacing i s  given  by 

r s =  
v1 s i n  P1 - v2 s i n  p2 

Determination of the  constant K i s  somewhat  more d i f f i c u l t  and  de- 
pends upon certain  considerations of the   po ten t ia l   func t ions .  The range 
of the  veloci ty   potent ia l   ( the  difference between maximum and minimum 
values  of  the  potential)  on a cascade  blade must equal  the  corresponding 
potential   range on the   c i r c l e .  On the  blade  this   range i s  computed as 

where Z t e , s  and Z Z e  a r e   i d e n t i f i e d   i n   f i g u r e  5. From the  simple 
r e l a t ion   connec t ing   t he   po ten t i a l   d i s t r ibu t ion   t o   t he   ve loc i ty   d i s t r ibu -  
t ion,  @z can  be  calculated as 

2 
q z )  = lt e, s 

v ( 2 )  d l  

The ve loc i ty   po ten t ia l  on the   c i r c l e  i s  given  by 

where Real designates  the 
the   c i r c l e .  Then, 

9 = Real [ Ws( cis)] 5 

where Ote, and Ole are 

real par t ,  and (p i s  the  central   angle  of 

the  values of CP (as ye t  unknown) correspond- 
ing   to   the   t ra i l ing-edge  and leading-edge  stagnation  points on t h e   c i r c l e  
( s e e   f i g .  6 ) .  By the  process  of trial and error   out l ined  in   appendix A 
( d e s c r i b e d   i n   d e t a i l   i n  ref. 40), 0te, s, 'Pze, and K can  be  determined 
such t h a t  A*( = A*,. 

I n   t h i s  m a n n e r ,  t he   f l ow  in   t he   c i r c l e   p l ane  i s  determined  uniquely 
f o r  a prescribed set of conditions i n  the  plane of the  cascade  (step (1) 
i n  the  solution  of  the  inverse  problem). The function  that  conformally 
maps the   cascade   in to   the   c i rc le  must yet  be  determined  from  the knowledge 
of ve loc i t ies   about   the   c i rc le  and  about the  cascade. 
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I n  appendix B the  following  form  of a general  mapping function i s  
developed : 

where 

and 

The functJon  h(f)  i s  regular   ou ts ide   the   un i t   c i rc le ,  and 

The funct ion z = Z(  0 ,  defined  by  equations ( 13) t o  (16), w i l l  map 
an  arbi t rary  cascade  into  the  uni t   c i rc le   such  that   the   points  far up- 
stream and far  downstream of the  cascade  are  transformed  into  the  points 
t e K   i n   t h e   c i r c l e   p l a n e .  The function  h( 5 )  w i l l  determine  the  shape 
of the  cascade. The problem i s  t o  determine  h({), and hence the   b lade  
shape,  from the  avai lable   information.  

Let Wc and W, represent   the complex po ten t i a l   func t ions   i n   t he  
c i r c l e   p l ane  and cascade  plane,  respectively. Then, i f  z = z (  f )  i s  t h e  
desired mapping between t h e  two planes, 

Different ia t ing  equat ion ( 1 7 )  gives a r e l a t i o n  between t h e  complex 
velocity  conjugates wz and WI; as follows: 

dz 

If o n l y   t h e   u n i t   c i r c l e  i s  considered,  then 5 = eiq, and it can 
be  determined from equation (14) that   F(eiq)  is real. A s  a matter of 
convenience, a l l  functions  of eicp are written  simply as funct ions of 
cp in   the  fol lowing  expressions.  Combining equations (13) and (18) gives 
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where w z ( t )  ind ica tes   kha t  wz has now been  expressed as a function  of 
distance  along  the  blade  perimeter.  

The value of t h e   p o t e n t i a l  a t  any  point on the  blade i s  given  by 

2 
(20) 

The values of + c ( ' p )  are known t o  an  addi t ive  constant   f rom  the  real  
p a r t  of equation (5 ) .  The additive  constant  should now be  chosen so t h a t  
9,(2te,p) = +c(qte ,p) .  Then, equating  the  values of p o t e n t i a l   i n   t h e  two 
planes  gives a func t iona l   r e l a t ion  of 2 with (P, say 2 = 2 (0). 

Now, by means of the  funct ion 2 = Z ( ( P ) ,  w z ( 2 )  can  be  written as a 
funct ion of t he   cen t r a l   c i r c l e   ang le  (P as follows: 

w&) = w , ( l ( ~ ) )  = G,(q) ( 2 1 )  

where .d; denotes  the  velocity  in  the  cascade  plane  expressed as a func- 
t i o n  of the  c i rc le   plane  coordinates .  Then t h e   r a t i o  of t h e   v e l o c i t i e s  
i n   t h e  two planes  can  be  written 

i ( (~+n/2 ) 

where vc and vz are signed  velocit ies,  and p is  the  angle  made by 
a t a n g e n t   t o   t h e   b l a d e   p r o f i l e  and the  x-axis.   Substi tuting  equation 
( 2 2 )  into  equat ion (19) and taking  the  logarithms of both  s ides   yield:  

Since F(V) i s  real, equating real  and imaginary p a r t s  of equation 
(23)  gives 
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Equations  (24) and (25)  a re   the   essent ia l   re la t ions  of the  inverse 
solution. If hl  and hz are  determined,  then h i s  known and the 
complete mapping  of the cascade prof i le   in to   the   c i rc le  i s  known. Equa- 
t i o n  (24)  g ives   h l  as a function of the  circle  central   angle cp. Since 
h = h l  + ih2, it follows  that hz i s  the harmonic conjugate of hl .  
Therefore, hz can  be  found  by one of the methods of harmonic synthesis, 
such as the  one given in   reference 11. When  hz has  been  found as a 
function  of cp, then p i s  known as a function of 9 from equation ( 2 5 ) ,  
and hence as a function of 2 .  

Since dx/d2 = cos p and  dy/d2 = s in  p on the  perimeter of the 

J;e,P 

blade , 

x - Xte,P = cos p d2 I 
Y - Yte,P = s i n  p dZ 1 

or , more conveniently, 

Equation (26a) or  (26b)  gives  the  coordinates of the cascade  blade and 
completes the  solution,  except  for  the  case  in which the cascade  blades 
f a i l  to   c lose.  

Equation (16) leads  to  the  following  conditions,  necessary and suf- 
f ic ient   for   c losure of the  blades: re' Shl('P)dP = 1 hl('P) s in  cp dcp = 

'te, s 
hl('P) COS cp d' = 0 

'te , P %e, P 'te ,P 
(27)  

For a,n arbi t rary  veloci ty   dis t r ibut ion  this   condi t ion w i l l  not, i n  gen- 
e r a l ,  be  satisfied.  Suppose 
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Form a funct ion f(9) such t h a t  

From equations ( 2 8 )  and (29) , it i s  seen  that  hf('P) = hl('P) + f ( 0 )  

w i l l  sa t isfy  the  c losure  condi t ions.  It should  be  noted  that   the  condi- 
t i o n s  on f ( q )  are  not  severe and that   the   designer   has   considerable  
freedom in   t he   s e l ec t ion .   In   pas t i cu la r ,   t he   ve loc i ty   d i s t r ibu t ion   on  
the  suction  surface  can  generally  be  maintained  by a proper  choice of 
f ('P) - 

The changes  caused  by a change i n   h l ( 9 )   r e q u i r e  some consideration. 
From equation  (24) it i s  seen   tha t  a change i n  hl(cp) causes a change i n  
v,(cp). That i s ,  when considered as a func t ion -o f   t he   cen t r a l   c i r c l e  
angle,  the  cascade  velocity  has  changed from v,(cp) t o  some function 
v̂,*('P). The funct ion czu('P) i s  given by equation (24) as follows: 

A 

Subtracting  equation ( 3 0 )  from equation  (24) and so lv ing   for  $,*(cp) 
gives 

P 
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*(q) = S,('P) e -f((P)/F((P) 
Z (31) 

I n  the   ca se  of t h e   b l a d e s   t h a t   f a i l e d   t o  close, Z ( 0 )  was a funct ion 
of cp such   tha t  

v&) = vz ( Z ( 8 ) )  = ^vz(cp) (32) 

vz*( z*) = vz* ( 2*(') ) = Gz*(cp) (33) 

Similarly,  a new r e l a t i o n  t*((p) must be  found  such  that 

Combining equations  (32) and (33) and substi tuting  from  equation (31) 
y i e l d  

(35) 

i f  t h e   f l o w   i n   t h e   c i r c l e   p l a n e  i s  t o  remain  unaltered. Combining equa- 
t i o n s  (35) and ( 3 6 )  and substi tuting  from  equation  (34)  give 

or 

m 
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These equations show the changes ar is ing  in   the cascade  velocity distri-  
bution  as a r e su l t  of changing hl( 'P) to   sa t i s fy   c losure .  

An outline for the  general  procedure  to  be used i n  applying  the 
method follows: 

(1) Prescribe a velocity  distribution  as a function of arc  length 
about a cascade  blade. 

(2)  Prescribe vl, v2, Dl, and p2. 

(3) Determine vm, pm, s ,  r, and K from equations (6)  t o  (12)  and 
appendix A. 

(4 )  Determine cP,(Z) from equation ( 2 0 ) .  

(5) Determine @c('P)  as the   rea l   par t  of equation (5) plus an addi- 
t ive  constant.  

( 6 )  Choose the  arbitrary  constant  in  equation (5) such tha t  
@,(2te,p) = cPc(qte,P), and equate  the  potential  functions  yielding a re la -  
t i o n  2 = Z ( V )  - 

\ 
( 7 )  Find v,(cp) and, with  vc(q),  solve  equation (24) for  hl(q). A 

Check for  closure and make the  necessary changes. 

(8) By the  method  of reference 11, or some related method, f ind 
%((P) as the harmonic conjugate of hl((P)- 

(9) Solve  equation ( 25) f o r  p as a function of 0 .  

(10) Find  the  blade  coordinates from equation (26b).  

Appendix A can  be  used t o  analyze  the  resulting  blade shape at a l l  
angles of incidence. A prescribed  velocity  distribution,  the  velocity 
distribution  corrected  to  ensure  closure, and the  result ing  blade shape 
are shown in   f igure  7 (from re f .  40). 

Compressibility  Considerations 

Both the   d i rec t  and inverse problems for  low-solidity  cascades have 
been discussed  only  for an incompressible'fluid. The equations  governing 
an incompressible  two-dimensional f low are simple i n  form and, as has 
been shown, can  be  solved by complex-function  theory. When t h e   f l u i d  
density i s  permitted t o  vary, the  ordinary  formulations of the  flow 
equations become nonlinear and very much  more d i f f i c u l t  t o  solve- 
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In high-solidity  cascades, where a channel  treatment i s  possible, 
the  finite-difference  techniques can  be  used. The relaxation method of 
Southwell (refs. 42 t o  44) has  been  used to   so lve  many d i f f i c u l t   d i f f e r -  
ential  equations.  Since  the advent of high-speed d i g i t a l  computing 
machinery, the  direct   solut ion of a large number  of simultaneous l i nea r  
equations i n  a seasonable  period of t i m e  has become feasible. Thus, a 
complicated differential   equation can be  represented  over  the  flow domain 
by a set of linear finite-difference  equations, which can  be  solved 
e i ther  by the  relaxation method (usually done on a desk computing ma-  
chine)  or  by a d i rec t  matrix solution on high-speed computing equipment. 

In high-solidity  cascades  the  physical  boundaries of the  flow  favor 
a solution of the compressible-flow  equations  by  finite-difference  tech- 
niques. In the  low-solidity  cascades, however, the guidance  exerted by 
the blades is less pronounced, and the  proper  satisfaction of boundary 
conditions is more d i f f i cu l t .  Hence, f o r  low-solidity  cascades  the 
problem of  obtaining  compressible-flow  solutions s t i l l  ex i s t s ,   a t  least 
fo r   t he   d i r ec t  problem. (A solution  for  compressible  flow  with a l inear  
pressure-volume relation  has been  obtained for  the  inverse problem  and 
is discussed later in  this  section.)   In  general   engineering  practice,  
two methods of a t tacking  this  problem are currently  being  used,  the 
hodograph method and the  small-perturbation method. These two impor- 
tant theories will be discussed in this   sect ion,  where the  following 
notation i s  used: v is  the magnitude  of velocity  in an incompressible- 
flow  field, and q is  the magnitude  of veloci ty   in  a compressible-flow 
f i e ld .  

Hodograph method. - Although the  equations  relating  the  stream and 
potential  functions of a two-dimensional  compressible  flow of an idea l  
f l u i d  are, i n  general,  nonlinear,  they can  be rewrit ten  in  terms of a 
new set of independent  variables  such that  the  equations become l inear .  
This   resul t  was discussed  extensi’vely  by  Chaplygin  (ref, 45) i n  1902. 
For m a n y  years   thereaf te r   very   l i t t l e  was done in   t h i s   d i r ec t ion ,  prob- 
ably  because of the adequacy of the  incompressible-flow  solutions  for 
interpreting low-speed flows. However, i n  more recent  years it has  be- 
come necessary t o  consider  the  effects of densi ty   var ia t ion  in  many 
applications. Under t h i s  impetus, the hodograph theory  (investigation 
of flow in  the  velocity  plane)  has been advanced considerably and i s  
s t i l l  expanding. The essent ia l  advantage of the hodograph method i s  the 
l inear izat ion of the  equations  relating  the  stream and potential  func- 
t ions  by a proper  choice of independent  variables. An important disad- 
vantage is  the   d i f f icu l ty   in   es tab l i sh iag  boundary conditions i n   t h e  
hodograph plane to   represent  a given problem in  the  physical   plane.  In 
sp i t e  of t h i s  major  handicap, however, important  use  has  been made of 
the  theory. 
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For incompressible  flow,  the  following  relations  hold: 

Equations (38a) can  be  rewritten  with v and p replacing x and y 
as the  independent  variables (see e.g., ref. 46), where p i s  t h e  
inc l ina t ion  of the  velocity  vector t o  the  x-axis:  

For  compressible  flow  the  relations  corresponding t o  equations (38a) 
can be  wri t ten 

J 
A s  in  the  incompressible  case,  equations  (38b) can  be  wri t ten  in  terms of 
the  independent  variables q and p,  with M as t h e   l o c a l  Mach number: 

asp Pa  1 - M~ 
ag'" P 9  

Introducing  the  vasiables V and Q, 

dv dV = - 
V 

Introducing  the  vasiables V and Q, 

dv dV = - 
V 

ar 
ap 1 
defined  by 

I 

into  (39a)  and (39b), respect ively,   y ie lds  
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( 41) 

Equations (42)  can  be  s implif ied  by  the followi’ng considerations: 

1 - 
Pa r-1 
P 2 

spond t o  any actual   f luid,   th is   value  causes   the  adiabat ic   pressure-  
volume r e l a t ion   p ( l /p )y  = cons tan t   to  become l i n e a r   i n  p and l / p .  
When a genera l   l inear   re la t ion  between pressure and volume i s  assumed 

in i t i a l ly ,   t he   t heo ry  shows t h a t  ( pa/p)?/l-;;;z = 1 in   th i s   case ,   a l so .  

Thus, a s t r a i g h t   l i n e  can  be  taken to  represent  the  pressure-volume 
re l a t ion   i n s t ead  of the   usua l   curve .   Ear ly   workers   in   th i s   f ie ld   (e .g . ,  
ref. 47) allowed  the  approximating  line t o  be  tangent t o  the   ad iaba t ic  
curve a t  a point   corresponding  to   the  s tagnat ion  condi t ion p = p This 
i s  a poor choice f o r  high-speed f lows .  Von  K&rm&n and Tsien (refs. 48 
and 49) took  the  point  of tangency t o  correspond t o  free-stream  condi- 
t ions,  which b e t t e r  approximated the  true curve  in  the  region of g rea tes t  
i n t e r e s t .  With t h i s  approximation,  equations (42 )  become 

a’ 

a3  ar 
ap=z 

( 43) 

Comparing equations (43) with  equations (41) shows t h a t  a solut ion 
of the  incompressible-flow  equations (41) w i l l  be a solut ion of the  quasi-  
compressible-flow  equations (43) when the   ve loc i t i e s  are related  (from 
eq- (40) 1 by 
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This   re la t ion  integrates   (with  the  help of the  linear  pressure-volume 
r e l a t i o n )   t o  

2 4aa v 

4aa - v 
9 "  2 2 (45) 

The dens i ty   r a t io  becomes 

" P a  4aa2 + v2 
P - 2  2 4aa - V 

The pressure  coeff ic ient  for the  incompressible  flow i s  given by 

For compressible  flow 

The pressure  coefficients are related  by  the  equat ion  (cal led  the KdYman- 
Tsien  relation) 

4 

- CP, inc  
CP,C  = 

2/1 - Mm": + 1 
Y 

(49) 

Hence, equations  (45), (46), and (49)  provide a compressible-flow 
solution when an incompressible-flow  solution i s  known. It i s  evident, 
however, t h a t   t h e  two solutions w i l l  no t   sa t i s fy   the  same boundary  condi- 
t ions.  Applying  equations  (45) and (46) w i l l  y i e ld  a solut ion for com- 
pressible  flow  about a cascade of somewhat d i f f e ren t  geometry. The cor- 
r e l a t i o n  of t he  two f low  f i e lds  i s  only  approximately  valid. 

The relat ions  presented  herein as a simple means of approximating 
the   e f f ec t s  of compressibil i ty on a known incompressible-flow f i e l d  are 
a byproduct of t he  hodograph theory. The a i m  of the  theory i n  i t s  com- 
p l e t e  form, t o   p u t   t h e   d i r e c t  and inverse  compressible-flow  problems  on a 
substantial   theoretical   foundation, has been  realized t o  a cer ta in   extent .  
The inverse  problem for  cascades  has  been  solved  in i t s  general  form  with 
t h e  assumption of a l i nea r  pressure-volume relat ion  by  Costel lo  (ref.  50); 
Costello, Cummings, and Sinnet te  (ref. 51); Clauser  (ref.  52);  and  Lin 
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( re f .  53). These  theories are based upon earlier work by von K&m& ( r e f .  
48), Tsien  ( ref .  49), and  Lin  (ref. 54).  Reference 51 o f f e r s  a d e t a i l e d  
computational  procedure f o r  the   use  of Costel lo’s  method. 

The d i r e c t  problem  has  not  reached  the same state of  development. 
Even i n   t h e   c a s e  of an  incompressible-fluid  f low,  an  i teration  process 
i s  necessary.   In  the  case of a compressible-fluid  flow, a t r ia l -and-  
e r r o r   i t e r a t i o n  i s  possible.  However, no systematic  process for con- 
verging t o  a so lu t ion   i n   t he   ca se  of compressible  flow  about a body  of 
arbitrasy  shape  has  been  given. 

The method of appendix A fo r   f i nd ing   ve loc i ty   d i s t r ibu t ions  at 
angles  of  incidence  other  than  the one of the   o r ig ina l   so lu t ion   does   no t  
hold i n   t h e  compressible-flow  case.  This  fact makes the  incompressible- 
f low  solut ion more va luable   for  some invest igat ions.  For th i s   reason ,  
and  because  of t h e   d i f f i c u l t y   i n   p r e s e n t i n g   t h e  material concisely,   the 
compressible-f low  solut ion  for   the  inverse  problem is  not   presented  in  
d e t a i l   i n   t h i s   c h a p t e r .  The reader i s  r e fe r r ed   aga in   t o   r e f e rences  50 
and 51. 

Small-perturbation method. - The equations  governing  the  flow of a 
compressible  fluid  about a body  can  be  linearized in   t he   phys i ca l   p l ane  
ins tead  of t h e  hodograph plane  by making certain  assumptions  about  the 
nature  of the  f low.  These  assumptions  cause the  equations  to  only  approx- 
imate the   ac tua l   f low.  For  slender  bodies  the  approximation i s  general ly  
good and the  theory  has   proven  to  be useful.  

Flows t h a t   d i f f e r   o n l y   v e r y   l i t t l e  from t h e  mean free-stream  flow 
w i l l  be  considered. The r e l a t i o n s  among the  var ious  veloci ty  components 
can be seen in   the  fol lowing  sketch.  The assumption i s  made t h a t  second 

and higher  powers of (disturbance  velocity) or i t s  components can  be 
neglected and tha t   de r iva t ives  of the  dis turbance-veloci ty  components are 
approximately  equal  to  the component over a cha rac t e r i s t i c   l eng th  of t h e  
o b j e c t   i n   t h e   f l o w   f i e l d .  These  conditions  are  expressed 

-n - n  - n Z O  
9 = 9, = qy f o r  n >  2 - 
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(51) 

where c* i s  a 

The a c t u a l  

cha rac t e r i s t i c   l eng th .  

ve loc i t i e s   a r e   r e l a t ed   t o   t he   d i s tu rbance   ve loc i t i e s  by 

qx = qm + I 
qy = qy 

,u I 
Euler 's   equat ions of motion f o r  a two-dimensional  compressible 

steady  flow  with no external  forces  can  be  writ ten 

Combining equations ( 5 3 ) ,  with  the  help of the  continuity  equation 

gives 

qX 
2 

By using  the 
(54) reduces 

r e l a t ions   (52 )  and the  hypotheses (50) and (51), equation 
t o  

It i s  shown in   r e f e rence  55 that,   within  the  hypotheses of t h i s   t heo ry ,  
equation (55) can  be  written as 

or ,  introducing  the  disturbance  velocity  potential ,  
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(.- 
Now consider  the  transformation 

Applying transformation  (58)  to  equation  (57)  gives 

a Q~ a +i 
axi ayi 2 - O  

2- 2- 
- +--  
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(57) 

( 5 9 )  

the  Laplace  equation  for  the  disturbance  potential   in an incompressible 
flow. A t  affinely  corresponding  points  (under  transformation  (58) ) i n  
the two planes,  the  following 
and their   angles  : 

expressions  relate  the  velocity  vectors 

From equation  (60) it can  be  seen that ,  a t  aff inely corresponding  points 
of the  f low  f ie lds ,   the   ra t io  of p i  t o  p i s  constant and equal  to 
A / J Z .  m Hence, for  f low about  geometrically similar boundaries, 
A = 6- h 2  and 

It can  be shown under the  hypotheses of the  small-perturbation  theory 
that   the   pressure  coeff ic ient  can  be writ ten 
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Using  equations  (61) and ( 6 2 )  gives 

265 

Equation  (63) i s  r e f e r r e d   t o  as the  Glauert-Prandtl   compressibil i ty 
correction and corresponds to   equat ion (49) i n   t h e  hodograph theory. 
When these  equations are applied  to  cascades of blades,  the  correspond- 
ing  cascades i n   t h e  two f low  f ie lds  w i l l  have the  same blade  shape  but 
different  chord angles and s o l i d i t i e s .  The r e l a t ions  between the  cas- 
cades  are  given  by Woolard in   re fe rence  56. Pressures  predicted from 
equations (49) and (63) are compared with  actual  experimental   data  in 
reference 57. 

The compressibil i ty  corrections of e i ther   the  Glauert-Prandt l  or 
Kgrmh-Tsien methods are quite  simple in   app l i ca t ion  and have  yielded 
sa t i s fac tory   resu l t s   for   cascades  by using  the  local  Mach number a t  
points   in   the  blade  passage  instead of t h e  mean free-stream Mach  number 
(ref. 58). The l o c a l  Mach number i s  derived  from a one-dimensional 
analysis.  

HIGH-SOLIDITY CASCADES 

In  general,  the  mathematical  techniques  applied  successfully  to 
low-solidity-cascade  problems become increasingly  tedious  to  apply as 
s o l i d i t i e s   r i s e  above 1.0. Although the  methods are not  out of t h e  
question f o r  so l id i t ies   g rea te r   than  1.0, d i f f i c u l t i e s  may be  expected 
for   the  range of s o l i d i t y  from 1.0 t o  1.5, and  above 1.5 these   d i f f icu l -  
t i e s  are   apt   to   be  excessive.  The l i n e s  of demarcation  are  not  clear 
but  vary  with  individual methods  and prescribed  conditions  other  than 
so l id i ty .  

A s  w a s  indicated  previously,  various  mathematical  techniques are 
avai lable   for   handl ing  the problems of closely  spaced  cascades. The 
dec i s ive   f ac to r   i n   t he  employment of the  channel-flow  techniques i s  the  
advance knowledge of t h e  approximate  streamline  patterns, which r e s u l t s  
from the  considerable  guidance  of  the  fluid  by  closely  spaced  blades. 
This   factor  i s  most clearly  demonstrated  in  the  stream-filament  and 
power-series-expansion  techniques. 

Much of t he   work . in   t he   f i e ld  of closely  spaced  blades  has  been 
done for  quasi-three-dimensional  flows. The formulation of t h e  equa- 
t i ons  i n  a manner su i t ab le   fo r   so lu t ion  i s  of ten   on ly   s l igh t ly  more 
d i f f i cu l t   f o r   f l ow on a general   surface  of  revolution  than  for  plane 
cascade flow. I n   a d d i t i o n   t o   t h i s  advantage, it i s  generally  possible 
t o  consider  compressible  flows. 
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The literature i n  t h e   f i e l d   h a s  grown so q u i c k l y   t h a t   p r i o r i t i e s  
a re   no t   eas i ly   es tab l i shed .  No attempt i s  made here   to   cover   the  many 
variations  of method i n  common use for   c losely  spaced  blades.  Only t h e  
fundamental  approaches  of a few authors have  been  selected as represent- 
a t i v e  of the  basic  techniques  involved. 

The Direct Problem 

Probably  the most widely  used  channel-flow  technique i s  the  stream- 
fi lament method (e.g., ref .  59) .  A s implif icat ion  by Huppert  and 
MacGregor (ref. 60),  based on an assumed l inear   var ia t ion  of   s t reamline 
curvature, i s  p resen ted   i n  some d e t a i l   i n   t h i s   s e c t i o n .  The method i s  
simple in   t heo ry  and application, and solutions  are  obtained  quickly.  
The major  drawback i s  t h e   f a i l u r e  of t h e  method t o  provide  accurate 
r e s u l t s   i n   t h e  immediate  regions  of  the  leading and t r a i l i n g  edges. I n  
re-ence 60 r e s u l t s  are obta ined   for  a s o l i d i t y  as low as 1.42.  

A rapid  approximate  solution i s  given  by  Stanitz and P r i a n   i n   r e f -  
erence 61. The method is based on t h e   p r i n c i p l e  of zero   absolu te   c i r -  
cu la t ion ,   wi th   l inear   var ia t ion  of veloci ty  and velocity  angle assumed 
i n   t h e   d i r e c t i o n  of the  y-axis .   Resul ts  are obtained  only on the   b lade  
surfaces and  not  throughout  the  channel.  Although t h i s  method has  def- 
i n i t e   l i m i t a t i o n s ,  it has  been  used  successfully at t h e  NACA Lewis labo- 
ra tory.  A counterpar t   for   t rea t ing   the   invkrse .problem i s  d i scussed   i n  
some d e t a i l   l a t e r   i n   t h i s   c h a p t e r .  

Another  approach t o  an approximate  solution i s  with a power-series 
expansion, as i l l u s t r a t e d  by t h e  work of Wu and Brown ( r e f .  6 2 ) .  The 
same d i f f i c u l t y   e x i s t s   i n   s o l v i n g   f o r   t h e   l e a d i n g -  and t ra i l ing-edge 
regions as ex is t s   in   the   s t ream-f i lament  method. The resu l t s   ob ta ined  
in   re fe rence  62 compare s a t i s f a c t o r i l y  i.n the   reg ion   of   appl icabi l i ty  
with  results  obtained  by a more exact  procedure. 

The appl icat ion  of   re laxat ion and matrix solution  techniques i s  
ind ica ted   in   th i s   sec t ion ,   based  upon considerations  from  another work 
by Wu and Brown ( r e f .  63) .  A more exact   solut ion i s  obtainable  by  these 
methods than  by  the  stream-filament  or  series-expansion methods. How- 
ever, more time i s  requi red   to   ob ta in   the  more exact  answers,  the  time 
element  varying  considerably  with  the  type of  computing  equipment avail- 
able .   Accurate   t ime  es t imates   are   not   readi ly   avai lable ,   s ince  experi-  
ence i n   t h i s   f i e l d  i s  s t i l l  not  great.  For use of h igh-speed   d ig i ta l  
computing  machinery, the  setup  t ime may be  prohibi t ive  unless  a number 
of solut ions i s  desired.  

Stream-filament method. - The stream-filament  technique i s  a n a t u r a l  
approach t o   t h e   f l o w  problem. Briefly,  the  procedure i s  as follows : (1) 
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Approximate the  streamline  posit ions  using  empirical   data o r  in tu i t ion ;  
( 2 )  f i nd  a method of systematically improving the  accuracy  of  the  stream- 
l i n e  arrangement. It w i l l  be shown tha t   t he   ve loc i t i e s   i n   t he  f l o w  f i e l d  
can  be computed, based on t h e  assumed streamlines.  This  information  can 
then  be  used t o  improve the  streamline  posit ions.  

For two-dimensional i r r o t a t i o n a l  flow, t h e   r a t e  of  change  of veloc- 
i t y   i n  a d i rec t ion  normal to   t he   s t r eaml ines  i s  given  by 

where dn i s  an  increment i n  a d i rec t ion  normal to   the   s t reaml ine ,  re 
i s  the  radius  of curvature, and %' is  the  curvature.   This  equation of 
motion  and the  cont inui ty   equat ion are t h e   b a s i c   r e l a t i o n s   u s e d   i n   t h i s  
stream-f ilament method. 

The curvature i s  assumed t o  vary  l inear ly   with  respect   to  n across 
the  passage  (ref.  60) .  Then, 

VP - qs v ='ips+ 
nP 

n = vs + E n  
nP 

On the  suction  surface,  n i s  taken as zero .  Differentiating  equation 
(65)  and  substi tuting  into  equation  (64)  give 

Integrating  equation  (66)  gives 

" q - exp 1 - - 
9 2  

where the  subscr ipt  2 denotes   an  arbi t rary  posi t ion  a long  the  potent ia l  
l ine .  From equation (67) q i s  known at each  point  along  the  potential  
l i n e  i f  it i s  known a t  any point 2 .  Noting  that  
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1 

the  continuity  equation  can  be  writ ten 
1 - 

d(Aw) = pq dn = paq (,l - A T - '  dn 
2cpTa 
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where Aw i s  t h e  mass flow  per  unit  time. With the   subs t i tu t ion  

equation (69) becomes 

d(Aw1 

Now l e t  

where 

1 

= G(1- Xic-1 & 
nP 

Equation ( 7 1 )  i s  the  fundamental  equation t o  be  solved. A convenient 
technique  of  solution i s  afforded  by  the  binomial  expansion. Expanding 
equation (72 )  by the  binomial  series and  keeping  only  the f i r s t  two terms 
give 

1 2 -Y 

Now l e t  
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and 

Using  (74) and ( 7 5 )  i n  equation (73 )  y ie lds  

1 

Let 

L e t  

Equation ( 7 1 )  becomes 

Integrating  (77) and using  (70a),  (70b), and ( 7 8 )  y i e l d  

U s i n g  (67) and (80), equation (79) becomes 

A 

p = fJ - gK 

269 

(79) 
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A 

f = g K + c L  
J J  

For Ws > Vp t h e   i n t e g r a l s   i n  (80) can  be  simplified  by a change 
of variables.  Using 

equations (80) become 

J =  

The values of k, and kp are   f ixed  by  the  channel  geometry, and s," exp(x2)  dx i s  ava i lab le   in   s tandard   t ab les .  

It i s  c l e a r  at t h i s   p o i n t   t h a t   t h e   v e l o c i t i e s  a t  each  location  on a 
p o t e n t i a l   l i n e  are known  when a reference  veloci ty  q2 i s  known (see  eq. 
(67)  ) . The value of q2 i s  conveniently  taken a t  the   po in t  of average 
streamline  curvature so t h a t  X - X2 in   the  binoEial   expansion  previously 
used i s  small. In   equat ion  (81) t h e   q u a n t i t i e s  p, J, and K are known 
from the  mass-flow  requirements and passage  geometry, and f and g a r e  
functions  of X2 alone  for   f ixed  values   of  y. As shown i n   f i g u r e  8, 
f can  be  plot ted  against  f l z  and  hence  against   g.   In  order  to sat- 
isfy  equat ion  (82) ,  f and g s a t i s f y  a s t r a igh t - l i ne   r e l a t ion   w i th  
slope K / J  and an f in te rcept  of C/J. Th is   l ine  i s  shown i n   f i g u r e  
8. The i n t e r c e p t  of t h i s   s t r a i g h t   l i n e   w i t h   t h e   c u r v e  for f against  
g y ie lds   the   p roper   va lue  of X2, and hence 9 2 .  A l l  o the r   ve loc i t i e s  
are now obtainable  from equation ( 6 7 ) .  

An ou t l ine   fo r   t he   p rocedure   t o   be  used  follows: 

(1) Given a cascade as shown i n   f i g u r e  9, with  upstream  velocity 
prescribed, d r a w  i n  upstream and  downstream Streamlines,  continuing  the 
blade  channel. D r a w  i n  an orthogonal  net  of  approximate  streamlines and 
p o t e n t i a l   l i n e s .  
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( 2 )  Compute ve loc i t ies  at each node of the  f low  net.   Since  the 
streamlines A A ’  , BIB,  CC’  , and D ‘ 3  are only  approximate, good accuracy 
can  be  expected  only in   t he   r eg ion  MNPQ of f igure  9. 

(3) Obtain  the  potent ia l   d is t r ibut ion  a long  each  s t reamline as a 
function of arc   length I by  integrat ing  the  veloci ty   with  respect  t o  
arc   length.  These  values w i l l  be  used i n  drawing new p o t e n t i a l   l i n e s .  

(4) New values of stream  function  are  obtained  by  integrating pq 
a long   the   po ten t ia l   l ines .  These  values are used i n  drawing new 
streamlines. 

(5) An adjusted  gr id  of p o t e n t i a l   l i n e s  and streamlines i s  drawn 
and new v e l o c i t i e s   a r e  computed. The i t e r a t i o n  i s  cont inued  unt i l  con- 
vergence i s  obtained. 

A solut ion  obtained  by  this  method in   r e f e rence  60 for a turb ine  
cascade i s  i l l u s t r a t e d   i n   f i g u r e  10. The s o l i d i t y  i s  1.4 i n   t h e  computed 
example. It must be  noted, however, t h a t   s o l i d i t y  i s  not   the  only con- 
s iderat ion  for   determining  the  appl icabi l i ty  of t h e  method. Blade  thick- 
ness and stagger  angle combine wi th   so l id i ty   to   de te rmine   the   e f fec t ive  
channel  formed  by  adjacent  blades. To apply  .the method successfully,  it 
i s  necessary  that  a s igni f icant   por t ion  of the  blade  surface form p a r t  
of the  effective  channel.   In compressor  designs t h i s  i s  of ten   no t   the  
case, and care must be  used in   de t e rmin ing   t he   app l i cab i l i t y  of the  
method. 

Techniques  are   avai lable   to   increase  the  region  of   val idi ty   of   the  
stream-filament  results.  A solut ion can  be  obtained  for two adjacent 
channels  formed  by  three  blades. The stagnation  streamline  attached  to 
the  center  blade must be  congruent to   the   o ther   s tagnat ion   s t reaml ines  
i n   t h e   f i n a l   r e s u l t .   T h i s  serves as a check  on the  assumed s tagnat ion 
streamlines  outside  the  blade  region. An a l t e r n a t e  check  can  be made on 
%he v a l i d i t y  of these assumed s t reamlines   by  integrat ing  the  veloci ty  
about a c losed   pa th   i n   t he   r eg ion   ex te r io r   t o   t he   b l ades  and s e t t i n g  it 
equal  to  zero.  Either  of  these  techniques  might  require more accuracy 
than i s  obtainable  by  assuriing a l i nea r   va r i a t ion  of curvature.  If t h e  
ac tua l  measured  curvatures  are  used,  the  additional work involved may 
be  prohibi t ive.  

Relaxation and matrix  solutions.  - The technique  presented  herein i s  
from reference 63. The bas i c   d i f f e ren t i a l   equa t ion  is  developed  br ief ly ,  
and t h e  method of solving it i s  discussed i n  some d e t a i l .  

The equation of cont inui ty  for a two-dimensional  steady  compressible 
flow i s  wr i t ten  
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Equation (85) w i l l  b e   s a t i s f i e d  i f  a stream funct ion exists such t h a t  

The equat ion  ar is ing  f rom  the  condi t ion of i r r o t a t i o n a l  motion i s  
given  by 

. . 

Using  equations  (86) i n  equation  (87)  gives 

Then, l e t t i n g  

equation ( 88) becomes 

a2y + a2p. 
ax2 ay2 
” + B = O  

Equation (90) i s  a nonlinear  equation. If B were a known funct ion 
of x and y, the  equat ion would be   l i nea r .   I n   t he   p rocess  of solut ion 
to   be  descr ibed  herein,  B w i l l  be   t rea ted  as a known funct ion of x and 
y i n   t h e  f i r s t  approximation. Then B w i l l  be  adjusted  from  the re- 
s u l t s  of t h e  f irst  approximate  solution and w i l l  be  held  f ixed  while a 
second  approximate  solution i s  obtained, and so for th .   That  is, if  a 
y d i s t r i b u t i o n  i s  known, B can  be computed a t  e a c h   p o i n t   i n   t h e   f i e l d  
from t h i s   d i s t r i b u t i o n .  Then B w i l l  be  held  f ixed a t  t h i s  set of 
values  while new values  of \I are computed from  equation (90). Then B 
w i l l  be   recalculated on t h e   b a s i s  of t h e  new y values. 

Equation (90) i s  the  basic  equation  of  the  present  analysis.   There 
are two s t e p s   t o   t h e   s o l u t i o n  of th i s   equa t ion:  (1) t o   r e p l a c e   t h e   d i f -  
fe ren t ia l   equa t ion   wi th  a f in i te -d i f fe rence   equat ion ,  and ( 2 )  t o   so lve  
the   f in i te -d i f fe rence   equat ion  a t  a representa t ive  set of p o i n t s   i n   t h e  
f low  f i e ld .  
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Suppose a funct ion y = f ( x )  i s  known a t  n + 1 values of x: 
xo, xl, . . . +. It i s  assumed t h a t  y = f ( x )  can  be  represented 
c lose ly  by a polynomial  of  degree n passing  through  the known points  
(xo, yo),  (xl,yl), . . . (x,,  y,) . Such a polynomial P is  given  by  (see 
ref. 64) 

(x-x,) (x-x ) - . - (x-x ) 2 
Pn(x) = (x  -x 

n 

O n  l) (xo-x2) . - . ( x  -x ) yo + 

(x-xo) ( x-x2) . . . ( =xn) 
(x1-xo) ( xl-x2) . . . ( X1-Xn) Y l + ' .  . + 

(x-xo)(x-x ) . . . (x-x ) 
( x  n -x o) (Xn-Xl)  * * - ( x  -x Yn n n-1) 

1 n- 1 

It i s  easi ly   ver i f ied  that   th is   polynomial   does  pass   through  the  required 
points.  Furthermore, it i s  the   on ly  one t h a t  does,  since n + 1 points  
def ine an nth degree  polynomial  uniquely. The polynomial  Pn(x)  can  be 
d i f fe ren t ia ted   success ive ly ,   the  mth der ivat ive  being  wri t ten 

where the   coef f ic ien ts  I+,, . . . An a re   seen   to   be   func t ions  of t h e  
order  of  the  derivative,   the  degree of the  polynomial  representing  the 
function, and the   po in t  a t  which the   de r iva t ive  is  evaluated.  Equations 
(91) and (92)  are  considerably  simplified when the   de r iva t ive  i s  evalu- 
a ted  a t  one  of t he   po in t s  xo, xl, . . . K. They are fur ther   s impli-  
f i e d  when t h e   i n t e r v a l s  xi - xi-l a re   equa l   for  i = 1, . . . n. The 
coef f ic ien ts  Ai a r e   a v a i l a b l e   i n  a t a b l e   i n   r e f e r e n c e  65 fo r   de r iva t ives  
up t o   t h e   f o u r t h   o r d e r  and for  spacings such t h a t   t h e  last i n t e r v a l  on 
e i t h e r  end d i f f e r s   i n   l e n g t h  from the   o ther   in te rva ls .  (The t a b l e s   f o r  
unequal   in te rva ls   a re   very   usefu l   for   wr i t ing   the   d i f fe rence   equat ions  a t  
curved  boundasies  where  such  unequal  spacings do occur.)  Polynomial  rep- 
resenta t ions  up to   t he   fou r th   deg ree  are included,  and  an  error term i s  
given. 

If it i s  assumed *hat   the  funct ion Y can be  represented  by a poly- 
nomial  over a small interval,   equation (90) can  be  replaced  by a f i n i t e -  
difference  equation.  In  the  nomenclature of reference 65, equation (90) 
can  be writ ten 

k n B j Y  + >  B Y  + B  = O  
2 i j   % 2 i k  i 

J=o L* Ir 
(93) 
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where B i s  a coefficient of I corresponding to   the   coef f ic ien ts  An 
i n  equation  (92). The presuperscript 2 of B . represents  the  order of 
the  derivative;  the  presubscript  n i s  the  degree of t he  polynomial  rep- 
resenting I- The postsuperscript i denotes  the  point at which the 
equation i s  being  applied;  the  postsubscripts j and k ind ica te   tha t  
the  values of I are taken  along  the  x- and y-directions,  respec- 
t ively.  To clar i fy   this   not ion,  a set of gr id  points i s  drawn in   f i gu re  
11 i n   t h e  neighborhood  of a point p somewhere in   t he   f l ow  f i e ld .  Sup- 
pose, for  simplicity,   that  a second-degree  polynomial i s  adequate t o  
represent I i n   t h e  neighborhood of the  point  p.  Then n = 2 and, 
following  the  notation of f igure 11, equation (93) can  be  written 

?,l$=O + z2B1Y 
2 1 j=k=l 2 1 j=2 

+ 2B2r + E B k P o  + gB,'Fk2 + B = 0 (94) 
1 

2 0  

In t h i s  case  the  form of the  coefficients gBS and 2B1 i s   qu i t e  
simple  over most of the  flow  region. A t  any point  in  the  region  that  i s  
surrounded  by  equally  spaced  points,  equation (94)  becomes 

2 k  

j = O  + +=2 + k=o k=2 j = h  1 1 
+ Y  - 4 v  + B  = O  

Only at   the  boundaries of the  region where unequal  spacing of the  flow 
net  occurs do "the  coefficients of equation  (94)  take  different  values. 

Higher degree  polynomial  representations  could  be  used,  resulting i n  
more terms i n  equation  (94). For example, a fourth-degree  polynomial 
rqpresensation would involve  a.dditiona1  terms  containing yk;=3, 

tially improve the  approximation in   regions of rapidly changing  condi- 
tions.  Increased  accuracy can also  be  attained  by  decreasing the net 
s ize  and hence increasing  the number  of points   in   the  f low  f ie ld  at 
which a solution i s  found. N e a r  the  boundaries where unequally  spaced 
grid  points  occur  (e.g. , where I = e3 i n   f i g .  11) , the  accuracy of 
the  approximation often becomes c r i t i c a l  and higher  degree  approximations 
or  closer  spacings  are needed t o  achieve an accuracy comparable t o   t h a t  
in  other  portions of the  flow field.  Additional  points can  be added i n  
the  course of solution i f  the  accuracy of the  results  appears 
questionable. 

y J=-1 yJ=3 
Y ( f ig .  11) . In  general,  higher  degree  polynomials  substan- 

Suppose the  entire  closed boundary ABFGCDHEA in   f i gu re  12 i s  
fixed and the  values of Y are  known along t h i s  boundary. A network of 
equidistant  points i s  placed on the  f low  f ie ld .  The  mesh s ize  i s  taken 
sufficiently  small that values of I found at each  point of the  net  w i l l  
suff ice   to   give a clear   picture  of the   en t i re   f low  f ie ld .  With the  net  
s ize  chosen, equation  (94),  or more generally  equation (93) ,  i s  used 
with the  coeff ic ients  from reference 65 t o  determine a linear  equation 
i n  the unknown values of I at each nonboundary point of the  net .  It 
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i s  c l ea r   t ha t   t he re  w i l l  be N unknown values of ?? if the  net   has N 
inner   po in ts   ( i . e . ,   po in ts  which are  not on the  boundary). A t  each  of 
these  points  a l inear  equation  can  be  writ ten  involving some of t h e  un- 
known values of y. Thus, there  i s  a system of N equat ions  in  N un- 
knowns for  determining  the  values  of 'f at each  point. 

Unfortunately,   conditions  along  the  entire boundary ABFGCDHEA i n  
f igure  1 2  are not known at the   ou t se t   fo r  a given  cascade of blades and 
a given  upstream  vector  velocity. The boundaries AB and CD, p a r a l l e l  
to   the  y-axis ,   are   located far enough upstream and downstream, respec- 
tively,  that  uniform  flow  across  these  boundaries  can  be  reasonably 
expected.  If it i s  discovered  subsequently  that  uniform  flow  does  not 
e x i s t  at these   s ta t ions ,   they  must be   ad jus ted   to   pos i t ions   fa r ther   re -  
moved from the  blades.  Two to   three  chord  lengths  from the  blade  edges 
i s  usual ly  a suff ic ient   dis tance.  The l i nes  AE and BF a re  drawn par- 
a l le l  t o   t h e  upstream  velocity  vector;   the  l ines GC and HD a re  drawn 
p a r a l l e l   t o   t h e  downstream velocity  vector.   Satisfaction of t h e   t r a i l i n g -  
edge condition  (Kutta  condition  in  the  case of a sharp  trailing  edge)  can- 
not  be  achieved a t  the   ou tse t  of the  problem. I n i t i a l l y ,   t h e  downstream 
velocity  vector i s  assumed. After a solution  has  been  obtained,  the down- 
stream  flow  angle  can  be  adjusted to   sa t i s fy   the   t ra i l ing-edge   condi t ion  
and a second  solution  can  be  obtained. 

With t h e  geometry of the  boundaries now fixed,  the  values  of 
along  these  boundaries  are  considered. The stream function 3! i s  con- 
stant along  the  blade  surfaces,  since  these  boundaries are streamlines 
i n   t h e  f low.  The value on the  suction  surface  can  be  taken as zero,  and 
the  value on the  pressure  surface  can  be  found from the  required mass flow 

Yp - Ys = dy = pqx dy = mass flow 

Outside  the  blade  channel t h e  boundaries are not  streamlines, and the  
values  of Y on these  boundaries are neither  constant  nor known. How- 
ever,  since  the  flow i s  per iodic   in   the   d i rec t ion  of the  y-axis  (with 
per iod  equal   to   the  spacing  of   the  blades) ,   the   values  or" Y need  not  be 
known. For example, consider  the  point at which = Ya i n   f i g u r e  12. 
Normally t h e  boundary  value Yb would enter  in to   the   f in i te -d i f fe rence  
expression  about ya, b u t   i n   t h i s   c a s e  Yb i s  not known. Instead,   the  
finite-difference  expression  about I, i s  w r i t t e n   i n  terms of  ye. 
Furthermore, = yi + (yp - ys )  because  of the  per iodic  nature of  the 
f l o w .  I n  t h i s  way the  f inite-difference  expression  about y& contains 
only values of Y at inner  points.  Thus, 'Y values have  been  determined 
everywhere  except on the  vertical   boundaries.  

To write the  f inite-difference  expression  about  the  point where 
Y = Y i n   f i g u r e  12,  the  value  of Yt would normally  be  used. However, cl - 
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t h i s  value  does  not  need t o   b e  known exgl ic i t ly ,   s ince   the   fo l lowing  
r e l a t i o n  results from t h e  linearity of Y: 

A second method t o   s a t i s f y   t h e s e   v e r t i c a l  boundary  conditions i s  
presented  in   reference 63. Although t h e  second method i s  not as simple 
and accurate as t h e  first, it has  the  advantage  of  not  directly  involving 
the  inlet   angle   in   the  expressions  for   the  boundary  condi t ions.   This  
cha rac t e r i s t i c  i s  use fu l  i f  t h e  problem i s  being  solved  by  matrices,  for 
in   that   case  other   angles   of   inf low  can  be  invest igated  with much less 
effort .   This method w i l l  not  be  discussed  further  but  can  be  found  in 
de t a i l   i n   r e f e rence  63. 

Suppose now tha t   t he re  are N i nne r   g r id   po in t s   i n   t he   g r id   s e l ec t -  
ed f o r   t h e  problem.  Applying  equation ( (90)  t o  each  poiEt  yields N 
simultaneous  l inear  equations  in N unknowns. (The Bi  are  not known 
and  must be  given  an assumed value.) Now t h e  problem is  one of solving 
t h i s   s e t  of simultaneous  equations,  by  either a relaxation  process  ( in- 
d i r e c t )  or a matr ix   process   (direct) .  The la t ter  process i s  too  lengthy 
f o r  hand  computation when a reasonable number of   gr id   points  i s  used. 
Both  methods a re   d i scussed   i n   de t a i l   i n   r e f e rences  65 and 66 and are 
indicated  br ief ly   in   appendixes  C and D, respect ively.  

When the  values of Y have  been  obtained at each  inter ior   point  by 
some process,  the  nonlinear  term B in   equat ion  (90) must be  recalculated 
on the  basis   of   these Y values. A second  solution i s  then  carried  out.  
With the  relaxation  technique, it may be  advantageous t o   r e c a l c u l a t e   t h e  
Bi i n   t h e  middle  of a cycle i f  t h e  changes i n  Y have  been large.   This 
is, of course,   not  possible  in a matr ix   solut ion.   In   e i ther   case,   the  
i n i t i a l  values  estimated  for  relaxation and t h e  Bi values  estimated 
for  matrices  should  be as close as p o s s i b l e   t o   t h e   f i n a l  answer t o   o b t a i n  
rapid  convergence. The question  of  convergence  has  not  been  considered 
mathematically.  In most  examples t h a t  have  been  carried  out so  far, 
convergence  has  occurred. 

Some difficulty  has  been  encountered a t  t h e  Lewis  l abora tory   in  ob- 
taining  convergence at high  subsonic Mach numbers when equation (88) i s  
used. From equation  (89) it i s  seen  that  B contains first der ivat ives  
of p and, hence,  second  derivatives  of Y. More rapid  convergence  could 
be  expected if  a l l  second-derivative terms in   equat ion  (90) were t o   b e   i n -  
cluded in   t he   ope ra t ive   pa r t  of t he   equa t ion   r a the r   t han   i n   t he   f i e ld  
function B. A s  in   re fe rence  55, equation (88) can  be  rewritten as 
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where ( pa/pa)2 i s  a func t ion   o f  q and  hence of ( aY/dx)2 + ( a ? ? / d ~ ) ~ .  
Equat ion  (95)  i s  l i nea r i zed   by   wr i t i ng  

A -  a2Y a2Y d2Y 
ax2 3Y2 

+c, ,=o + B -  
X Y  

where 

The c o e f r i c i e n t s  A, B, and C are f i e l d   f u n c t i o n s   ( c o r r e s p o n d i n g   t o  B 
i n   e q .  (90 ) )  conta in ing   on ly  f i rs t  d e r i v a t i v e s  of Y. A complicat ion i s  
thus i n t r o d u c e d   i n t o   t h e   c o e f f i c i e n t s   o f   t h e   f i n i t e - d i f f e r e n c e   e x p r e s s i o n s ,  
but  convergence i s  e x p e c t e d   t o   b e  more r a p i d .  

The r e s u l t s   o f   a n  example  conputed i n   r e f e r e n c e   6 3   b y   t h e   r e l a x a t i o n  
p rocess  and e q u a t i o n   ( 8 9 )   f o r  a tu rb ine   ca scade  are r e p r o d u c e d   i n   f i g u r e  
13. The  method i s  e a s i l y   a d a p t e d   t o  a g e n e r a l   s u r f a c e  of r e v o l u t i o n  
( s e e  re f .  63 ) .  

The Inverse  Problem 

S ince   t he   phys i ca l   boundar i e s  of t he   f l ow  channe l  ( i . e . ,  t h e  blade 
su r faces )  are not  known f o r   t h e   i n v e r s e  problem, t h e   r e l a x a t i o n   a n d  
ma t r ix   so lu t ions   have   no t   been   u sed   i n   t he   phys i ca l   p l ane .  A method 
has  been  developed,  however,  by  Stanitz ( re f .  67)   and   by   S tan i tz   and  
Sheldrake ( re f .  68 )  t o   s o l v e   t h e   e q u a t i o n s   g o v e r n i n g   t h e  f l u i d  motion 
when t h e  stream a n d   p o t e n t i a l   f u n c t i o n s   r e p l a c e   t h e   C a r t e s i a n   c o o r d i -  
n a t e s  as independent variables. Relaxat ion  and matrix techniques  can 
b e  employed i n   t h i s  @.-plane. 
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Some simpler  approximate  techniques  are  available.  Ackeret (ref. 
69)  replaced  the  cascade of closely spaced blades by a continuous d i s t r i -  
bution of vortices and sources,  periodic in   t he   d i r ec t ion  of the y- 
axis. Th i s   i n f in i t e   s t r i p  of s ingular i t ies   y ie lds  an  approximate  veloc- 
i t y   d i s t r i b u t i o n  asld approximate  thickness. A blade shape is  then com- 
puted. The  method i s  i terative  in  nature  but  does  not  require as much 
time as the  exact  solutions. Sawyer employed t h i s  method t o  design 
a cascade (ref. 70)  for  testing  purposes. The time  required  for  the 
complete theoret ical   solut ion was approximately 40 hours. 

In  reference 71, Alpert developed a method for designing a 
channel when the  shape of one w a l l  i s  known and a veloci ty   dis t r ibut ion 
i s  prescribed on t h a t  w a l l .  Although t h i s  appears to  overprescribe  the 
problem, the  author  necessarily  uses  only a f i n i t e  number of po in ts   in  
actually  obtaining a solution. A solution  progresses  from one streamline 
t o   t h e  next, away from the known w a l l .  The method i s  eas i ly  and rapidly 
carried  out  with  the  aid of tables  the  author  has  prepared. An example 
i s  worked by t h i s  method, but no comparison with  an  exact  theoretical 
solution i s  m a d e .  

The method of expansion by power series i s  presented by Wu and 
Brown in  reference 62 for   the  inverse  problem as well as the   d i rec t  
problem. The same l imi t a t ions   t o   t he  method apply as those  discussed 
previously  for   the  direct  problem. 

A rapid approximate method i s  presented by Stan i tz   in   re fe r -  
ence 72. The assumptions made i n   t h e  method a re   r ea l i zed   t o  a su f f i -  
cient  degree i n  a closely spaced  cascade,  but t he  nose and t a i l  sections 
cannot  be  included in   the  design.  A comparison of the  results  obtained 
by the  author  with  stream-filament  solutions showed good agreement. It 
should  be  pointed  out, however, t ha t   t he  method i s  essent ia l ly   l imited 
to   angles  of incidence such tha t   t he  mean streamlines  enter  the  blade 
channel  with  curvatures  close  to  the mean blade  curvature.  This  approxi- 
mate design method, which enables a prac t ica l  and rapid  solution, i s  
presented i n  some detai l   in   the  fol lowing  sect ion.  The exact  solution  by 
re laxa t ion   in   the  +Y-plane '(refs. 67 and 68) i s  also  presented. 

Approximate method. - The design method t o  be  presented  (ref. 72)  i s  
not   appl icable   in   the immediate regions of the  leading and t r a i l i n g  edges 
of the  cascade  blade, where the  small r a d i i  of curvature of the  blade 
sections  invalidate  the assumptions made i n   t h e  method. When a pressure 
d is t r ibu t ion  i s  prescribgd on the  channel  surfaces as a function of 
dimensionless  distance x along  the x-axis1,  along  with  the  upstream 
and downstream vector  velocities,  the  solution will yield  the channel 
shape in   t he   r eg ion  of validity.  

'All linear  quantit ies  are  considered  to  be made dimensionless by 
division  by x, where x i s  the  axial   length of the  assumed region of 
va l id i ty  of the  solution. 

- - 
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Two important  assumptions are made unde r ly ing   t he   u se  of t h e  method. 
A t  a given  value  of  x, it i s  assumed t h a t  (1) t h e  mass-weight  average 
f l o w   d i r e c t i o n  i s  t h e  same as the   d i r ec t ion   o f   t he   b l ade -e l emen t  camber 
l i n e ,  and ( 2 )  t h e  mass-weight  average  velocity i s  equal  t o  one-ha l f   the  
sum of   t he   ve loc i t i e s   p re sc r ibed   on   t he   suc t ion  and p res su re   su r f aces .  

A 

The s o l i d i t y  0 can  be  def ined as 

1 r J = -  
cI 

S 

Then t h e   t h i c k n e s s   r a t i o  v i s  dei'ined as 
cI 

n 

A b  v = -  
S 
cI 

(97)  

The b l ade -e l emen t   p ro f i l e  i s  determined  from 0 and from ^v and 
p as func t ions   o f  x. The  method of t h i s   s e c t i o n  i s  concerned  with 
a determinat ion of t h e s e   q u a n t i t i e s .  

A 

Consider   an   e lementa l   s t r ip   o f  axial depth  &. The t a n g e n t i a l   f o r c e  
o n   t h e   s t r i p  of f lu id   can   be   equated  t o  t h e  ra te  of  change i n  momentum i n  
t h e   t a n g e n t i a l   d i r e c t i o n  as fo l lows:  

where Aw i s  t h e  ra te  of' n m s s  Blow in   t he   channe l   fo rmed   by   t he  
two adjacent   b lades .   Equat ion   (99)   can   be   wr i t ten  as 

where Aw/F; i s  the   average  rate of mass f l o w   p e r   u n i t  area of t h e   c a s -  
cade  channel. Then, f rom  equat ions (97 )  and (loo), it f o l l o w s   t h a t  

o r  
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The pressure p i s  determined  from  the  prescribed  velocity q and 
from  given  stagnation  conditions  by  the  equation 

Since and qs a e  prescribed,  pp and ps are dalculable from 

* -Y 
qP 

equation (102), and 0 is  known from equatiorl (101). With 0 known, CI 

can be  calculated a t  any  value of x from 

The average  flow  angle p i s  given  by 

where q i s  given  by 

qs + qp 
q =  2 

Thus, from equations (101) to (105)   t he   so l id i ty  and t h e  p d i s -  
t r i bu t ion   a r e   ob ta inab le .  The value v w i l l  now be  obtained  from  con- 
t inu i ty   cons idera t ions ,  whereby 

n 

aw = pq( .2 - $)X cos p 

Since b = us ,  
A A n  

aw = pq(1  - v̂ ) cos p 
-A 

xs 

and 
n 
v = l -  A W  

p q z  cos p 

where the   dens i ty  i s  given  by 
1 
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Applying the  continuity  requirement  upstream and  downstream of the  
cascade  gives 

Following i s  a step-by-step  procedure  for  solving a given problem: 

(1) Prescr ibe  the  quant i t ies  ql, q2, P1, and P2 so  t h a t  equa- 
t i o n  (108) i s  sa t i s f i ed .  

( 2 )  Prescr ibe qs  and qp as functions of x. 

( 3 )  Find Aw/F.^ from  equation (108). 

(4 )  Find pp and ps as functions of E from  equation (102) .  

A 

(5) Find CJ from  equation ( 101) . 
( 6 )  Find qy from  equation (103). 

( 7)  Find q from  equation ( 105) . 
(8) Find P from  equation ( 104) . 
(9 )  Find v^ from  equation (106). 

(11) Distr ibute   the  blade  thickness  b symmetrically  about  the 
A 

mean camber l ine .  

(12)  F a i r   i n  a leading- and trail ing-edge  section. 

The preceding method i s  given in   r e f e rence  72 i n  a form  applicable 
t o  a general  surface  of  revolution as w e l l  as t o  a plane  cascade.  Fig- 
ure 14 shows the   p rescr ibed   ve loc i ty   d i s t r ibu t ion   for  a plane  cascade 
computation (ref.  72 )  along w i t h  a stream-filament  analysis of t h e   f i n a l  
blade  shape  obtained. 

Exact method. - A s  mentioned  previously,  the  difficulty i n  applying 
the  matrix and relaxat ion  techniques  for   solving  different ia l   equat ions 
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t.0 the  design problem arises from t h e  fact t h a t   t h e   p h y s i c a l   b o m d a i e s  
are   not  known. I n  a paper  by  Stanitz ( ref .  6 7 ) ,  the  equations  governing 
t h e  motion  of t he   f l u id   a r e   wr i t t en  i n  terms of the  +Y-coordinates,  for 
in  these  coordinates  the  boundary  location is  known.  The assumptions 
made in   t h i s   so lu t ion   a r e   t ha t   t he   f l ow i s  nonviscous,  two-dimensional, 
and i r ro t a t iona l .  The problem of designing  an  infinite  channel w i l l  be 
t r ea t ed  f i rs t ,  and t h i s  problem will then  be  adapted t o  cascade  design. 

- -.. 

A t  each  point  in  the  channel,  the  velocity  has a magnitude q and 
a d i rec t ion  p with  the  posi t ive  x-axis .  

From the  condition of continuity, a stream function Y can  be 
defined  such  that 

dY = pq dn ( 109) 

Similarly,  from the  condi t ion of i r ro t a t iona l i t y ,  a potent ia l   func-  
t i o n  CP can  be  defined  such  that 

where d2 is  an increment  taken  along a streamline and  dn i s  an in-  
crement i n  a d i rec t ion  normal to   the  s t reamline.  It i s  clear  from  equa- 
t i ons  (109) and (110) t h a t  'f i s  constant  along a streamline and @ i s  
constant  along a l i n e  normal to   t he   s t r eaml ines   (po ten t i a l   l i ne ) .  The 
channel  boundaries in   the   phys ica l   p lane   (xy-p lane)   a re   s t reaml ines   in  
the  flow. Hence, t hese   l i nes  w i l l  become constant va lues  of Y i n   t h e  
transformed  +P-plane ( i . e . ,  the curved  channel i n   t h e  xy-plane w i l l  be- 
come an i n f i n i t e   s t r i p  i n  the  @y-plane).  Furthermore,  the  distribution 
of veloci ty  as a funct ion of @ along  the  boundaries i s  known, since 
the   ve loc i ty  

i s  prescribed as a function of arc   length  in   the  physical   p lane;   therefore  
equation (110) i n t eg ra t e s   t o   g ive  

From equations (111) and (112), 

Thus, t he  boundary  conditions in   the  t ransformed  plane  are  known, 
and only  the  equations  governing  the f low in  the  t ransformed  plane  are  
needed t o  complete the  setup of t h e  problem. 
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The continuity and i r ro t a t iona l i t y   equa t ions   i n   t he  +y-plane are  
developed in   r e f e rence  67 and are,   respectively,  

Differentiating  equations (114) and (115) with  respec-t t o  + and I, 
respectively,  and  combining to   e l imina te  a 2 p / m Y  yield 

(116) 

This  equation,  together  with  the  relation (107)  between veloci ty  and 
density,   determines  the  distribution of log q i n   t h e  +Y-plane. Equa- 
t i o n  (116) can  be  solved  by  relaxation methods (appendix C )  o r  matrix 
methods (appendix D ) .  When the   d i s t r ibu t ion  of log q has  been found 
throughout  the  channel f o r  a given  dis t r ibut ion of q along  the bound- 
a r i e s ,   t he   d i s t r ibu t ion  of p can be found along  each  streamline  (con- 
s t an t  y) by  integrating  equation (115) : 

The d i s t r ibu t ion  of p can  be found along  each  potential   l ine from  equa- 
t i o n  (114) : 

A t  each  point  in  the  xy-plane,  

dx = a2 cos p 

dy = dZ sin p 

Using  equations (119) with equations (109) and (110) gives 
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x =  - -ddP 1 s i n  $ 
P 9  

Equations (120) g ive   t he   r e l a t ion  between a point  (x, y) i n  the  physical  
plane and a point  (+,P) in   the  t ransformed  plane.  I n  th i s   f a sh ion ,   t he  
shape of the  physical   channel  that   produces  the  prescribed  velocity  dis-  
t r i b u t i o n  i s  found. 

This method i s  adapted in   r e f e rence  67 t o  a flow  governed  by a 
l inear  pressure-volume  relation.  Solutions  of two problems,  having t h e  
same prescribed  boundary  conditions, are compared f o r  a compressible 
flow and a linearized  compressible  flow. The resul t ing  channels  are 
qui te  s i m i l a r .  Under the  assumption  of a linearized  compressible  flow, 
the  fol lowing  equat ion  for   the  turning  angle  i s  given: 

where the   subsc r ip t s  AY and 0 r e fe r   t o   t he   channe l   boundar i e s .   In  
the  cascade  design  problem,  equation (121)  enables   the   des igner   to  
prescr ibe a v e l o c i t y   d i s t r i b u t i o n   t h a t  i s  consis tent   with  the  prescr ibed 
turning  angle. 

I n   f i g u r e  15 a cascade i s  shown with  the  stagnation  streamline drawn 
in .  The cascade  can  be  formed  by  the  "islands"  between  adjacent  channels. 
The cascade  design  problem  then becomes a problem i n  channel  design. The 
channel  design method considered in  the  preceding  paragraphs  does  not.  
al low  zero  velocit ies  on  the  channel  surfaces.   This  results  in  cusps o'n 
the  leading and t r a i l i n g  edges of the   i s lands ,  which  must be  rounded  off 
t o  form a blade. 

In  applying  the  channel  design method t o  a cascade  design, it i s  
necessary t o  determine  the  posi t ion of the   l ead ing  and tyai l ing  edges on 
both  suction and pressure   sur faces   in   the  +Y-plane.  .From'figure 15 it 
i s  seen  that  
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from which 

'D - 9c = 9B - +A 

But  conditions  are  uniform fa r  upstream, so t h a t  

where Ay i s  t h e  change i n  Y from  one  channel  surface t o   t h e   o t h e r .  
S imi la r ly   ( see   f ig .  15), 

AY t a n  B, 

Equations  (123) and (124)  determine  the  relative  posit ions on t h e  
boundaries i n   t h e  +'$!-plane t h a t  correspond to   the   l ead ing  and t r a i l i n g  
edges of the  blade,   respect ively.  

The design  procedure  for a cascade of blades can now be  formulated. 
A l inear  pressure-volume  relation i s  assumed so that   equat ion (121)  can 
be  used: 

(1) Prescribe a cascade  turning  angle. 

( 2 )  Prescribe a ve loc i ty   d i s t r ibu t ion .  

(3) Adjust   the   veloci ty   dis t r ibut ion so that   equat ions (121) , ( 1 2 3 ) ,  
and (124)  a r e   s a t i s f i e d .  

(4 )  Solve  the  result ing  channel problem  by the  technique  described 
in  the  preceding  paragraphs.  

An impulse  cascade  with 90' turning i s  invest igated i n  reference 68. 
The prescr ibed   ve loc i ty   d i s t r ibu t ion  on the  suct ion  surface and t h e   f i n a l  
cascade  obtained  are  presented  in  f igure 16. 

ANALOG TECHNIQUES 

For many years  attempts  have bee,n made t o   e s t a b l i s h   r e l a t i o n s   b e -  
tween the  f low  of  compressible  f luids and other  physical   problems  that  
can  be  solved by nonanalytic  techniques. Two physical  problems  have no 
mathematical  individuality if  the  governing  equat ions  are   the same ( i . e . ,  
t h e  same except   for  a possible  change i n  nomenclature).  This  fact i s  
u t i l i zed   i n   t he   ana logs   cons ide red   i n   t he   p re sen t   s ec t ion .  
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As a r e s u l t  of the  importance of experimental  technique i n  most 
analog  methods,  such  methods  cannot  be sa t i s f ac to r i ly   eva lua ted  on t h e  
b a s i s  of theore t ica l   cor rec tness .  In  fact, the  theory i s  generally  of 
qu i te  a simple  nature, and t h e   r e a l  problems  involved are problems of 
operational ' technique. Because  of t h i s  and  because  of  the  tremendous 
extent  of t h e  literature i n  t h i s   f i e l d ,  no attempt i s  made h e r e i n   t o  
evaluate   individual   contr ibut ions,  some of  which are d iscussed   in  ref- 
erences 7 3  t o  84. 

This  section.?^ concerned  only  with  compressible  flow. The 
incompressible-flow  problem,  resulting as it does i n  a Laplace  equation, 
i s  the   s imp le r   t o   so lve   d i r ec t ly  and t o  analogize. The bas ic   theory  i s  
developed f o r  several important  types of analog  that  have  been  used 
successfully.  

Hydraulic Analog 

Consider   the  i r rotat ional   f low  of   water   with a free  surface  over  a 
hor izonta l   p lane .   Bernoul l i ' s   equa t ion   for  a stream  filament of t h i s  
f low  can  be  writ ten 

The subscr ipt  0 r e f e r s   t o   c o n d i t i o n s  a t  a given  point  through which t h e  
fi lament  passes,  g i s  the  accelerat ion  due  to   gravi ty ,  and z i s  the  
coordinate i n   t h e   v e r t i c a l   d i r e c t i o n .  If the  f low emanat,es  from a tank 
of s u f f i c i e n t l y   l a r g e  volume, the   ve loc i ty   in   the   t ank   can   be   cons idered  
zero. Then, if the  reference  point  i s  taken  in   the  tank,   equat ion (125) 
b e  comes 

P + 5 v2 + pgz = P + pgzo 

o r  

A simplifying  assumption i s  now  made t h a t   t h e   a c c e l e r a t i o n   i n   t h e  
v e r t i c a l   d i r e c t i o n  a t  any point  i s  negl igible  when compared with  the 
accelerat ion  due  to   gravi ty .   This   assumption  (not   a lways  suff ic ient ly  
real ized,   see  ref.  7 3 )  leads t o  t h e   r e l a t i o n s  
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where D i s  the  height  of t h e  water surface.  Using  equations  (127)  in 
equation (126) yie lds  

v2 = 2g(Do - D) ( 128a) 

The maximum a t t a inab le   ve loc i ty  i s  given by 

vmax = d-0 

The continuity  equation for t h i s   f l o w  i s  

a(Dvx) a ( D v  
a x + + = o  

(129a) 

( 130a) 

( 131a) 

The i r ro t a t iona l i t y   cond i t ion  i s  u t i l i z e d  as fol lows:  From equation 
(128a), since  the  f low i s  essentially  two-dimensional, 

Equation  (131a) i s  rewr i t ten  as 

DrZ+2) + v x b ; ; + v y ~ = O  aD a D  

Then, subst i tut ing  equat ion (132)  i n t o  (133) y ie lds  

avx avy 
If the   f low i s  i r r o t a t i o n a l  - ax = 0 and a v e l o c i t y   p o t e n t i a l  -7- 

%( x,y) e x i s t s  such t h a t  

a+ 
vx = 
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Using equations (135) in  equation (134) yields 

These a re   the  fundamental  equations  governing  the  flow of water 
under the-conditions  specified. They will now be compared with  the  fun- 
damental  equations govexning the two-dimensional i r ro t a t iona l  flow of a 
compressible  fluid. The energy  equation  for  the  fluid  flow can be  written 
as 

The maximum local   veloci ty  i s  given  by 

qma = d w >  
Then, 

(129b) 

( 130b) 

Therefore, i f  the   ve loc i ty   ra t io  of the  gas  flow i s  equated t o   t h e  
ve loc i ty   ra t io  of t he  water flow, equations  (130a) and (130b) yield 

D O - D  T - t  = -  
DO T 

or 

D t  - =  - 
Do 

b 

The continuity  equation  for  the  gas  flow i s  writ ten 

( 131b) 

Comparing equations (131a) and (131b) yields  the  further  condition  for 
the  analogy  that 

D 
” P ”  
pa DO 
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For adiabatic  isentropic  flow,  the  temperature and density of t h e  
gas  are  related  by 

1 

An examination of equations (137) and (138) ind ica tes   tha t  - P t  - - 
P a -  T i n   t h e  analogy, so t h a t  y = 2 .  Pressures are obtained from 

This  value  of y i s  not v a l i d  f o r  any r e a l  gas. However, s ince many 
r e l a t ions  are not   s ignif icant ly   affected by  using a value of y s l igh t ly  
d i f f e ren t  from the  t rue  value,  it should  be  possible to   ob ta in  a t  l e a s t  
qua l i ta t ive ly   cor rec t   resu l t s .  

The potent ia l - f  low 

2 a -  

Comparison  of equations 

equation  for  the  gas i s  

(136a) and (136b) shows t h a t  

Thus, fi@ compares with  the  veloci ty  of sound in   the  gas   f low.  It i s  
known from t h e   l i t e r a t u r e  on hydraul ics   that  G D  corresponds t o   t h e  
speed of propagation of long  surface waves. The r a t i o  v / m  in   l i qu id  
flow i s  seen t o  correspond t o   t h e  Mach number q/a i n  gas  flow.  Liquid 
f lows  with v/@ <1 are called  "streaming" and with v/& > 1 are 
called  "shooting." The d i f fe rence   in   the   charac te r  of the  equat ions 
governing  subsonic and supersonic  compressible  flows  exists  also  in  the 
equations  governing  "streaming" and  "shooting"  incompressible  flows. 

It i s  seen   t ha t   u t i l i za t ion  of the  hydraulic  analogy  reduces  the 
problem of finding  compressible-flow  properties of a gas   t o  measuring 
depth   in  a l iquid  f lowing under certain  conditions.  The chief  advantage 
of the  analogy i s  t h a t  it provides a relatively  inexpensive way to   i nves -  
t i g a t e  high-speed flow of compressible  fluids. A photograph of an appa- 
r a t u s  used  successfully  in  applying  the  hydraulic  analogy  (ref. 73)  i s  
shown i n   f i g u r e  17. 
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Mechanical Analogs 

For a two-dimensional  compressible  isentropic  flow,  the  following 
equations. are valid:  

au 
dn Pq 
- =  

1 

(143) 

where the  der ivat ives   in   equat ions  (142)  and  (143) are t a k e n   i n   t h e  
d i rec t ion  of a streamline  and a poten t ia l   l ine ,   respec t ive ly .  

For purposes  of  mechanical  representation, it i s  assumed t h a t   t h e  
t o t a l   d i f f e r e n t i a l s   d @  and dH i n  (142)  and  (143)  can  be  replaced by 
f i n i t e  increments  of a s i ze  s u f f i c i e n t l y  small i n  comparison wi th   the  
cascade.  Equations  (142)  and  (143) become, respect ively,  

Then, from  equations  (144)  and  (145), 

An "a Pa "a 1 A2 1 
a p - = - - = -  a a A Y  g P q 1 = a a B  1 - 

g iv ing   t he   r e l a t ion  between (aapaAn/AY) and (aaA2/A*). 

From equations  (145), 

and it i s  c l e a r   t h a t  
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for  stagnation  conditions.   Equation ( 146) i s  p l o t t e d   f o r  y = 1 . 4   i n  
f igure  18. This  equation i s  qui te   genera l   in   appl ica t ion  and r e l a t e s  
An t o  A2 f o r   t h e  meshes of a streamlfne - ,potent ia l - l ine network i n  a 
compressible-flow f i e l d .  From equation  (144)  the  pressure a t  any point 
of the   f low  f ie ld  i s  given  by 

S imi la r ly ,   the   loca l  Mach number can  be  determined as 

These  equations may be  used in   severa l  ways t o  determine  the  flow 
about a cascade of blades. A descr ipt ion of the  graphical method ( f l u x  
p l o t )  w i l l  ind ica te   the   genera l   theory  and c l a r i f y   t h e  mechanical  analo- 
g i e s   a r i s i n g  from it. The blades  to   be  invest igated  are  f i rs t  drawn t o  
a convenient  scale. Three blades (and hence two passages) are used t o  
provide a clearer   picture   of   the  flow in   the  leading-edge  region and a 
check  on the  accuracy of t h e  assumed stagnation  streamlines.  That i s ,  
the   s tagnat ion   s t reaml ine   a t tached   to   the   cen t ra l   a i r fo i l  must have t h e  
same shape i n   t h e   f i n a l   s o l u t i o n  as the  outside  stagnation  streamlines.  
A s  a f i r s t  approximation,  the  stream and p o t e n t i a l   l i n e s   a r e  drawn f o r  
an incompressible  flow, which divides   the  f ie ld   net   in to   near ly   square 
meshes. (S t r ic t   accuracy  i s  not  necessary,   since  this i s  only a f i r s t  
approximation to  the  compressible  f low.) The meshes are  then  corrected 
t o  a rectangular  shape by the   appl ica t ion  of equations (145) and (146). 

A word must be  said  here  about  the  use of these   equat ions   in  a given 
problem.  Generally,  the  upstream  conditions q1 and p1 w i l l  be  given 
as wel l  as the  cascade  geometry. When a drawing  of the  cascade,has  been 
made t o  a convenient  scale,  the  spacing s can  be  measured. The t o t a l  
mass flow  through a single  passage i s  given  by 

and AY i s  chosen as AH = Aw/N where N i s  the  desired nuniber of in -  
cremental  flow  passages  per  cascade  passage. The value of N should  be 
chosen t o   r e p r e s e n t   t h e   b e s t  compromise between time and  accuracy. Then, 
i f  AZ i s  taken e q u a l   t o  An at stagnation  conditions,  equation  (147) 
y i e l d s  

A + =  - AY 
Pa 
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Thus, from a given set of inlet   condi t ions,  a given  cascade  drawing, 
and a desired number of streamlines  per  passage,  values  of A?f and A@ 
are,determined.  These  values are constant  over  the  f low  field,  so t h a t  
equation (146) y i e lds  a f ixed   r e l a t ion  between An . and A2 . A s  a prac- 
t i c a l  measure, it i s  often  convenient t o  make a p lo t  of A2 against  An 
f o r   t h e   p a r t i c u l a r  problem  being  considered.  Such a plot   fol lows a t  once 
from f igu re  18 when values  of AY and A4 have  been  chosen. The stream 
and p o t e n t i a l   l i n e s  can  then  be  adjusted  (generally by  an i terat ion  proc-  
e s s )   t o   s a t i s f y   t h e  known r e l a t i o n  between & and A I .  

The f lux  plot   has   the  advantage of requir ing no unusual  equipment. 
However, the  erasure and redrawing of t h e  many l i n e s   i n   t h e  flow  net i n  
the   success ive   i t e ra t ions  i s  a time-consuming  operation.  Simple mechan- 
i c a l  means of a l l ev ia t ing  some of t h e   d i f f i c u l t i e s  are discussed  in  the 
following  paragraphs. 

The condition  of  orthogonality  can  be  nearly  satisfied by  using a 
net of wires and pins. The stream and po ten t i a l   l i nes  of the  f low are 
represented  by  thin  spring steel  wires. The nodes of t he   ne t   a r e   s t ee l  
pins   with  holes   dr i l led a t  right  angles  through them ( see   f i g .   19 ) .  
When the  wires have  been  threaded  through  the  pins,  the network,  under 
d i s t o r t i o n   t o   s a t i s f y  boundary  conditions, w i l l  maintain  orthogonality 
t o  a certain  degree.  The f r i c t ion   p re sen t  w i l l  prevent a complete self- 
alinement  of  the  network. The diameter of the   p ins  and tolerance of t he  
holes w i l l  r e s u l t   i n  some deviation  from  orthogonality. 

The boundary  conditions  are  satisfied by  using  pins  with  sharply 
pointed  ends t o  secure  the bounding  streamlines i n   t h e i r  proper  locations. 
Special   p ins  are used for   s tagnat ion  s t reamlines .  

For  the  case .of an  incompressible  f luid,   the meshes of the  network 
must be  square. A second  orthogonal  network,  forming  diagonals of t he  
small squares,  can  be  superimposed to   s a t i s fy   t h i s   cond i t ion .  The pins 
must b e   d r i l l e d   t o   r e c e i v e   t h i s  second  network as w e l l  as the  f irst .  
Use of t h e  second  network r e s u l t s   i n  more accurate  curvilinear  squares 
than  could  be  achieved by measuring dis tances  between  midpoints of 
opposite  sides. 

To f a c i l i t a t e   t h e  network  adjustment i n   t h e   c a s e  of compressible 
f low,  a four-legged  caliper  has  been  devised  by Sells ( r e f .  7 4 ) .  
The spacing  between one p a i r  of l egs  i s  a functlon of the  spacing  be- 
tween the  other   legs ,  and the   func t iona l   r e l a t ion  i s  devised t o  main- 
ta in   the   wid th- to- length   ra t io  of t he  small meshes  of a compressible-flow 
net.  This  device was used  successfully  by  the  authors of reference 74. 

Another  mechanical method of adjustment  (fig. 2 0 )  has  been  devised 
by  Westphal  and Dunavant (ref. 7 5 ) .  A few basic  considerations nust 
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be  noted  re la t ing 
conditions,  then, 

By choosing A+ = 

and a l s o  

29 3 

t o  i t s  construction. If A2 = An a t  stagnation 
as pointed  out  earlier,  A@ = AY/pa. In   this   case,  

aJ2, equation  (152)  yields 

"aPa &2An = 

aa 2 = ZAZ 

Using  equations (153) and (154) in   equa t ion  (146) yie lds  

A n =  A1 
1 

which i s  a un ive r sa l   r e l a t ion  between An and f o r  a fixed  value of 
A@. To ob ta in   t h i s   r e l a t ion ,  it was necessary t o   g i v e  up the  freedom of 
choosing AY, and hence A@, i n  each  in.dividua1  problem. I n  a given 
problem, equation (150) i s  used t o  determine &/s, and then s, from AY 
and N.  Then the  cascade must be drawn t o  correspond t o   t h i s   v a l u e  of 
s. Thus, i n  any given  problem  the  scale of t h e  drawing i s  uniquely 
determined  by  the  inlet  conditions,  the  desired number of streamlines 
per  passage, and the  f ixed  value of A+. 

Figure 20  (from r e f .  75) shows a s l o t t e d  cam constructed  to   repro-  
duce  mechanically  the  functional  relation  given  by  equation  (155).  If 
t h e  cams are  placed  over a network of p ins  and wires as shown i n   f i g u r e  
21, the   d i s tance  An w i l l  automatically  require  the  distance A2 t o  be 
such tha t   the   p roper   re la t ion ,  as expressed  by  equation (155), i s  pre- 
served. In   general   procedure  the wire ne t  i s  f i t t e d   t o   t h e  boundary 
conditions  of a p a r t i c u l a r  problem. Then t h e  cams are placed  over  the 
pins  beginning  from a known por t ion   of   the   f low  f ie ld ,   usua l ly  f a r  up- 
stream. The alinement  of  the  pins and wires i s  complete  with  the  place- 
ment of t h e  cams. Since  addi t ional  measurements and correct ions are not  
necessary,  the  procedure i s  f a i r l y   r a p i d .  

The value a d 2  was chosen for A+ t o   y i e l d  a reasonable cam s i ze .  
Clearly, a value of A+ must be f ixed   i n   o rde r   t o   cons t ruc t  a cam of 
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fa i r ly   un ive r sa l   app l i cab i l i t y .  The cam repor ted   in   re fe rence  75 i s  
v a l i d   f o r  a range of Mach number from  0.3 t o  1.0 and f o r  stream-tube 
widths  of 0.864 t o  1.760  inches. 

The t i m e  required  for   obtaining a solut ion  for   turbine.   cascades and 
nozzles  by  use of t h e  cams i s  estimated i n   r e f e r e n c e  75 t o   b e  about 8 
hours. However, some d i f f i c u l t y  was encountered in   r e f e rence  76 i n  
applying  the wire-mesh method t o  a compressor  cascade.  This  difficulty 
was a t t r i b u t e d   t o   t h e  more poorly  defined  passage of t he  compressor  cas- 
cade invest igated as compared with  the  cascade of turbines.  

E l e c t r i c a l  Analogs 

The flow of an electr ic   current   through a nearly f l a t  p l a t e  i s  
governed  by the  following  equations: 

where i s  the   e l ec t r i c   po ten t i a l ,  y i s  an electric-cxrrent  function, 
51 i s  the   spec i f i c   r e s i s t ance  of t he   p l a t e ,  I is  the  current  density,  and 
m i s  the  thickness   of   the   plate .  The following  relations  hold f o r  t he  
i r ro ta t iona l   f low of a nonviscous  compressible  fluid: 

n 

A comparison of equations  (156) and  (157)  indicates  that an analogy 
e x i s t s  i f  

+ =  - +  Y = Y  
A A 

qy = QIy 

Then, from  equations (158) it fol lows  that  

m p = -  
51 (159) 
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If the   f low  pa t te rn  i s  known i n  any f i e l d  of f l u i d  flow, the  veloc- 
i t y ,  and hence the  density,  i s  known a t  each  point. Then, if t h e   r a t i o  
of p l a t e   t h i ckness   t o   p l a t e   spec i f i c   r e s i s t ance  a t  each  point i s  made 
equal t o   t h e   d e n s i t y  a t  the  corresponding  point of t he   f l ow  f i e ld ,   t he  
l i n e s  of  flow of t he   e l ec t r i c   cu r ren t  w i l l  correspond to   s t reamlines  of 
the  compressible-fluid  f low.  Similarly,   the  l ines of cons tan t   e lec t r ic  
p o t e n t i a l  w i l l  correspond t o   p o t e n t i a l   l i n e s  of the   f low  f ie ld .  

I n   t h e  f i rs t  approach t o   t h e  use  of t h i s  analogy, l e t  S2 = constant. 
That i s ,  choose a conducting  substance of constant  specific  resistance.  
Then m must be  varied t o   s a t i s f y   r e l a t i o n  (159). A convenient way t o  
construct a conducting  sheet of constant  specific  resistance  and  varying 
thickness i s  t o  use a tank containing  an  electrolyte.  The e l e c t r o l y t e  
must be  shallow, and the  bottom of the  tank must be made of a substance 
e a s i l y  deformed i n t o  a desired  shape  (see  ref.  7 7 ) .  The tank must be 
constructed of a nonconducting  material, as must be  the  object   about  which 
the  f low i s  t o   b e  determined. An arrangement must be made to   enable  a 
poten t ia l   d i f fe rence   to   be   c rea ted  between poin ts  far upstream and fa r  
downstream. 

To solve a compressible-flow  problem  with  such an apparatus,   the 
bottom of t h e  tank i s  l e f t  f l a t  f o r   t h e  f i r s t  approximation.  This  corre- 
sponds to  obtaining  an  incompressible-flow  solution. A p o t e n t i a l   d i f f e r -  
ence i s  applied, and the   cu r ren t   l i nes  and e l e c t r i c   p o t e n t i a l   l i n e s   a r e  
determined.  Various  apparatus  have  been  developed  for  this  operation 
( see   r e f s .  77 and 7 8 ) .  The cur re- l t   l ines   a re   then   in te rpre ted  as stream- 
l i n e s ,  and a v e l o c i t y   f i e l d  i s  determined. From the  veloci t ies   obtained 
i n   t h i s  f i rs t  approximation,  densit ies  are computed a t  each  point of t h e  
flow f i e l d ,  and corresponding  thicknesses of t he   e l ec t ro ly t e   a r e   de t e r -  
mined from  equation  (159).  This  varying  thickness of t h e   e l e c t r o l y t e  i s  
achieved  by  deformation of the   t ank  bottom. With t h e  shape of the  tank 
bottom  thus  adjusted, new current   l ines   are   determined and t h e   e n t i r e  
process i s  repeated. If the  procedure i s  a convergent one, t h e   r e s u l t  
w i l l  be  the  desired  compressible  flow  about  the  object  considered. 

To avoid  the  problems  involved i n  varying  the  shape of t he   t ank  
bottom, a method i s  desirable  wherein  the  thickness i s  held  constant and 
the   r e s i s t ance  i s  varied.  A conducting  material i n  which the   res i s tance  
varies in   the   p roper  manner wi th   the   loca l   cur ren t   dens i ty  would make 
t h i s   t y p e  of analog  realizable.  Although no such material i s  known at  
the   p resent  time, a discrete-point  type of analog can be  used  to  achieve 
a properly  varying  resistance.  The d e t a i l s  of such a treatment  using a 
direct-current  board are given in   r e f e rence  74. 

Equations (156) a re   r ewr i t t en  as 
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Ex EY I, = - Iy = ” 51 
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where Ex, Ey are the   e l ec t r i c - f i e ld  components  and I,, Iy are now 
the  electric-current components per unit thickness. The der ivat ives   in  
:quation: (160)  are now replaced by difference  quotients of values of 
9 and Y a t   t h e  nodes of a square l a t t i ce   ne t  with  square mesh s ize  6. 
These difference  equations  then become the  circuit   equations  for a net- 
work  of resistances.  The resistance R of each segment  of the  net i s  
given by 

T n e  f ie ld   s t rength E i s  given by 

E = (i) 2/(L+$)2 + (%z)2 
where L& and Ay denote  differences  in  the  x- and y-directions, 
respectively. The network has  the same geometrical  boundaries as the 
flow  field  to  be  investigated.  

A s  a first approximation in   the  solut ion of a compressible-flow 
problem, the  resistances  in  the  net   are  al l   taken  equal.  The voltages 
are  then.  read at a l l  the   l a t t i ce   po in ts ,  and E i s  found  from  equation 
(162) .  The resistances are determined from equation (161) and incor- 
porated  into  the network. New readings  are  then  taken and ‘a second se t  
of  resistances  calculated. These resistances  are  incorporated  into  the 
system, and so for th .  If the method converges, the   resu l t  w i l l  be a 
f ini te-difference approximation to   t he  flow of a compressible f lu id .  

CONCLUDING REMARKS 

A survey of the   l i t e ra ture  on plane  potential  flow  about  cascades 
has  been  presented. The theories  are  classified  according  to  their  
appl icat ion  to   high-sol idi ty  or low-solidity  cascades and according t o  
whether the method solves  the  direct or the  inverse problem. Several 
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methods  have  been  presented in   cons ide rab le   de t a i l   t o   i l l u s t r a t e   accep t -  
able   solut ions for t h e  problems in   the   var ious   c lass i f ica t ions .  These 
methods a re   cons idered   to   o f fe r   p rac t ica l   so lu t ions ,   s ince   they  combine 
a reasonable amount of  computing time with  acceptable  accuracy. The 
authors of  these methods are  Katzoff,  Finn, and  Laurence ( r e f .  21 ) ;  
Goldstein  (unpublished  lectures); Huppert  and MacGregor ( r e f .  60); Wu 
and Brown ( r e f .  63);  S t a n i t z   ( r e f .  7 2 ) ;  and Stan i tz  and  Sheldrake 
( r e f .  68) .  
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APPENDIX A 

VELOCITY DISTRIBUTION AT ARBITRARY ANGlX OF INCIDENCE 

It i s  p o s s i b l e   t o  map conformally an i n f i n i t e  cascade i n   t h e  z-plane 
i n t o  a c i r c l e  of radius  1 with  center a t  the   o r ig in   in   the   ( -p lane .  The 
mapping can  be  chosen so tha t   the   po in ts   in   the   z -p lane  map i n t o  
the   r ea l   po in t s  d e K  i n   t he   c i r c l e   p l ane   ( e   . g . ,   r e f .  2 5 ) .  The complex 
po ten t i a l   func t ion  of  the  f low  about  the  circle,  which w i l l  have  the  de- 
s i r e d   s i n g u l a r i t i e s  when  mapped into  the  cascade  plane,  i s  given  by 

r 2 - 2K 
loge ( :2 1 z+2K) + constant 

The constants vm, Pm, s, r, and K are  determined  from  the  cascade 

being  investigated. Suppose now t h a t  a so lu t ion  i s  known fo r   t he   ca s -  
cade a t  some angle of incidence. Then  vm, Dm, s ,  and r are  known 
quant i t ies .  If K can  also  be  found,  equation ( 5 ) . w i l l  g ive  the flow 
i n   t h e   c i r c l e   p l a n e  which corresponds to   the   f low  in   the   cascade   p lane .  
Then, a conformal mapping i s  determined  between  points of the  z-plane 
and points  of the  (-plane  by  equating  values of the   respec t ive   po ten t ia l  
functions.  Actually,  the  value of K can  be  determined  by  requiring 
t h a t   t h e  two f low  f ie lds   be  re la ted  conformally and u t i l i z ing   the   condi -  
t i o n  of correspondence of po ten t ia l   va lues .  Note t h a t ,  on t h e   c i r c l e ,  
( = eicp and equation  (5) becomes 

vms ws = a( = - 
27[ [,Os loge (cos cp + cosh K 

r 2 s i n  Bm tan-  -1 t a n  Cp 
js inh K tan j t a n h  K)]  

Let A*( denote  the change i n   p o t e n t i a l  from the  leading-edge  stagna- 
t i on   po in t  ' P z e  to   the   t ra i l ing-edge   s tagnat ion   Poin t  'Pte,s along  the 
upper port ion of t h e   c i r c l e   ( s e e  f i g .  6 )  : 
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where 

2 s inh  K 

I 

and  tan-' \ tanh 
are i n   t h e  same quadrant as 

'te, s and VZe ,  r e spec t ive ly .  

The s tagnat ion   po in ts  are found by d i f f e r e n t i a t i n g   e q u a t i o n  ( A l )  
and  equating t o  zero .   This   resu l t s   in   the   fo l lowing   equat ion   for  'Pte,s 

and 'Pie, which  can be i n t e r p r e t e d  as a q u a d r a t i c   e q u a t i o n   i n   s i n  q :  

r 
s i n  CP cos p, + cos 0 s i n  f3 t anh  K + - s inh  K = 0 m 2vms 043) 

Since  the two f l o w   f i e l d s  are to   be   r e l a t ed   confo rma l ly ,   t he   po ten t i a l  
d i f f e r e n c e  A@z measured  from  the  leading-edge  stagnation  point t o   t h e  
t r a i l i n g  edge  of a cascade  blade m u s t  equal   the   corresponding  potent ia l  
d i f f e rence  (as given  by  eq.  (A2)) i n   t h e   c i r c l e   p l a n e .  The procedure 
f o r   f i n d i n g  K i s  as fol lows:  

(1) Assume several values of K. 

( 2 )  For each value of K, compute 'Pte,s and  from  equation ( A 3 ) .  

(3) Compute A@( from  equation (A2)  for each  value  of K. 

(4) P l o t  A@( aga ins t  K, and se l ec t   t he   va lue  of K f o r  which 
A@( = A*z. 
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With t h i s  value of K, the  f low  function ( 5 )  i s  completely  deter- 
mined and ve loc i ty   d i s t r ibu t ions  a t  angles  of  incidence  other  than  the 
one fo r   t he   o r ig ina l   so lu t ion  can  be  considered. 

If Wl: and W z  denote  the complex poten t ia l   func t ions   in   the  
c i rc le   p lane  and the  cascade  plane,  respectively, and z = z( 5 )  i s  the  
desired mapping funct ion,   the   fol lowing  re la t ions  hold:  

or  

where wz and W c  denote  the complex velocity  conjugates  in  the  cas- 
cade  and circle   planes,   respect ively.  If only  the  blade  perimeters and 
the  uni t   c i rc le   are   considered,   equat ion (A4)  becomes 

d@c 
vZ boundary dq 

- 

Pm cosh K ( s i n  CP - s i n  'Pte, s)+ s i n  Pm s inh K (cos (4 - cos  9te, 

cosh2 K - cos2 CP -1 

In   o rde r   t o  satisfy the  Kutta  condition for a new value of P, (cor- 
responding t o  a new value of incidence  angle),  the  flow must continue t o  
leave  the  cascade  blades a t  a point  corresponding t o  cp = qte, s .  Since 
the mapping funct ion i s  una l te red ,   the   ve loc i ty   d i s t r ibu t ion   for   an  arbi- 
t r a r y  value of Pm (say 0;) i s  given  by 

j3: cosh K ( s i n  Cp - s i n  CPte, + s i n  P G  si& K (cos CP - cos Ote, 
Pm cosh K (sinCP - sin  (PteYs)+sin Pm s inh K (COSCP - cos CPte,d -I 

After K and  have  once  been  found f o r  a given  cascade,  equa- 
t i o n  ( A 6 )  can be used t o  determine  velocity  distributions a t  any  angles 
of incidence. 
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APPENDIX B 

CASCADE  MAPPING F'UNCTION 

30 1 

The development of the  cascade mapping function as presented  herein 
i s  taken  from  unpublished  lectures  by  Goldstein. 

Consider  an inf ini te   cascade of blades  in   the z = x + i y  plane, 
oriented as i n   f i g u r e  1. If s i s  the  blade  spacing,  the  cascade  can 
be mapped in to  a single  closed  curve  by  the  function 

231 z 
z1 = e S 

By the mapping theorem of Riemann, the   ex te r ior  of t h i s   c lo sed  curve  can 
be mapped conformally  onto  the  exterior of a u n i t   c i r c l e   i n   t h e  22- 
plane  in  such a way t h a t  

and 

lirn z1(z2) = - 
z2 4- 

dzl l i m  - - - A  
z 2 3 w  dz2 

wbere A i s  a real   constant .   Since  the  der ivat ive of the  function  has 
no zeros   outs ide  the  c i rc le ,   the  mapping function  can be wr i t ten  

with  conditions (B2a) and (B2b) s a t i s f i e d .  

The observation is  now  made t h a t  

when z + --, then z1 -* 0 and  z2 + some point a (B4) 

when z 4 +-, then z1 + faD and 22 * +- (E 1 
The uni t   c i rc le   in   the  z2-plane  can  be mapped uniquely  by a l i nea r  

f ract ional   t ransformation  onto a u n i t   c i r c l e   i n   t h e  5-plane  with  center 

II " 
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a t  the   o r ig in  and  such that +O and a i n   t h e  z2-plane map i n t o  e 
and  -eK, respect ively (see ref. 85). This mapping can be wr i t ten  

K 

z 2 - a = a  t a a  K 
I: - e' 

If z1 is considered as a function of f ,  cer tain  condi t ions on 
z,(C) must b e   f u l f i l l e d .  From re l a t ions  (B6) and (E), z , ( f )  has a pole 

of  order 1 a t  f = eK. From re l a t ions  (B6) and (M) ,  zl(C)  has a zero 
at 5 = -eK of order 1. It i s  clear   that   the   desired  funct ion  has   the 
f o m  

where g({) i s  regular   for  >1. Furthermore, g(C)  # 0 f o r  >1, 
because, i f  g(  p)  = 0 f o r  some p such t h a t  1 p 1 > 1, then z1 = 0 would 
correspond t o  two poin ts ,  f = -eK and f = p. But t h i s  i s  not  possible, 
s ince z1 i s  a regular  one-to-one  function of 5 .  Hence, equation (B7) 
can be  rewri t ten 

where f (I:) i s  r egu la r   fo r  >1. Then 

From equations (B3) and 

Equating (B9) and (B10) yie lds  
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Then, 

with  the  condi t ion  that  G (  c )  i s  r egu la r   fo r  1 5 1  > 1, and G(*I(-) = 0.  
Equation (B13) can  be  put  into a more convenient  form.  Consider  the 
function 

0314) 

where 

Therefore  h( 5 )  i s  r egu la r   fo r  1 c . l  > 1 and  has a zero of order two a t  
5 -+ -. Subst i tut ing  equat ion (B14) into  equation (B13) gives 

and the  condi t ion on h(5)  can be  expressed as 

l i m  5 h ( ( )  = 0 
5 - % O 0  

I n  a case where the  cascade  blade  has a sharp  t ra i l ing  edge,   the   funct ion 
h( 5 )  w i l l  not be regular  a t  the  corresponding  point on t h e  mapping c i r -  
c le .  As a resul t ,   the   determinat ion of h2  from hl (where h = hl + 
ih2)  i s  unduly  complicated in   the   p receding  form. The s i n g u l a r i t y  can 
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be  factored  out, however, and the computations  simplified. The general 
mapping function  (eq. (13)) then  takes  the  following form: 

where c i s  the  included  trailing-edge  angle and (te is  the  point cor- 
responding t o   t h e   t r a i l i n g  edge. The function  h( () appearing i n  equa- 
t i o n  (B15) i s  regular on and outs ide  the  uni t   c i rc le .  For deta i l s  of 
t h i s  computation see  reference 40. 
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APPENDIX C 

REWCATION CONSIDEXATIONS 

Consider t h e  set of f i v e  gr id   po in ts  0, 1, 2, 3, and 4 shown i n  
figure  12. The  number 0 denotes   the  central   point  a t  which t h e  
finite-difference  equation,  under  consideration i n  th i s   d i scuss ion ,  is 
wri t ten.  The subscr ipts  0, 1, 2,  3, and 4 r e f e r   t o   t h e   f i v e   p o i n t s  
0, 1, 2, 3, and 4. The f ini te-difference  equat ion i s  wr i t ten  at 0 as 

The coeff ic ients  A i  a re  known, and the  nonlinear  contribution KO i s  
fixed  from a previous  approximate  solution or from  an assumed solut ion.  

Equation ( C l )  i s  rewr i t ten  

where Ro i s  ca l l ed   t he   r e s idua l  a t  0. When the  correct   values  of Yi 
are inser ted   in   equa t ion  ( C B ) ,  Ro w i l l  be  zero. If incorrect  values 
of v i  are used, RO w i l l ,  in   general ,  have a value  different from  zero. 

When equation ( C l )  i s  appl ied   to   each  of N po in ts   in   the   f low 
f i e l d ,  N simultaneous  equations i n  N unknowns (Ii) r e s u l t .  When 
values of Yi (i = O , l , .  . . N )  a r e  assumed, equation (C2) yie lds  N 

residual  values Ri (i = 0,1,. . . N ) .  The purpose of the   re laxa t ion  
process i s  t o  reduce  these  res iduals   to  small values. From equation ( C 2 )  
it i s  seen  that  RO can  be  reduced t o  zero  by a new choice of Yo, say 

Yb, such t h a t  

Y '  = Yo - - U 

0 A0 

This  choice of a new yb has  an  influence on o ther   res idua ls .   In  

th i s   case ,   the   res idua ls  a t  poin ts  1, 2, 3, and 4 i n   f i g u r e  1 2  are 
immediately  affected. The f ini te-difference  equat ions  wri t ten a t  these 
four  points  each  contain yA mult ipl ied by a coef f ic ien t   tha t   has  
been  determined at the   ou t se t .  Thus, it i s  seen   tha t  R1, f o r  example, 
i s  a funct ion of Yo and subsequently  of Y' 6. A change i n  Yo then 
must  cause a corresponding  change i n  R 1 .  
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A simple way to   car ry   ou t   th i s   p rocess  i s  t o  l i s t  the i n i t i a l  values 
of Hi and Ri a t  each  point on an  oversized  drawing of the  flow field.  
Then a change i n  Yi of AYi i s  recorded under Ti a t   t he   po in t   i n  
question.  Resulting changes mi are  recorded a t  the respectiv..  points 
affected. 

In  this  i l l u s t r a t ion  second-order  polynomial  representation  (re- 
su l t ing  i n  f ive  values  appearing i n  each  difference  equation) was used. 
The pr incipal  is the same for  higher  order  representations where more 
points  are  involved  in each  equation. Unequal spacing of points  near 
the  boundaries does not  affect  the  general  procedure.  Residuals  are 
systematically  reduced over the  entire  f low  field,   usually  beginning 
with  the  larger ones. As  there i s  considerable  interaction of e f fec ts ,  
t he   r e s idua l   a t  a given  point may undergo many changes in   t he  course of 
a solution. 

There are  many devices  for  obtaining  rapid convergence t h a t  can be 
used to   g rea t  advantage when employing relaxation methods (see  ref.  44). 
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MATRIX CONSIDERATIONS 
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Applying  equation ( 9 0 )  t o  each   gr id   po in t   in   the   f low  f ie ld   resu l t s  
i n  a co l lec t ion  of N l inear   equat ions  in  N unknowns. In a flow  prob- 
lem of th i s   na tu re ,  s o  many points  are r equ i r ed   i n   t he   so lu t ion   t ha t  
matrices  can  be  used t o  solve  the  equations  only if high-speed  computing 
equipment i s  available.   Various  matrix  techniques  are  available  in  the 
l i t e r a t u r e .  A b r i e f   ou t l i ne  of a method t h a t  has  been  used  successfully 
in   references 65 and 66 is  presented  herein. 

The f ini te-difference  equat ions  are   wri t ten i n  matrix  form as 
follows : 

where 

c A I  square  matrix of order N 

{Y}, {J} column matrices  having N elements 

The square  matrix [ A ]  can b e   m i t t e n  as 

where 

[ 2 ] lower  tr ianguuar  matrix  with  unity  in  the  diagonal 

t u ]  upper  tr iangular  matrix  with  unity  in  the  diagonal 

[d l   d iagonal  matrix 

The matrices [Z] and [ d ]  can  be combined i n t o  a lower t r iangular  
matrix [L 1, and (D2) is then  writ ten 

C A I  = [LlL-Ul ( D 3 )  

If i denotes row and j denotes column, the  elements  of [L] and 
[u] can be wr i t ten  
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i 
(D5 3 

u; = 1 

It is  seen from equations (D4) and (D5) t h a t  L: can be  found f i rs t  

A -  1 
from a knowledge of A i .  Then us  can  be  found from (D5) since u? = 2. 

L$ 
I 

Next, the  second column  of [ L ]  can  be  found and then  the second row of 
[u]. I n   t h i s  manner, a l l  elements of both  matrices  are known. 

Now define  a column matrix {Q} such tha t  

CLI {Q} = {J} 
It can be shown tha t  

Q. = 
1 

i-1 
Ji - Lk Qk 

k=l  

L,I 

Ql = 2 J 

L 

Hence, [Q] can  be  found  by  finding Q', Q2, . . . in  successive  order. 

From (D3) and (Dl), 

From (D6) and (D8), 

L U ]  (I} = { Q} 

.. . .. . 
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Since  [u ] is  a known upper  diagonal  matrix  and {Q} i s  a known column 
matrix, {Y) can  be  determined  from In, Y n - ~ ,  . . . in   successive  order .  
I n  general, 

I n   t h i s  manner, t h e  Yi are  found  and  the  problem i s  solved.  Sugges- 
t i o n s   f o r  a computational  layout  designed for minimum time  expenditures 
a r e  made in   re fe rence  66. 
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Figure 3. - Comparison of experimental and t h e o r e t i c a l   v e l o c i t y   d i s t r i -  
but ion on a i r f o i l   i n  cascade. Ai r fo i l ,  NACA 65-(12)lO; i n l e t - a i r  
angle, GO0; blade-chord  angle, 45.9'; so l id i ty ,  1.0 (ref. 33). 
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Figure 4.  - Velocity  potential and stream funct ion  for  row of vort ices  of unit  
strength  spaced at unit  distance  along  the  y-axis  with  central  vortex  amit- 
t ed   ( re f .  34). 
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Figure 5. - Velocity  distribution  prescribed  aa  f'unction of arc  length,  with 
velocity  taken  aa  positive when velocity  vector is i n  direct ion of increasing 
a rc  length. . 
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Figure 6 .  - Image of cascade i n  ci rcle   plane.  
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Figure 7. - Prescribed  velocity  distribution  used  in  blade  design  with  velocity  distribution 
modified for  closure  and  resulting  blade shape (obtained i n   r e f .  40 ) . 
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Figure 9. - High-solidity cascade showing streamlines and potent ia l   l ines .  
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Figure 11. - A portion of grid used for finite-difference 
aolut ion. 



Figure 12. - Cascade channel showing gr id  points and boundary of solution. 
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Figure 13. - Varlation of magnitude of resu l tan t  velocity  across  channel  for  compressible- 
f l o w  solution.  Inlet  Mach  number, 0.42 (ref. 6 3 ) .  
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Figure 15. - Related  potentials on cascade. 
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Figure 17. - Equipment used in water analogy (from re f .  7'3) . 
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Figure 18. - Velocity - mass-flux reciprocal relation for 7 = 1.4. 
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Figure 19. - Flow through  adjacent  channels by wi reaesh   p lo t t i ng  (from ref. 76) .  



NACA RM E56B03 335 

Y 

- A1 
2 

0.27hO 
.2750 
.3000 
-3250 
.3500 
.375 0 
. 4 m  
.4250 
.15oo 
SO00 
.5500 
.6000 
.6500 . 7000 
.7500 
.8000 
.e405 

Figure 20. - Mechanical  device used t o  determine  compressible flows ( r e f .  7 5 ) .  





33 7 NACA Rkl E56BO3 

CHAPTER V 

VISCOUS FLOW I N  TWO-DIMENSIONAL CASCADES 

By William H. Roudebush  and  Seymour Lieblein 

SUMMARY 

Boundary-layer  behavior on two-dimensional  compressor blade  sec- 
t ions i s  described,  based on a review of available  theory and experiment. 
The material i s  divided  into two  main sections, one presenting a quali- 
tative  discussion of boundary-layer  behavior, and the  other  treating  the 
quantitative  aspects of boundary-layer  theory as applied  to cascade 
blades . 

In the  quali tative  analysis,   the  general   characterist ics of laminar 
and turbulent boundary layers  are reviewed. Ins t ab i l i t y  and t rans i t ion  
and their   influence on boundary-layer  behavior are  discussed. An at- 
tempt i s  then made to   construct  a quali tative  picture of blade  losses 
determined over a wide range of Reynolds number, surface  pressure gradi- 
ent, and free-stream  turbulence. 

The section on quantitative boundary-layer  theory  discusses some 
approximate methods f o r  computing the growth and  separation of laminar 
and turbulent boundary layers. The loss in   to ta l   p ressure  and defect 
in   c i rcu la t ion   resu l t ing  frm blade  boundary-layer growth are   a lso 
considered. 

INTRODUCTION 

Considerable effor t   in   the  past   several  decades  has  been  devoted t o  
the  determination of the two-dimensional potent ia l  or inviscid  flow 
about a i r f o i l  and  cascade  sections, Comprehensive surveys of the   s ta te  
of potential-flow  theory  for two-dimensional  cascades are  presented  in 
chapter IV and reference 1. These surveys  indicate  that  the  theory a- 
vailable  for  analysis of idea l  two-dimensional  flow,  although  not  simple, 
is usable and has  provided a firm  understanding of the  ideal  f low on and 
around  two-dimensional-cascade blade  sections. A r e a l  fluid, however, 
i s  viscous,  and it i s  well-known tha t   t he  presence of viscosity  exerts 
a considerable  influence on the  behavior of the flow. 
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The  determination  of  the  viscous  flow  about  two-dimensional-cascade 
sections  is  considered  important in the  development  of  compressor  flow 
theory  for  two  reasons.  First,  it will aid in obtaining a basic  under- 
standing  of  the  general  nature  of  viscous-flow  effects.  Second,  it will 
provide a background  for  the  interpretation  and  correlation  of  experi- 
mental  and  theoretical  cascade  data.  This is essential  for  the  success- 
ful application  of  blade-element  theory  to  compressor  design  (ch. 111). 

In fluid-flow  theory, a complete  representation  of  the  two- 
dimensional  viscous  flow  is  given  by  the  Navier-Stokes  equations  (ref. 
2). General  exact  solutions  of  these  equations  have  not  as  yet  appeared. 
The  principal  advances in viscous-flow  solutions  have  come  as a result 
of  various  approximations  to  the  basic  relations.  The  viscous-flow  lit- 
erature is covered  extensively  in  reference 3, published in 1938. More 
recent  literature is reviewed in reference 4. Compressible  boundary- 
layer  flow is surveyed in reference 5. 

Concurrently  with  the  development  of  boundary-layer  theory,  con- 
siderable  experimental  research  on  boundary-layer  behavior  has  been  con- 
ducted.  These  experiments  not  only  provide  empirical data necessary  for 
obtaining  approximate  solutions  to  the  boundary-layer  equations,  but 
contribute  to  the  establishment  of a valuable  qualitative  picture  of  the 
behavior  of  boundary  layers. 

This  chapter  reviews  the  problem  of  determining  viscous  effects 
on  the  two-dimensional  incompressible  flow  about  compressor  blade 
profiles  in  cascade.  The  material  is  divided  into  two  major  parts,  en- 
titled  QUALITATIVE BOUNDARY-LAYER THEORY  and  QUANTITATIVE BOUNDARY-LAYER 
THEORY. In the  first  part,  some  of  the  more  important  terminology  is 
presented,  and  general  trends  to  be  anticipated in  real  fluid  flows  are 
indicated. Laminar and  turbulent  boundary  layers,  instability,  transi- 
tion,  and  separation  are  discussed,  The  general  effects  of  Reynolds 
number on total-pressure loss for  several  levels  of  blade  loading  are 
evaluated  qualitatively. In the  second  part,  selected  methods  are  pre- 
sented  for  actually  calculating  laminar-  and  turbulent-boundary-layer 
growth  and  predicting  separation. In addition,  some  consideration  is 
given  to  the  computation  of  the  defect in circulation  and  the  total- 
pressure loss caused  by  the  growth  of  the  blade  surface  boundary  layers. 
The  analysis  indicates  the  extent  to  which  current  viscous-flow  theory 
can  predict  the  important  phenomena  involved in the  flow  of a real  fluid 
about a two-dimensional  cascade. 

SYMBOIS 

The  following  symbols  are  used in this  chapter : 

CD drag coefficient 
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l o c a l   f r i c t i o n   c o e f f i c i e n t  

l i f t  coef f ic ien t  

chord  length 

boundary-layer  form  factor, 6 / e  

turbulence  intensi ty  

incidence  angle,  angle  between  inlet-air  direction and tangent t o  

* *  

blade mean camber l i n e  at leading edge,  deg 

scale  of turbulence 

charac te r i s t ic   l ength  

coordinate  normal t o  blade  surface 

to ta l   o r   s tagnat ion   pressure  

mass-averaged loss i n  t o t a l  pressure 

s t a t i c  or stream  pressure 

a rb i t ra ry   cons tan t  

Reynolds number based on chord  length,  Vlc/v 

Reynolds nuniber based on boundary-layer  thickness, V@/v 

Reynolds number based on boundary-layer momentum thickness,  V@/v 

coordinate  along  direction of blade  surface 

distance  along  blade  surface from l e a d i n g   t o   t r a i l i n g  edge 

s-component of ve loc i ty   i n  boundary layer 

air veloci ty  

n-component of v e l o c i t y   i n  boundary layer 

abscissa  i n  cascade  plane  (fig. 2)  

ordinate in cascade  plane  (fig. 2 )  
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angle of attack,  angle between in le t -a i r   d i rec t ion  and blade  chord, 
deg 

air angle,  angle between air velocity and x-axis, deg 

turbulent-boundary-layer  pasameter, (@/Vo) (dVo/ds) 

boundary-layer  thickness 

boundary-layer  displacement  thickness 

turbulent-boundary-layer  parameter,  (Cfr/2)Re~q 

turbulent-boundary-layer  parameter, 6*Regq 

boundary-layer momentum thickness 

Pohlhausen  parameter, ( 6 2 / v )  (dVo/ds) 

viscosi ty  

kinematic  viscosity 

density 

so l id i ty ,   r a t io  of chord t o  spacing 

time 

shear  stress 

shear  stress a t  wall 

total-pressure-loss  coefficient 

Subscripts : 

c r   c r i t i c a l  

f .p. f l a t   p l a t e  

m mean of upstream and downstream conditions 

n  n-direction 

ref  reference 
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S s-direction 

te  trailing  edge 

tr  transition 

0 outer  edge of boundary  layer 

1 upstream  at  infinity 

2 downstream  at  infinity 

QUALITATIVE BOUNDARY-LAYER THEORY 

General  Considerations 

For  an  ideal  fluid,  the  velocity  tangent  to a fixed  surface  is  gen- 
erally  nonzero  at  the  surface  and  (for small surface  curvature)  is 
nearly  equal  to  the  velocity  at  points  near  the  surface,  as shown in 
figure l(a). A viscous  fluid,  however,  adheres  to  the  surface  over 
which  it  is  flowing, so that  the  velocity  tangent  to  the  surface  is  zero 
at  the  surface.  The  velocity  near  the  surface  rapidly  increases  and 
attains  the  value  of  the  free-stream  velocity  at a short  distance  from 
the  surface,  as  shown in figure l(b). The  region  of  flow  in  which  the 
local  velocity  is  retarded  is  referred  to  as  the  boundary  layer.  The 
static  pressure  across  the  boundary  layer  is  nearly  constant. 

In two-dimensional-cascade  flow,  boundary  layers  develop  on  both 
the  suction  and  pressure  surfaces  of  the  blade.  These  surface  boundary 
layers  then  come  together  at  the  blade  trailing  edge  and  form  the  blade 
wake,  as shown in figure 2. As the wake moves  downstream, a mixing 
takes  place  between  the  wake  and  free  stream  and,  through  viscous  ac- 
tion,  the  flow  becomes  uniform  at  some  distance  behind  the  blade  trail- 
ing  edge. 

Although, in many practical  problems,  the  blade  surface  boundary 
layer  constitutes a small portion  of  the  flow  field, it plays a decisive 
part  in  the  determination  of  the  actual  flow  characteristics  of  the  cas- 
cade.  The  effect  of  blade  boundary-layer  development on cascade  losses 
is  obvious,  since  the  resulting  wake  formation  contains a defect in 
total  pressure.  The  surface  boundary  layers  can  also  exert a strong in- 
fluence  on  the  surface  pressure  distribution  and  outlet-angle  character- 
istics of the blade. If the  boundary  layer  is  very  thin,  the  pressure 
distribution  obtained  from  potential-flow  calculations.  over  the  original 
body will be a good  approximation  to  the  actual  distribution. As the 
boundary layer thickens,  however,  the  actual  pressure  distribution will 
depart  from  the  potential-flow  determination.  Under  certain  conditions, 
the  boundary  layer  actually  separates  from  the  surface  of  the  blade 
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somewhere in advance of the  trailing  edge. In this  event,  the  entire 
flow  pattern  about  the  cascade is altered by  the  displacement  of  fluid 
accompanying  such  separation,  and  the  potential-flow  solution  about  the 
original  profile  loses  its  significance  almost  completely. 

It is  evident,  therefore,  that a knowledge  of  general  boundary- 
layer  behavior  is  vital  to  the  accurate  prediction  and  interpretation  of 
cascade  flow  characteristics. In the  present  section,  the  discussion is 
presented in the  following  order: 

(1) Preliminary  boundary-layer  definitions  and  concepts 

(2)  Description  of laminar boundary  layer in some  detail  with  par- 
ticular  emphasis on effects  of  Reynolds  number 

(3) Description  of  turbulent  boundary  layer  and  comparison  with 
laminar layer 

(4) Discussion  of  instability  and  transition  with  regard  to  their 
importance in cascade  operation  and  data  interpretation 

(5) Combination  of  considerations (1) to (4) to  form a qualitative 
picture  of  the loss spectrum  as  influenced by pressure  gradient 
and  Reynolds  number  variation 

Boundary-Iayer  Concepts 

Ty-pes  of  boundary  layers. - The  two  general  types  of  boundary  layer 
occurring on blade  surfaces  are  designated laminar and  turbulent. 
The  boundary  layer  is  initially laminar and  usually  becomes  turbulent 
somewhere  along  the  blade  surface.  The  boundary  layer  is  said  to  be in 
a laminar  state  if  the  flow,  at  any  instant,  can  be  represented  as a se- 
quence  of  layers,  each  layer  tracing a path  essentially  tangent  to  the 
surface  of  the  cascade  blade. In this  case,  the  velocity  varies  uni- 
formly  through  the  boundary  layer  from a value  zero  at  the  blade  surface 
to a value  almost  equal  to  the  free-stream  velocity at a short  distance 
from  the  surface.  The  boundary  layer in a turbulent  state  is  character- 
ized  by a rapid  random  fluctuation  with  time of the  velocity  at any 
point  and a large  interchange  of  momentum.  The  velocity is  again  zero 
at  the  blade  surface,  and  the  mean  velocity  averaged  with  respect  to 
time  varies  continuously  through  the  boundary  layer  and  attains a value 
approaching  the  free-stream  velocity a short  distance  from  the  surface. 

Typical  velocity  distributions  through  the  boundary  layer  for  the 
laminar and  turbulent  cases  are  illustrated in  figure 3. The  turbulent- 
flow  velocities  remain  higher  closer  to  the  boundary  because  of  the 
turbulent  infiltration  of  high-energy  particles  into  the  boundary  layer. 
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In  the  laminar  flow,  the  interchange  of momentum i s  due on ly   t o   t he  
shear   s t ress   exer ted between two neighboring  layers of f lu id .   This   d i f -  
ference  between  the two types i s  manifest when an  adverse  pressure 
gradient i s  impressed on the  boundary  layer  by a. deceleration of the  
main stream. A turbulent  boundary  layer  often  receives  sufficient momen- 
tum influx t o  advance some distance  against  an  adverse  pressure  gradient 
before  separation  occurs. The laminar  boundary  layer, on the  other  hand, 
with  very l i t t l e  momentum inf lux,  i s  unable t o  advance far  in to   the   face  
of a r is ing  pressure.   Eventual ly ,   in   e i ther   case,   the   par t ic les   near   the 
wall are  slowed down t o  a stop and f ina l ly   ac tua l ly   r eve r se   t he i r   d i r ec -  
t i o n  and beg in   t o  f low upstream  (fig. 4) .  This   resu l t s   in   separa t ion  of 
the  through-flow f r o m  the blade surf ace. 

In   the  range of  Reynolds number and  turbulence of conventional  cas- 
cades  and  compressors, t he  boundary layer  i s  laminar over  the  forward 
portion and turbulent  over  the rearward port ion of the  blade.   Since  the 
lo s s  charac te r i s t ics  of these two boundary-layer  regions are markedly 
different ,   the   locat ion and nature of t he   t r ans i t i on  between the  regions 
are   s ignif icant   in   determining  the magnitude of the   resu l t ing  wake. 

Boundary-layer  parameters. - A def in i t ion  of certain  basic  terms 
i s  p re requ i s i t e   t o  any fur ther   discussion of boundary layers .  The  more 
important of these  terms are de f ined   i n   t h i s   s ec t ion .  

There are  several   boundary-layer  thickness  parameters  that   occur 
throughout  the  l i terature.  The ac tua l  f u l l  physical  thickness S i s  
taken t o  be  the  distance normal t o  a f ixed  surface wherein the   ve loc i ty  
i n   t h e  boundary l a y e r   a t t a i n s  some fixed  percentage,  say 99 percent, of 
the  free-stream  velocity.  The boundary-layer  velocity  theoretically 
equals  the  free-stream  velocity  only a t  an in f in i t e   d i s t ance  normal t o  
the  surface.  However, for   p rac t ica l   cons idera t ions ,   the  two can  usually 
be  considered  equal a t  a short   distance 6 from the   su r f ace   ( f ig .   l (b ) ) .  

S ince   the   ve loc i ty   in   the  boundary layer  goes t o   z e r o  a$ the  w a l l ,  
the  weight  flow i n   t h e  boundary-layer  region i s  decreased. T h i s  decrease 
i n  weight f l o w  can  be  expressed i n  terms of a length S*, ca l led   the  
displacement  thickness,   obtained  by  dividing  the  integrated  defect  in 
weight  flow  within  the  boundary layer by the  free-stream  velocity Vo,s 
a t  the   ou ter  edge of the   l ayer .  For incompressible flow, this gives 

i n  which the  coordinate n i s  taken i n  a d i rec t ion  normal t o   t h e  sur- 
face  (s imilar ly ,  the coordinate s represents   d i s tance   in   the   d i rec t ion  
of the  surface,   f ig .  l (a)  1; u i s  the   l oca l   ve loc i ty   i n   t he   s -d i r ec t ion  
within  the boundary layer;  and V O , ~  i s  t h e   v e l o c i t y   i n   t h e   s - d i r e c t i o n  
a t  the   ou ter  edge  of t h e  boundary layer .  
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I n  a similar manner, a momentum thickness B* i s  obtained to   repre-  
sent  the  corresponding  decrease i n  momentum i n  the  boundary layer. The 
momentum thickness i s  obtained by dividing  the  integrated  defect in mo- 
mentum by vz t o  give 

0 9  s 

The  momentum thickness  in  the wake i s  d i rec t ly   re la ted  (as shown i n  a 
la te r   sec t ion)   to   the  l o s s  in   to ta l   p ressure   across  a cascade. 

Another parameter  frequently  encountered i s  the boundary-layer form 
fac tor  H, defined as the   r a t io  of displacement  thickness t o  momentum 
thickness : 

The form factor  appears as a parameter i n  approximate  boundary-layer 
theory in  the  determination of the magnitude of the momentum thickness. 
It also  gives a rough indication of the   s ta te  of the boundary layer  with 
regard to  possible  separation. 

One of the  most significant  parameters  characterizing boundary- 
layer  behavior i s  the Reynolds number, a dimensionless  parameter  propor- 
t i o n a l t o   t h e   r a t i o  of i n e r t i a l   f o r c e   t o  viscous  force,  given  by 

vi 2" 
Re = - 

V 

where Vi i s  a characterist ic  velocity of the flow, 2" i s  a character- 
i s t ic   l ength ,  and V i s  the  kinematic  viscosity.   In  particular,  Vi 
can  be  taken as the upstream velocity VI and 2* as the  blade chord 
c to   give what i s  cal led  the body Reynolds number, or blade-chord 
Reynolds number, Re, = Vlc/v. In another  formulation,  the  velocity can 
be talcen t o  be  the  velocity V o  a t  the  outer edge of the boundary layer 
and the  characterist ic  length  as  the momentum thickness e* t o  give  the 
boundary-layer Reynolds number  Reo = Voe"/v, xhere Reo i s  a function 
of the  particular  location a t  which Vo and e* are  computed. A s  w i l l  
be indicated  la ter ,  Reynolds number exercises a considerable  influence 
on the boundary-layer growth, ins tab i l i ty ,  and t ransi t ion.  

Loss parameters. - In   the flow  about a i r fo i l   s ec t ions ,   f r i c t ion  ex- 
e r t s  a tangent ia l   force  that  opposes the forward motion of the   a i r fo i l .  
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The  retarding  component  arising from the  friction  force  is  called  tht 
friction  drag. In addition  to  friction, a retarding  force  component  is 
also  obtained from the  normal  pressure  forces  of  the  real  flow.  This 
force  component is called  the  form  drag.  The  total  drag of the  section, 
which  is  the sum of  the  friction  and  form  drags, is called  the  profile 
drag.  Ordinarily,  the  profile  drag  force  is  expressed  as a drag  coeffi- 
cient CD, defined  as  the  drag  force  per  unit  span  divided by a reference 
kinetic  head  and  the  chord  length. 

For the  isolated  airfoil,  at a distance  sufficiently fax downstream 
that  static  pressure  is  uniform  normal  to  the  flow  direction  the  drag 
coefficient can be  related  to  the  momentum-thickness  ratio e'*/, by  the 
following  equation  (ref. 6) : 

The  downstream  wake  momentum  thickness  appearing  in  this  relation  is 
directly  related  to  the  momentum  thickness of the  surface  boundary lay- 
ers  at  the  blade  trailing  edge. An analogous approximate  equation 

exists  between  the  drag  coefficient  based  on dynamic pressure in the 
free  stream  at  the  trailing  edge  and  on  the  trailing-edge  wake  momentum- 
thickness  ratio of the  cascade  airfoil. Thus, the  drag  coefficient can 
be  considered  as a measure  of  the  momentum-thickness  ratio  of  the  sur- 
face  boundary  layers for both  isolated  and  cascade  airfoils. 

In compressor  design  and  analysis,  it  has  been  found  convenient 
to  use a loss parameter  based  on  the  defect in total  pressure  across 

o has  been  defined  (ref. 7) as 
- a blade  element. A general  compressor  total-pressure-loss  coefficient 

where  represents  the  mass-averaged  decrease in relative  total  pres- 
sure  across  the  blade  element,  and 2 pVref represents  the  dynamic  pres- 
sure at some  reference  location.  It  is  desirable,  therefore, in the  dis- 
cussion of real  cascade  flow,  to  cgnsider  the  effects of viscosity  on  the 
defect in  total  pressure.  Since  depends on A?, the  value  changes 
with  distance  downstream of the  trailing  edge  (because of turbulent mix- 
ing)  and  therefore  depends,  to  some  extent,  on  the  location  of  the  meas- 
uring  station.  The  complete loss in  total  pressure  is  obtained  at a 



346 NACA RM E56B03 

station  sufficiently far downstream  that  the  flow  has  become uniform. 
This is  contrary  to  the  case of drag  coefficient,  which  is  theoretically 
the  same  at any axial  location  downstream of the  blade  trailing  edge. 

For the  two-dimensional  cascade with incompressible  flow,  reference 
7 shows  that, if the  static  pressure is uniform  across  the  blade  spacing 
at  the  trailing  edge,  the  total-pressure-loss  coefficient for complete 

mixing  (based on 1 2  pVo,te) is  given  approximately by 

Thus,  the  trailing-edge  momentum  thickness  should  be  an  indication  of  the 
complete loss in  total  pressure. 

In view of the  preceding  discussions,  the  boundary-layer  momentum 
thickness  at  the  blade  trailing  edge is considered  herein  as  the  basic 
parameter  reflecting  qualitatively  the  total-pressure loss or the  pro- 
file  drag for an airfoil  section. 

Laminar Boundary  Layer 

A laminar boundary  layer  is  always  present  on the forward  portion 
of a cascade  blade.  The  growth of the laminar layer (expressed  as 
boundary-layer  thickness 6 )  in  the  absence  of a longitudinal  pressure 
gradient  (flat-plate  flow}  proceeds  essentially  according  to  the  pro- 
portionality  relation 

6 

where u is  kinematic  viscosity, s is  distance  along  the  surface,  and 
Vl is  the  velocity far upstream. In the  presence of a negative  pres- 
sure  gradient  the  boundary-layer  thickness is somewhat  less,  and for a 
positive  pressure  gradient  somewhat  greater  than  for  the  constant- 
pressure  case of equation (1). 

To relate  equation (1) to a body in the flow  field,  let  Re,  be 
the  Reynolds  number  based  on  blade  chord  length  (the  length of the  plate 
in  the  case of a flat  plate).  Then,  equation (1) can  be  rewritten,as 
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where  Re, = V1c/v.  Therefore,  6/c  varies  inversely  with  the  square 
root  of  the  body  Reynolds  number  for a given  value  of  s/c. 

34 7 

(2) 

The  drag  due  to  friction in the l+nar flow  depends  on  the  inte- 
gral of  the  local  surface  shear  stress ' I ; ~  and,  therefore,  on  the  ve- 

locity  gradient  at  the  wall  i.e., T~ = 

the  drag  coefficient  varies  with  the  body  Reynolds  number  as 
( '(2 )n=o) 

n . For flat-plate  flow, 

For accelerating  flow  the  friction  coefficient  is  greater  (larger &/an 
at wall, see  fig. 5), and  for  decelerating  flow  the  friction  coefficient 
is  smaller  (smaller  au/an)  than  for  the  flat  plate,  but in  all  cases a 
decreasing  trend  with  body  Reynolds  number  is  observed. 

In  the  presence  of a positive  pressure  gradient,  the  boundary-layer 
momentum  is  often  insufficient  to  overcome  the  increase  in  pressure,  and 
separation will occur.  Specifically,  separation  occurs  when  the  surface 
shear  stress  is  zero  (i.e.,  when  (au/dn)n,o = 0). According  to  simpli- 
fied  theory,  the  separation  condition  depends  on  the  value  of a flow 
parameter  of  the  form 

62 dvo A = - -  
v ds 

as  in  the  Pohlhausen  theory  (ref. 8), or 

as  in  the  Thwaites  theory  (to  be  discussed  later).  According  to  the 
Pohlhausen  theory,  separation  occurs  when A = -12, As will  be  seen 
later,  this  is  not  entirely  reliable,  since  the  theory  is  least  appli- 
cable  in  regions  of  rising  pressure.  Thwaites  gives a value  of 
m = 0.082 for  separation  to occw. This  criterion  appears  to  be  more 
valid  than  that  of  Pohlhausen.  In  any  event,  the  location of the  point 
of  laminar  separation  is  primarily  characterized  by a boundary-layer 
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thickness and the local   gradient  of free-stream  velocity. The location 
i s  unaffected by changes i n  blade-chord Reynolds number. 

Now consider  the laminar flow over a blade  section at fixed  angle 
of a t tack  ( f ig .  6) .  The veloci ty   dis t r ibut ions on the  pressure and 
suction  surfaces  are  indicated i n  the lower part of the  f igure.  The 
lamicar boundary layer  grows along  the  surface  unti l  some poin t   a f te r  
the maximum velocity i s  reached. The laminar  boundary layer  then  sepa- 
ra tes  i f  a sufficiently  severe  pressure  gradient  occurs. The location 
of the  separation  point  behind  the  point of peak velocity  varies with 
the magnitude of the  positive  pressure  gradient  and i s  independent of 
the body Reynolds number ( i f  the Reynolds number i s  low enough t h a t  
transit ion  to  turbulent  f low does not  occur). With a separation of 
the  laminar boundary layer,   the  free-stream  velocity  distribution i s  
a l te red  as indicated by the dashed l i n e   i n   f i g u r e  6, and  an  increase 
i n  form drag  results.  The magnitude of the form drag depends on the 
thickness of the   p rof i le  a t  the  point of separation and the camber  of 
t he   a i r fo i l .  For a cascade a i r fo i l ,   the   var ia t ion  of the  free-stream 
velocity  after  the  separation may be s l igh t ly   d i f fe ren t  from tha t   fo r  
t he   i so l a t ed   a i r fo i l  because of the  channel  effect of adjacent  blades. 

The pronounced e f f ec t  of the  surface  velocity  gradient on the cal- 
culated  location of the point of laminar separatibn i s  i l l u s t r a t e d   i n  
f igure 7 (obtained from ref. 2 )  f o r  a Joukowski prof i le .  As the  pres- 
sure  gradient  increases,  the  point of separation moves closer   to   the 
point of peak velocity. The d i f f e ren t   ve loc i tyg rad ien t s   i n   t he   f i gu re  
were achieved by varying  the  angle of a t tack of t he   a i r fo i l .  

Turbulent Boundary Layer 

In the  range of turbulence and  Reynolds number usually  encountered 
i n  cascade  blade rows, the  laminar boundary layer generally becomes tur- 
bulent somewhere along the  blade  surface. It i s  chief ly  because of this 
t ransi t ion that prac t ica l  compressors are   real izable .  The turbulent  in- 
terchange of momentum between the   f ree  stream and the  turbulent boundary 
layer  increases  the  energy  level  in  the boundary layer  so that it can 
advance farther,  without  separating,  in  the  face of a pressure  r ise  than 
could a laminar boundary layer.  

The turbulent-boundary-layer  thickness  develops  (e.g.,  ref. 3), i n  
the absence of a pressure  gradient, as 

.ax or  6 
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The turbulent 6 i s  generally  larger  than  the laminar 6 f o r  the 
same  Re,. T h i s  increased  thickness  contributes  to a s l igh t ly   l a rger  
form drag for the  turbulent boundary layer than f o r  an equivalent un- 
separated laminar layer  (at the same Reynolds number) . 

I n  a, laminar boundary layer   the   loca l   shear   s t ress  i s  given  through- 
out by z = p(au/dn).  This  simple  equation does not  hold  for  the tur- 
bulent boundary layer because of th,e turbulent  shear stresses present. 
The wall 'shear  stress i s  given by 'c = p(du/dn)n=o i n  both  cases,  since 
a very  thinlaminar boundary layer,  called a laminar sublayer, i s  always 
present between the  turbulent  layer and  the wall. However, not enough 
i s  known of the  veloci ty   dis t r ibut ion  in   the laminar sublayer t o  enable 
the   u t i l i za t ion  of this expression t o  compute w a l l  shear stress fo r   t he  
turbulent  layer. As a resul t ,   the  problem must be  approached 
empirically. 

From veloci ty   prof i les  observed i n  pipe  flow,  the drag coefficient 
for a f la t  p la te  i s  found t o  vary inversely  with  the  f if th  root of Re,: 

1 
cD" 5 

6 
Experience shows t h a t  many factors  such as boundary-layer form factor ,  
Reynolds number, and  pressure  gradient  (ref. 9)  influence  the magnitude 
of the  shear  stress.  To date, many empirical  relations have been es- 
tablished between local   shear ing  s t ress  and  boundary-layer  characteris- 
t i c s .  One of the most recent i s  due to Ludwieg and  Tillmann ( r e f .  10):  

=W 
A 

-1.56lH -0 268 - = 0.246 e 1 Reg 'z PV8 

where Reynolds number  Reg = V0e*/v, and H i s  the form fac tor .  The 
empirical  skin-friction  formulas  lead t o  the general  conclusion  that  the 
turbulent  skin-friction  coefficient i s  greater than the laminar skin- 
f r ic t ion   coef f ic ien t   for   the  same Reynolds number. 

A 

The condition that TW = 0 defines  the  point  of  separation  in  both 
laminar-  and  turbulent-boundary-layer floFs. In the  case of the  turbu- 
l en t  boundary layer, the  point at which zw = 0 is determined from an 
empirical  equation  such as equation (8). In reference 11 t h i s  equation 
i s  used i n  conjunction  with  experimentally  determined  values of H and 
Reo to  predict  separation. It i s  c lear  that Gw, i n  equation (8), never 

.. . . . 
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actually  becomes  zero.  However,  the  decreasing  trend is sufficiently 
gronounced as the  separation  point  is  approached  that  extrapolation  to 
zW = 0 is possible.  Figure 8 shows  the  results  of  such a calculation 
from  reference 11. 

For  conventional  two-dimensional  compressor  sections,  several 
gross parameters  have  been  developed  to  indicate  whether  separation  is 
likely  in  certain  areas  of  blade  design  (refs. 12 and 13) . These 
parameters,  based  on  the  diffusion in velocity  on  the  blade  suction 
surface,  involve  consideration  of  only  the  peak  and  outlet  suction- 
surface  velocities  or  approximations  to  these  velocities in terms  of 
over-all  (inlet  and  outlet)  velocities  and  flow  angles.  Implicit in 
the  work  is  the  consideration  that  the  boundary-layer  history  at  the 
start  of  the  diffusion and the  velocity  distributions  along  the sur- 
face  are  generally  the  same for conventional  blade  sections.  Location 
of  the  point  of  separation,  however,  cannot  be  determined  from  these 
parameters. 

Transition 

For conventional  airfoil  shapes,  the  initial  laminar  boundary lay- 
er, if it remains laminar, wil l  separate  at  some  point  downstream  of  the 
pressure minimum. Depending  on  certain  flow  characteristics  to  be  con- 
sidered in  this  section, a transitim to  turbulent  flow  may  occur  at a 
point  prior  to  the  laminar  separation  point. In this event,  the  turbu- 
lent  flow w i l l  remain  attached  for  some  distance  farther  along  the  blade 
surface.  Such a transition will normally  occur  under  ordinary  cascade 
flow  conditions,  The  region in which  the  transition  to  turbulent  flow 
takes  place is small and  is  conveniently  thought  of  as a point,  called 
the  transition  point. 

The  exact  location  and  conditions  under  which  the  transition  from 
a laminas to a turbulent  boundary  layer will occur  are  not  currently 
predictable,  and  the  question  of  transition  constitutes a major  problem 
in present-day  boundary-layer  research.  Transition  can  result  either 
from  disturbances  of  finite  magnitude  such  as  free-stream  turbulence, 
or from an instability  of  the  laminar  steady  flow in which  infinitesimal 
disturbances,  under  proper  conditions,  grow  exponentially  with  respect 
to  time.  The  length  of  travel or time  before  transition  occurs  depends 
on  the  rate  of  amplification  of  the  disturbances  and  therefore  on  the 
particular  flow  conditions in and  about  the  boundary  layer. 

Ekperiment  shows  (ref. 14) that  transition  occurs  because  of  in- 
finitesimal  disturbance  instability  when  the  free-stream  turbulence  in- 
tensity is less  than  about 0.2 percent  and  when  no  other  external  dis- 
turbances  are  present.  For  free-stream  turbulence  greater  than  about 
0.2 percent,  which is generally  the  situation in cascade and ccanpressor 
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flow,  the  characteristics  of  the  free-stream  turbulence  (scale  and  in- 
tensity)  play a decisive  role in affecting  the  transition. In  any 
event,  the  transition  phenomena  can  generally  be  related  in  terms Of the 
Reynolds  number  and  another  pasameter or parameters  describing  the Char- 
acteristics  of  the  disturbance  (i .e., free-stream  turbulence,  Surface 
roughness,  etc.). 

Infinitesimal-disturbance  theory. - The  first  significant  theoreti- 
cal  work on transition  was  concerned  with  the  instability  of  the laminar 
boundary  layer  with  respect  to  infinitesimal  oscillations  within  the 
layer  (e.g.,  ref. 15). In a stable laminar boundary  layer  the  disturb- 
ances  are  damped,  while in an unstable  boundary  layer  the  disturbances 
are  amplified.  The  point  of  division,  called  the  neutral or instability 
point,  depends  on  the  origin  of  the  disturbance.  The  existence  of  in- 
stability in a laminar  boundary  layer  indicates  that  transition  is  pos- 
sible  but  not  necessarily  present  after  the  neutral  point.  The  actual 
transition  to a fully developed  turbulent  motion  will  occur  some  dis- 
tance  downstream  of  the  instability  point,  since a finite  time  is  re- 
quired  for  the  oscillations  to  build  to full strength  and  permeate  the 
boundary-layer  region. 

According  to  this  theory,  an  instability  of  the  laminar  boundary 
layer  (i .e., an  amplification  of  oscillations)  results  from (1) the 
presence  of  viscosity  and (2) an  inflection  in  the  boundary-layer  veloc- 
ity  profile normal to  the  surface.  The  theory  further  indicates  that 
the  instability  point  is a function  of  the  boundary-layer  Reynolds  num- 
ber;  that  is,  below  some  value  of  Reynolds  number  infinitesimal  oscilla- 
tions  are  damped,  while  above  this  value  oscillations  are  amplified. 
The  instability  value  of  the  boundary-layer  Reynolds  numl?er  depends 
largely  on  the  form  of  the  velocity  profile  of  the  basic  boundary-layer 
flow.  This  profile  is  determined  primarily  by  the  longitudinal  pressure 
gradient  of  the  flow. The greater  the  positive  pressure  gradient,  the 
lower  the  boundary-layer  Reynolds  number  at  instability. In translating 
these  results  into  terms  of  the  blade-chord  Reynolds  number,  the  boundary- 
layer  Reynolds  number Reg cas be  expressed  as 

Thus, in general,  the  closer  the  point in question to the  blade  leading 
edge  (the  smaller  the  value  of  6/c),  the  larger  the  blade-chord 
Reynolds  number  necessary  for  the  attainment  of  the  instability  value 
of  the  boundary-layer  Reynolds  number at that  point,  That is, the 
higher  the  blade-chord  Reynolds  number,  the  sooner will the  instability 
condition  occuro  These  considerations  are  illustrated  graphically i n  
figure 9, which shows the  results of the  calculation of the  instability 
point  for  various  blade-chord  Reynolds  numbers on the  suction  surface 
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of a Joukowski airfoil  at  several  angles  of  attack  (from  ref . 16) . The 
effect  of  the  increased  surface  pressure  gradient  and  Reynolds  number on 
the  location  of  the  instability  point as angle  of  attack is increased is 
clearly  indicated. 

Finite-disturbance  theory. - In a second  general  theory of transi- 
tion  (ref. i7), disturbances of finite  magnitude  are  considered  to  be 
imposed on the laminar boundary layer  from  outside  sources. In this 
case,  the  transition  of  the laminar boundary  layer  depends on the  char- 
acteristics  of  the  imposed  disturbance.  The  principal  source  of  external 
disturbance is a function  of  the  intensity  and  scale  of  free-stream  tur- 
bulence  according  to  the  parameter J?(Z*/L)~/~, where 4 is the in- 
tensity  of  the  turbulence, L is  the  scale  of  the  turbulence,  and 2" 
is  some  characteristic  dimension  of  the  body  such  as  chord  length or 
diameter.  The  greater  the  free-stream  turbulence  parameter,  the  lower 
the  magnitude  of  the  critical  Reynolds  number.  Intensity  of  turbulence 
is  defined as the  ratio  of  the  root  mean  square  of  the  disturbance  ve- 
locity  to  the  mean  flow  velocity.  Scale  of  turbulence  is a measure  of 
the  effective  size  of  the  turbulent  eddies  and  has an inverse  effect  on 
the  turbulence  parameter.  Experimental  confirmation  of  this  theory has 
been  obtained  by  several  investigators  (refs. 18 and 19) in  the  study  of , 

the  drag  characteristics of spheres. 

Flow  about  spheres. - In the  development of the  boundary  layer  on 
cascade  blade  sections, a primary  consideration is whether  the  transi- 
tion  occurs  before or &ter  the  hoint of laminar separation.  The  effect 
of  transition  location on the loss characteristics  of  submerged  bodies 
is  graphically  illustrated  by  the  well-known  flow  around a sphere  at a 
fixed  turbulence  level  as  represented  in  figures 10 and ll. At low 
Reynolds  numbers,  when no transition  occurs,  the laminar boundary  layer 
separates  and  high  profile  drag  results.  When  transition  occurs  before 
the  point  of laminar separation at high Reynolds  numbers,  the  resulting 
turbulent  boundary  layer  can  tolerate a greater  pressure  gradient; 
separation  of  the  turbulent  layer  is  delayed, and a lower  profile  drag 
is  observed.  The  Reynolds  number  at  which  the  rather  sudden  change  of 
drag  characteristic  occurs,  called  the  critical  Reynolds  number  of  the 
sphere,  corresponds  to  the  point  where  the  transition  and  separation 
coincide. 

The  drag  characteristics  of  spheres  have  provided a means  for 
evaluating  the  effect's  of  free-stream  turbulence  on  transition. As 
previously  discussed,  theory  indicates  that  the  critical  Reynolds  num- 
ber  will  be a function  of  the  turbulence  parameter j (  Z*/L)1/5. Ex- 
perimental  verification of this  effect  (ref. 18) is  represented  by 
figure 12, which  illustrates  the  earlier  transition  associated  with 
increasing  free-stream  turbulence.  The  turbulence  correlation  of 
figure 12 provides a means  for  identifying  the  free-stream  turbulence 
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level  from  the  measured  drag  characteristics  of  spheres.  The  turbu- 
ience in a cascade  tunnel  is  frequently  expressed  in  terms  of a turbu- 
lence  factor,  defined  as  the  ratio  of  the  critical  Reynolds  number  at 
zero  turbulence  to  the  measured  critical  Reynolds  number  of  the  sphere 
(ref. 1 9 ) .  

The effective  Reynolds nmber for a blade  section,  defined  as  blade- 
chord  Reynolds  number  times  turbulence  factor  of  the  tunnel, has been 
used  to  represent a transition  parameter  that  includes  the  effects  of 
free-stream  turbulence.  Blade  sections at the  same  effective  Reynolds 
number,  although  of  different  blade-chord  Reynolds  numbers  and  turbulence 
levels,  are  expected  to  exhibit  approximately  the  same  transition  (and 
therefore  the  same  drag)  characteristics.  The  subject  of  turbulence- 
level  measurements  is  treated  more  fully  in  references 18 and 19. 

Boundary-layer  reattachment. - Under  certain  conditions  it  is  pos- 
sible  for a laminar boundary  layer  that  has  separated  to  reattach  to  the 
blade  surface. In most  instances  the  reattached  layer  is  turbulent, 
transition  having  occurred in the  separated  region. In these  turbulent 
reattachments  the  location  of  the  transition  point is the  principal 
determinant. 

Generally  speaking,  the  boundary-layer  behavior  is  fairly  well 
understood  as  long  as  the  transition  occurs  either  before  the  separation 
point or at a large  distance  downstream  of  the  separation. In the 
former  case a thickening  of  the  boundary  layer  occurs in the  region  of 
transition  as  the  flow  passes  to  the  turbulent  state. In the  latter 
case,  the laminar boundary  layer  remains  separated,  and  the  flow  break- 
away  and high form  drag are observed.  When  transition  occurs  close  be- 
hind  the  point  of laminar separation,  however,  under  certain  conditions, 
the  separated  laminar  boundary  layer may reattach  to  the  surface  as a 
turbulent  layer,  forming a sort  of  bubble of locally  separated  flow. 
The reattached  turbulent  boundary  Layer  is  considerably  thicker  than if 
transition  had  occurred  at  that  point  without a previous laminar separa- 
tion. The turbulent  reattachment has been  observed  for  both  isolated 
and  cascade  airfoil  sections.  Detailed  discussions  of  the  nature  of  the 
separation  bubble  and  the  various  factors  influencing  its  characteris- 
tics  are  presented in references 20 to 22. Various  experimental  methods 
of  determining  the  extent  and  location of the laminar separation are 
discussed in references 20, 22, and 23. 

merimental variations  of  the  boundary-layer  momentum  thickness, 
boundary-layer  form  factor,  and  pressure  distribution  observed in the 
region of the  laminar  bubble f o r  an isolated  airfoil  section  (ref. 20) 
are  illustrated in  figure 13. A similar  illustration of the  pressure 
distribution on the  suction'surface  of a cascade  section  with  laminar 
separation  bubble  (ref. 21) is  shown in  figure 14(a). The  most  detri- 
mental  effect  of  the laminar separation  bubble is the  rather sharp in- 
crease in momentum  thickness  associated  with  the  turbulent  reattachment. 
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The  effect  of a suction-surface  laminar  separation  bubble  on  the loss 
characteristics  of a blade  section  is  illustrated in figure 14(b), 
which  presents  the  variation  of  drag  coefficient  CD  with  angle  of  at- 
tack a for a typical  cascade  blade  section  (from  ref. 21). The  solid 
line  represents  the  measured  drag  coefficient,  and  the  dotted  line is a 
hypothetical  variation  for  the  case  of  no  laminar  separation. A notice- 
able  increase in the  drag  coefficient  occurs in the  low-loss  range  of 
operati  on. 

Obviously,  the  occurrence  of laminar separation  bubbles will make 
the  correlation  of  cascade  data  difficult.  The  effects  of  turbulence 
level  and  Reynolds  number  further  increase  the  problem.  Although  the 
theory  governing  these  effects  is  not  complete,  some  qualitative  ideas 
can  be  drawn  from  the  foregoing  descriptive  material. 

In the  previous  sections, a qualitative  picture  was  presented  of 
the  characteristics  of  the  three  general  regimes  of  boundary-layer  de- 
velopment,  the laminar region,  the fully turbulent  region,  and  the 
transition  region.  On  the  basis  of  available  theory  and  experimental 
evidence,  the  manner in which  each  type  of  flow  influenced  the  result- 
ing  thickness  of  the  boundary  layer  was  indicated.  On  conventional  cas- 
cade  blade  surfaces, all three  boundary-layer  regimes  are  known  to  exist. 
The  momentum  thickness  of  the  boundary  layer  at  the  blade  trailing  edge 
depends  on  the  extent  of  each  flow  regime.  The  momentum  thickness  at 
the  blade  trailing  edge  is a principal  factor  in  the  determination  of 
the loss in  total  pressure  of  the  cascade  system.  The  prediction  of  the 
l o s s  characteristics  of a given  cascade  geometry  thus  involves an analy- 
sis  of  the  composite  effects  of  the  boundary-layer  regimes. 

From  the  previous  discussions,  it  is  known  that  the  principal 
factors  affecting  the  boundary  layer  are  the  local  surface  pressure 
distribution,  the  blade-chord  Reynolds  number,  and  the  free-stream tup 
bulence  level. It is  desirable  to  construct a qualitative  picture  of 
the  anticipated  variation  of  boundary-layer  momentum  thickness  on a 
blade  surface  over a wide  range of Reynolds  number,  pressure  distribu- 
tion,  and  turbulence  level.  Such a composite p lo t  will not o n l y  con- 
stitute an effective summary of  the  preceding  theory  as  applied $0 blade 
sections,  but  may  also  be  of  interest in identifying  desirable or unde- 
sirable  areas  of  cascade  operation. 

The  comparative  variation of trailing-edge  boundary-layer  momentum 
thickness  (actually  the  ratio @/c) with  blade-chord  Reynolds  number 
is  presented  qualitatively  for  several  levels  of  pressure  gradient in 
figure 15. Pressure  distributions  are  considered  ranging  from  zero 
pressure  rise  (no  blade  loading) to a severe  pressure  gradient  (very 
high  loading)  resulting  in a separation  of  the  turbulent  layer.  The 
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analysis  i s  made for  the  f low  along  the convex (suct ion)   surface of 
conventional  compressor  blade  sections. The pressure  dis t r ibut ions 
considered,  therefore,  contain a decreasing  pressure  over  the  forward 
portion of the  blade  and a rising  pressure  over  the  rearward  portion. 

The var ia t ion  of trailing-edge  mmentum-thickness  ratio i s  presented 
i n  figure 15 for a f ixed  low turbulence level (as normally encountered 
i n  low-turbulence  cascade  tunnels). It must be emphasized t h a t   t h e  
t rends  es tabl ished are only  qual i ta t ive and t h a t  no sufficient  substan- 
t i a t ing   da ta   a re   ava i lab le .  The values of Reynolds number at which the  
t r ans i t i on  phenomena are   indicated  in   f igure 15 are  not t o  be  interpreted 
as accurate   def ini t ions of these  regions.  These values  are  largely un- 
predictable at th i s   t ime.  

Zero  loading. - The limiting  case of no blade  surface  pressure 
gradient  can  be  represented  by  the  boundary-layer  flow d o n g  a f l a t  
p la te .  For f l a t - p l a t e  flow, no separation  occurs,  and  the two regimes 
of laminar  and  turbulent  flow are described  by  the drag var ia t ions  of 
equations (3)  and (7), respectively.  Curve a-a i n   f i g u r e  15 represents 
t he  momentum-thickness va r i a t ion   fo r  laminar flow,  and  curve  a'-a'  repre- 
sents   the  var ia t ion  for   turbulent   f low  for   the f la t  p l a t e .  

A t  low values  of Rec the boundary  layer i s  e n t i r e l y  laminar, and 
@/c  decreases  with  increasing Re, as shown by curve a-a. A t  some 
value of RecJ indicated  by A i n  the figure,  Re, becomes su f f i c i en t ly  
la rge  that t r a n s i t i o n  from a laminar t o  a turbulent  layer  occurs a t  the  
t r a i l i n g  edge. This Reynolds number appears t o   y i e l d   t h e  minimum 
boundary-layer  thickness. With a fu r the r   i nc rease   i n  Rec, t he   t r ans i -  
t i o n  moves forward from t h e   t r a i l i n g  edge, and the  boundary-layer  thick- 
ness fa l ls  somewhere between the  laminar and turbulent  curves  (dashed 
port ion) .   Final ly ,  as the transit ion  point  approaches  the  leading edge, 
t he  boundary layer  will essen t i a l ly  assume the charac te r i s t ics  of the  
fully  turbulent  flow.  [Strictly  speaking,  since  the  boundary-layer 
t rans i t ion   po in t   ac tua l ly   a r r ives  a t  the  leading edge only a t  an infi- 
n i t e  Reynolds number ( in   the  absence of outside  disturbance),   the 
dashed t ransi t ion  curve w i l l  asymptotically  approach  the  turbulent 
curve as Rec approaches  inf ini ty .J  

Increased  turbulence will cause  the  boundary-layer  transition 
phenomena t o  occur at lower  values of Reynolds number and will therefore 
have the   e f f ec t  of sh i f t ing   po in t  A f a r t h e r   t o   t h e   l e f t  on curve a-a. 
For zero  pressure  gradient,  therefore,  increased  turbulence may in-  
crease  the minimum boundary-layer momentum thickness. 
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Low loading. - 
very lightly  loaded 

The curve b-b in f igure 15 represents  the  case of a 
blade whose surface  pressure  gradient i s  such that 

laminar separation will not occur. I n  this case,  the  picture is much 
the same as fo r   t he  f la t  plate,  except  that  the  boundary-layer  thick- 
nesses  will  generally  be somewhat greater.  It i s  also quite  possible 
that both  the  presence of ,a pressure  gradient  and  the  location of the 
minimum pressure w i l l  have some influence on the  location of point A. 
However, it i s  not  believed that these  effects  will be marked for   the 
l i gh t ly  loaded  surface. 

Moderate loading. - The boundary-.layer thickness  variations  for a 
moderately  loaded  blade  surface  are  illustrated  by  curve  c-c  in  figure 
15. The moderately  loaded  blade  probably  represents the major portion 
of current  design  eyperience. The blade  loading i n  this case can  be 
achieved  by a blade  with moderate camber operated a t  i t s  bes t  (minimum- 
loss) angle of attack, o r  by a section of smaller camber operated a t  a 
r e l a t ive ly  high angle of attack. 

A t  low Reynolds number, the  adverse  pressure  gradient i s  suff ic ient  
t o  cause a separation of the laminar boundary layer  somewhere downstream 
of the  point of minimum pressure, A marked r i s e   i n   t h e  momentum l o s s  
compared with  the  low-loading  case will therefore  be  obtained i n   t h e  
low Reynolds number range. The precise magnitude  of the  separated 
boundary-layer  thickness depends on the shape  and  angle of a t tack of 
the  blade. A separation  point  close  to  the  leading edge would tend   to  
produce a relatively  large  separated wake (form drag) . Inasmuch as the 
point of laminar separation i s  independent of Reynolds number, the lami- 
nar layer  remains separated,  and  the  high  values of O*/c continue  as 
Reynolds number i s  increased  to  point A. A slight decrease i n  0*/c i n  
this high-loss  region i s  t o  be  expected, however, because of the  thinning 
of the boundary layer  upstream of the  point of separation. 

A t  a Reynolds number corresponding to   t he   po in t  A, the   t ransi t ion 
to  turbulent  f low would take  place at t h e   t r a i l i n g  edge if  the laminar 
layer were s t i l l  attached.  Since  the laminar layer  has  separated,  there 
i s  no t rans i t ion  and the  thickness  continues  high from A t o  C. With 
increasing Rec, the  transit ion  point moves closer   to   the  point  of lami- 
nar breakaway. When the  two points are sufficiently  close  together,   the 
separated laminar layer  may be  infused  with  sufficient  turbulence  to  re- 
a t tach itself a short  distance beyond the  point of separation,  resulting 
i n  a separation  bubble.  After  reattachment starts at point C, the @/e 
curve  drops rather  sharply with Reynolds number increase  in  the  region 
from C t o  D as the  extent of the  separation  bubble  decreases. 
Finally,  the  transition  occurs  right a t  the  point of separation  indi- 
cated by point D. Thereafter,  the  curve of  e*/c tends t o  approach 
the  variation of the  fully  turbulent  flow  (curve  c'   -c) . The r a t e   a t  
which the  ful ly   turbulent  curve i s  approached will probably depend t o  
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a large  extent on the chordwise location of the  point of  minimum pres- 
sure.  (Since  the  blade i s  moderately  loaded,  the  separation  point i s  
probably  not far beyond the minimum-pressure point and  any fur ther  
movement of the  transit ion  point w i l l  be s low.)  A n  experimental i l l u s -  
t r a t ion  of the  type of lo s s  against Reynolds number curve  represented 
by curve  c-c in   f i gu re  15 i s  shown in   f igure  1 6  f o r  a conventional  cas- 
cade blade  section a t  several  angles of incidence. 

In view of the many factors  influencing  the  formation  and  extent of 
the  separation  bubble, it would appear  possible to   obtain a wide range 
of possible  transit ion  paths between laminar breakaway (below point C, 
f i g .  15) and turbulent  attachment (beyond point D) . Also, i f  for  some 
reason, a separation  bubble does not  occur  and  attachment does not  t&e 
place  unt i l   the   t ransi t ion  point  and  the  laminar  separation  point es- 
sentially  coincide (as in   the   case  of the  flow  about a sphere or cylin- 
der) , then  the  laminar breakaway region will extend  farther  out  along  the 
l i n e  A-C and a very  sharp  drop i n  boundary-layer  thickness will be ob- 
served t o  D (as in   the   case  of the  sphere) . Furthermore, the chordwise 
location of the minimum-pressure point  will  probably  affect  the  location 
of the  transition  region.  For example, i f  the minimum-pressure point 
occurs far back on the  blade,  the  reattachment of the  laminar  layer 
w i l l  probably  begin  very  shortly  after  the  transition  point f irst  occurs 
on the  blade. T h i s  would tend t o  reduce the f la t  portion of the curve 
between A and C, and  probably also give a steeper  drop-off i n  @*/c. 
(The magnitude of the loss of the  separated  laminar boundary layer  
would not, however, be as large as in   the   case  of a forward  pressure 
minimum.) 

The preceding  picture  will  be  further  complicated  by  considerations 
of varying  turbulence  levels. In general, however, it i s  probable tha t  
increased  free-stream  turbulence  will  cause  an  earlier  boundary-layer 
t rans i t ion  and therefore  tend  to move the  transition  region of the curve 
t o  lower  values of Reynolds number (c-Dl-c) . An experimental i l l u s t r a -  
t ion  of such  an  effect i s  presented  in  f igure 1 7  i n  terms of the loss 
parameter 0). A further  extension of the  turbulent  layer  into  the lower 
range of Reynolds number (extension  along  curve  c'  -c) may also  be ob- 
tained by employing a r t i f i c i a l  means for  tr ipping  the boundary layer a t  
the  leading edge. Such measures, however, although  extending  the  range 
of low loss t o  lower  Reynolds numbers, probably r e s u l t   i n  an  increase 
in the magnitude of the lo s s  a t  higher Reynolds numbers. 

High loading. - Curve d-d in   f i gu re  15 represents a highly loaded 
blade. As in  the  previous  case,  the  laminar boundary layer  separates 
a t  low values of Reynolds number. A s  Re, increases,   the  transit ion 
point moves forward ( s t a r t i ng  a t  A) until it approaches the  separation 
point. The laminar  layer may then  reattach  (point C )  and  proceed as a 
turbulent  layer. The momentum-thickness ratio  then  decreases as the 
extent of the laminar separation i s  reduced, as indicated by the dashed 
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curve  after  point C. (The  establishment  of  turbulent  flow in the high- 
loading  case may require  actual  coincidence  of  the  transition  and  separa- 
tion  points, in  which  case  the  drop  in e"/, after  point C will be  much 
steeper.) 

The  surface  pressure  distribution is such,  however,  that  the  estab- 
lished  turbulent  layer w i l l  now  separate at some  point  downstream  of  the 
transition.  The  resulting  momentum-thickness  ratio  when  the  local lam- 
iaar  separation  has  disappeared  (transition  moves  forward  of  the laminar 
separation) will then  be  greater,  as  indicated by  point D, than  for  the 
corresponding  condition in the  moderately  loaded  blade.  Then, as 
Reynolds  number is  increased  and  the  boundary-layer  characteristics  up- 
stream  of  the  separation  are  improved,  the  turbulent  boundary  layer will 
be  able  to  proceed  farther  into  the  adverse  pressure  gradien%. Thus, 
with a resulting  downstream  movement  of  the  turbulent  separation,  the 
trailing-edge  boundary-layer  thickness will decrease  with  increasing 
Reynolds  number frm point D on 

The  actual  magnitude  of  the  loss in the  presence  of  turbulent  sepa- 
ration  depends  to a large  extent  on  the  chordwise  location  of  the  point 
of turbulent  separation.  For  separation  close  to  the  blade  trailing 
edge,  as  represented by curve  d-d,  the  increase  of  boundary-layer  thick- 
ness will not  be  very  great  (level  of  curve  D-d). If the  separation  oc- 
curs  forward on the  blade  close  behind  the  transition., as represented  by 
curve  e-e the increase in thickness will be  much  greater  (level  of 
curve  D-ej. 

$ummary. - The  previous  considerations  indicate  that a considerable 
range  of  trailing-edge  boundary-layer  momentum  thickness  can  be  obtained 
from  blade  sections,  depending  on  the  surface  pressure  distribution, 
Reynolds  number,  and  turbulence level. In  two-dimensional-cascade 
research,  therefore,  it  appears  highly  desirable  to  identify  the  range  of 
operation  of  the  blade  sections  in  the  general loss against  Reynolds 
number  spectrum.  Actually,  some  effective  Reynolds  number  should  be  con- 
sidered, so that  turbulence  level  can  also  be  included.  Such  identifi- 
cation  can  aid in determining  the  best  regions  of  cascade  operation  and 
also be  of  use in correlating data from  different  tunnels.  Furthermore, 
in view of the  possible  pronounced  effect of the laminar breakaway  at 
low  Reynolds  number,  the  question  of  'Reynolds  number  effects  might  be a 
significant  consideration in compressor  design.  Reduced  Reynolds  number 
in compressor  design may arise  for  small-scale  units  and  for  operation 
at high altitude. 

It must  be  repeated  that  the  curves  presented in figure 15 are 
only  qualitative.  The  magnitude  of l o s s  and  the  values  of  Reynolds 
number  indicated  for  the  ranges  of  different loss characteristics  are 
not  to  be  interpreted  as  quantitatively  correct.  The  precise  wake 
momentum-thickness  variations  of a specific  cascade  geometry  can  cur- 
rently  be  determined  only  by  experiment. 
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QUANTITATIVE BOUNDARY-LAYER THEORY 

General  Considerations 

Unfortunately,  current  ability  to  determine  cascade  boundary-layer 
behavior  quantitatively  falls  below  the  ability  to  establish a qualita- 
tive  picture.  The  principal  difficulty in this  respect  lies  in  obtain- 
ing  satisfactory  solutions  of  the  viscous-flow  equations. 

The complete  viscous  flow  about  cascade  sections  is  generally  con- 
sidered  to  be  described  by  the  equations  of  Navier-Stokes  and  the  con- 
tinuity  equation. For two-dimensional  incompressible flow, neglecting 
body  forces,  these  equations  are  written  as  follows (ref. 2 )  : 

a s + = =  
aU av I 

The  last  equation  represents  the  condition  of  continuity. The Euler 
equations  for  nonviscous  fluids  can  be  obtained  by  setting  the  kinematic 
viscosity V equal  to  zero. As long  as  the  viscosity  term  is  retained, 
however, no matter  how small v is  taken  to  be,  equations (10) remain 
of  the  second-order  and  are  fundamentally  different  from  the  first-order 
equations  governing  the  ideal  fluid.  This  difference  is  reflected in 
the  boundary  conditions  allowable  in  the  two  problems. For viscous 
flow,  the  resultant  velocity  is  required to be  zero  at  solid  boundaries 
in  the  flow  field. For nonviscous  flow,  only  the  component normal to 
the  boundary  is  required to be  zero. 

The  solution of equations (10) has not  been  found  in  any  but  the 
simple  cases  of  laminar  flow. A solution  for  the  flow  through an  arbi- 
trary  cascade  is  not  feasible  at  the  present  time.  However,  when  the 
predominant  viscous  effects  are  confined  to  the  boundary  region, a 
simplifying  approximation is possible.  By  considering  the  relative  mag- 
nitudes  (within  the  boundary  layer)  of  the  terms  appearing in equations 
( 10) , that  system  of  equations  can  be  reduced  (ref. 2 )  to  the  following: 

aU av 
a s + a n = O  

I 
J 
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where s i s  the coordinate along the  blade  surface, and n i s  the  co- 
ordinate n o m  to   the   sur face .  The boundary layer i s  assumed suffi- 
c i en t ly   t h in  and the  curvature of the  surface sufficiently small that 
the  pressure  gradient normal to  the  surface i s  negligible  within  the 
boundary layer; ap/&  can then  be  determined from the  potential   f low 
outside  the boundary layer.  Equations (11) represent a s ignif icant  
simplification of equations (10) and have proved r e l i a b l e   i n  many flow 
problems.  Unfortunately,  these  equations,  also,  are  very  difficult  to 
solve i n  most cases of prac t ica l   in te res t .  

A decis ive  s implif icat ion  in  approach was made by yon K&&n ( re f .  
24), who integrated  the first of equations (11) with  respect  to n and 
thus  replaced  the  boundary-layer  equation  with an integral   condition 
that can be  writ ten  in  the  following form: 

where Vo i s  the  velocity a t  the  outer edge of the boundary layer and 
Tw i s  the  surface  shear   s t ress .   In   this  manner, the  boundary-layer 
equations  are  required  to be sa t i s f ied   on ly   in   the  mean instead of a t  
each point  along a normal to   t he   su r f ace   i n   t he  boundary-layer  region. 
Equation (12)  has provided  the  basic  equation  for most of the  general 
boundary-layer investigations.  

A 

Many theories have  been  developed from equation (12) f o r  approxi- 
mately  solving the boundary-layer problem with  pressure  gradient  for 
both laminar and  turbulent  flows. These theories,  although  not com- 
pletely  successful,  provide some orderly means of attacking  the problem 
for  ei ther  the  laminar or the  turbulent boundary layer. The question 
of t ransi t ion,  however, remains re la t ive ly  unanswered and consti tutes 
a serious  defect  in  current  quantitative  theory.  

The present  approach to  the  viscous-flow  cascade problem requires 
that the  potential  flow  about  the  cascade be  determined first.  The SLIP 

face  pressure  distributions thus obtained are used t o  determine the 
boundary-layer character is t ics  from equation ( 1 2 ) .  The de fec t   i n   t o t a l  
pressure  resulting from the  formation of the boundary layer can then be 
established.  Potential-flow  pressure  distributions can serve  as  an 
i n i t i a l   b a s i s   f o r  the boundary-layer  calculation,  since,  as  indicated 
previously,   the  viscous  effects  are  generally  restricted  to  the bound- 
ary  layer and exert  a negligible  influence on the  potential  flow  outside 
the  layer.  Under certain  conditions, however (as in   the  case of a very 
thick boundary layer),   the  original  blade  potential   f low may need t o  be 
adjusted  for   the  effects  of the boundary-layer development. 
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The  subject  of  potential-flow  calculation  is  covered  in  chapter IV. 
The  present  analysis  is  concerned  with  the  computation of the  boundary- 
layer  characteristics. In the  succeeding  sections,  two  simple  approxi- 
mate  methods,  one for the  computation  of  laminar  boundary  layers  and  the 
other  for  turbulent  layers,  are  presented.  The  resulting  defects  in 
total  pressure  and  circulation  are  also  considered. 

Laminar  Boundary  Layer 

The  approximate  methods  of  solution  available f o r  laminar-boundary- 
layer  flows  are  generally  satisfactory  for  engineering  use.  The  more 
recent  methods  (e.g.,  refs.  25  and  26)  are so simple  and  accurate  that 
little  further  work  is  being  done  on  the  problem.  The  technique  pre- 
sented  here  in  some  detail  is  due  to  Thwaites (ref. 26). It  was  de- 
veloped  from a comprehensive  analysis  of  previously  obtained  solutions 
of  laminar-boundary-layer  flows.  From  the  method,  the  distributions  of 
0* and H can  be  accurately  obtained  and  the  point of laminar  separa- 
tion  located. 

The methods of Thwaites  (ref.  26)  and  Loitsianskii  (ref. 25) are 
both  based  initially  on  the  simplified  system  of  equations  given  by 
equation (11). For steady  incompressible  flow,  since  the  static  pres- 
sure  is  constant  through  the  boundary  layer,  the  first  of  equations (11) 
can  be  put in the  form 

where Vb = dVg/ds  denotes  the  derivative  with  respect 
velocity Vo at the  outer  edge  of  the  boundary  layer. 
the  continuity  equation  (second  of  eqs. (11) ) , equation 
writ  ten 

to s of the 
With  the  help of 
(13) can  be 

Thwaites ' method. - In the  method  of  reference  26,  equation (14) 
is  integrated  through  the boundary layer  from  the  wall (n"0) to  the 
outer  edge (n=6) to  give  ultimately 

Equation (15) is the  same as (12) with cw = p(au/an)n=o. 
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Equation (15) is used  by  Thwaites  in  conjunction  with  the  equation  ob- 
tained  from (13) by setting n equal  to  zero,  namely 

The  quantities  (au/an),=o,  (a2u/an2)n=o, and H appearing in 
equations (15) and (16) characterize  the  velocity  distribution  in  the 
boundary  layer.  The  first  two  terms  indicate  the  behavior  of  the  ve- 
locity in  the  significant  region of the  boundary  layer  at  the  wall, 
and H = 6*/8* indicates  the  over-all  form of the  distribution.  The 
tern ( &%/an2 ) n=O is  given  explicitly  by  equation (16) as equal  to 
-VoVb/v and  hence  as a known function  of s. If  the  relation  between 
(au/dn),=o and  (a2u/an2)n=0  for a given  flow  is known, then 
(au/dn)n,o is  also known as a function of s through -v0vb/v . If, 
furthermore,  the  relation  between H and  (azu/an2)n=o  is known for  the 
given  flow, H is  also known as a function  of s. Then,  the  momentum 
equation (15) ca.n  be  integrated  to  obtain  the  distribution of B". Such 
relations  among (hu/an),=,,  (a2u/dn2)n=0,  and H are  obtained  now  by 
examining  velocity  distributions from known solutions. 

The  quantities Z and m are  defined  as  follows: 

The  definitions are constructed in this m y  to  eliminate  the  effect  of 
e* and Vo on  the  partial  derivatives.  This  allows 2 and m to  de- 
pend  only  on  the form of  the  velocity  distribution.  According  to  this 
preliminary  analysis,  the  terms Z and H are  regarded as functions 
of m and are  plotted  as  such for all theoretical  laminar-boundary- 
layer  velocity  distributions  available  to  Thwaites  at  the  time  of  his 
work. 

The  solutions  used are identified in  figures 18 and 19, where  the 
derived  functional  relations  are  plotted.  The  values  of 2, H, and m 
are  computed  from  the  actual  velocity  distributions  obtained in these 
solutions. The figures  are  divided  into  positive  and  negative  values 
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of m, corresponding  respectively  to  decelerating  and  accelerating  flow 
(m = - vbe&/V from eqs. (16) and (17)). Figures  18(a)  and  19(a)  re- 
veal a remarkable  similarity  for m < 0 (accelerating  flow) in the 
2(m)  and H(m) curves  for  the  variety  of  velocity  distributions  appearing 
in  the  wide  range  of  solutions  used. 

On  the  other hand, figures  18(b) and 19(b) show  that  the  agreement 
for m 2 0 (decelerating  flow)  is  not  nearly as good. The curve  cor- 
responding  to  the  solution  of  the  problem f '" + - ff" = 0 is dis- 

missed  on  the  grounds  that  the  problem it defines in this  region  is of 
no  interest  (i  .e.,  blowing  out  through  the  boundary  layer).  The  three 
exact  solutions,  Schubauer's  ellipse  (Hartree), Vo = A - Bs (Howarth), 
and Vo = V1 ( s/cIk, axe  in  reasonable  agreement.  Pohlhausen' s approxi- 
mate  method  gives  values  of t ( m ) ,  and, hence,  values  of  skin  friction, 
that  are far too  large.  This  explains  the  failure  of  the  Pohlhausen 
method  in  regions  of  rising  pressure. 

1 
2 

As previously  pointed  out, t h e  momentum  equation  can  be  integrated 
if  the  relations 2 (m) and H(m) are known f o r  the  problem  at  hand.  The 
present  method  uses  figures 18 and 19 to  obtain  universal  curves  that 
best  fit  the  whole  family of particular  solutions. The curves  thus  ob- 
tained  are  tabulated in table I. Note  that  separation  is  taken  to  oc- 
cur at m = 0.082. This value is  chosen  arbitrarily  to  agree  with  the 
value for  the  ellipse,  since  the  flow  about an ellipse  is similar to 
the  flow  about  conventional  airfoils. 

With  these  functions  tabulated,  the  analysis  can  proceed  as  fol- 
lows. Substituting  equations (17) into (15) and (16) gives 

Substituting (19) into (18) gives 

1 
V " O  2 ds - mfH(m) + 23 + Z(m) "" 

Then,  defining $'(In) to be 

m[H(m) + 21 + 2 
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and substituting  equation ( 2 1 )  into  equation (20)  give 

vO dest2 
v ds 
" = 9 ( m )  

The function 9 ( m )  is tabulated in table  I. 

The solution  proceeds now by a direct   in tegrat ion of equation (22)  
to   obtain  the  dis t r ibut ion of e*. Thereafter,  the  other  properties  of'  
the boundary layer  are obtained by using 2(m) and H(m). 

A very  simple  solution can a l so  be  obtained i n  a s l igh t ly   d i f fe ren t  
manner. The function 9 ( m )  i s  plotted  against  m i n   f i g u r e  20. It i s  
found that 9 ( m )  can  be  approximated by a l inear   funct ion of the form 

y ( m )  = 0.45 + 6m (23 )  

Equation (23) i s  then  substituted  into  equation (221, which i s  in te -  
grated  to  give 

Therefore,  with  the  potential-flow  velocity  distribution known, can 
be  obtained  directly from equation  (24) . The dis t r ibut ion of m, and 
hence of 2(m) and H(m), follows from e*'. I n  this way, a l l  the sig- 
nifi'cant  boundary-layer  parameters are  obtained with very l i t t l e   e f f o r t .  

To demonstrate the  accuracy OS the  simple  solution,  Thwaites  solved 
by the approximate method the  flow  given by Vo = A - Bs and compared 
the  results  with  the  exact  solution as given by Howarth. The resu l t s  
of these  comparative  calculations  are  given i n   f i g u r e  21. The param- 
eters of  principal   interest ,  s*, e*, and (au/bn),=,, are  presented  in a 
nondimensional  form. The agreement between the approximate  and exact 
solutions i s  sa t i s f ac to ry   fo r  all parameters. A similar comparison i s  
made in  reference 26 fo r   t he  problem of Schubauer's  ellipse. Both com- 
parisons  are  discussed  extensively  in that reference. 

Comparisons between experimental and calculated  predictions of the 
point of laminar  separation  based on Thwaites' method are  demonstrated 
fo r   t he   i so l a t ed   a i r fo i l  and  cascade airfoi l ,   respect ively,   in   refer-  
ences 27 and 28. The fac t   tha t   c lose  agreement was obtained in   t he   r e f -  
erences between calculated and experimentally  observed  locations of the 
separation  point  indicates that the method may be  satisfactory  for  pre- 
diction of the  other boundary-layer characterist ics.  
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Loitsianskii’s  method. - I n  reference  25  Loitsianskii  presents a 
final  equation  similar  to  equation (24) but  developed  from a quite  dif- 
ferent  approach.  Equation (14) is  multiplied  by nk and  integrated 
through  the  boundary  layer.  The  second  and  third  integrals  (i.e., k = 1 
and k = 2) are also  used.  The  three  equations  are  solved  simultaneously 
for  three  parameters  characterizing  the  boundary-layer  velocity  distri- 
bution. In order  to  do  this, a simple  assumed  velocity  form in the 
boundary  layer  is  used  to  evaluate  certain  of  the  integrals  involved 
in the  three  equations.  The  final  equations  are  (in  the  terminology  of 
Thwai t e s ) 

Z(m) = 0.22 - 1.85m - 7.55m 2 

These  equations  show  that  the  method in application  differs very little 
f r m  that  of  Thwaites.  Analytical  expressions for Z(m) and H(m) are 
used  instead  of  the  tabulated  values  used  by  Thwaites.  In  general,  the 
values  of  Thwaites  correspond  more  nearly  to  the  values  of  Z(m)  and 
H(m)  obtained  from  exact  solutions. The differences,  however, may not 
be  significant . 

Turbulent Boundary Layer 

The  turbulent  boundary  layer  is  more  difficult  to  treat  theoreti- 
cally  than  the  laminar  layer.  The  use  of  characteristic  velocity  forms, 
as  in many approximate methob for  the laminar layer, has not  proved 
satisfactory  in  the  turbulent  case.  Furthermore,  the  shear  stress  is 
not  given  as a simple  function p(au/an) of the  velocity  distribution, 
except in the laminar sublayer. An additional  difficulty 2s the  deter- 
mination  of  the  proper  value  of H or 6* at  the  point  of  transition. 
As a result  of  these  difficulties,  the  best  methods  available  for  cal- 
culating  the  characteristics  of a turbulent  boundary layer are  more 
tedious  and  less  accurate  than  the  method  given  for  the laminar problem. 

Since  the  turbulent  boundary  layer is preceded, on a blade, by a 
laminar  layer, it is  necessary  first  to  determine  the  values  of 8” and 
H inrmediately  after  transition.  These  values,  as  well as the location 
of  the  transition  point,  are  determined with the  help  of  the cmputa- 
tion of the  preceding  laminar  boundary  layer.  Once  these  values  are 
known, certain  differential  equations  for e* and H cam be  solved  to 
obtain  the  entire  distribution. 
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In the  technique of Maskell ( ref  . 11) presented  here,  the momentum 
thickness can  be  obtained  simply  and  with  acceptable  accuracy. The de- 
termination of the dis t r ibut ion of the form fac to r  H i s  more d i f f i cu l t .  
When 0* and H have  been obtained,  the  point of turbulent  separation 
can be  obtained  accurately  by  the  use of a skin-friction  formula  for 
turbulent  flow  given  by Ludwieg and Tillmann (ref. 10) . 

Approach. - From the  conservation of momentum i n   t h e  boundary layer, 
the momentum equation  can  be  developed for  the  turbulent  case as 

d P  ‘fr @ dV0 
ds 2 (H + 2)  - - -=“ Vo ds 

where 

and TW is  the   f r i c t ion   s t r e s s   fo r  a turbulent boundary layer. It has 
always  been  observed tha t   the   d i s t r ibu t ion  of e* calculated from equa- 
t ion  (25) i s  not  greatly  affected by the way H varies  with s. I n  
fact ,  H can  be  taken as constant  and  reasonably  accurate  values of e* 
obtained i n  some cases. For this reason, Maskell proposes a simplifica- 
t ion  of equation  (25)  (based on the   i n sens i t i v i ty   t o  H) which enables 
that equation to   be   d i rec t ly   in tegra ted   for  e*. Then, he uses  the de- 
rived  values of e*, i n  conjunction wi th  an  empirical  differential equa- 
t i o n   i n  H, for  obtaining  values of H accurately. This approach i s  
simpler  than  the well-known method of von Doenhoff and Tetervin  (ref. 
29), i n  which an empir ical   d i f ferent ia l   equat ion  in  H i s  constructed 
and solved  simultaneously  with  equation  (25) The results obtained  for 
8” and H i n  the two methods a re  comparable. The method of Maskell 
recommends i tself   not   only because of i t s  simplicity,   but  also because 
of i t s  abil i ty  to  predict   separation  with  acceptable accuracy. 

A 

Momentum thickness. - The f irst  pa r t  of the  boundary-layer problem 
i s  t o  determine the momentum thickness. To  do so, equation (25) i s  
first written  in  the  following form: 
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where 

and q i s  an arbitrary  constant that will be  determined l a t e r .  The 
fr ic t ion  coeff ic ient  Cfr i s  given by the formula 

C f r  = 0.246e -1.5618 -0.268 
Ree 

which i s  developed i n  reference 10. T h i s  formula, which Maskell  adopts 
f o r  his method, i s  probably  superior to  previously  used  formulas  for Cf r .  

Equation (27) can  be  integrated  directly i f  the  r ight   s ide can be 
approximated in   t he   l i nea r  f o m  A + Br. For f l a t -p l a t e  f low,  dVo/ds 
(and hence I") equals  zero,  and  equation (27)  becomes 

Therefore, an approxhation of equation (27)  i n   t he  form A + Br re- 
quires that (1 + q)f be constant i f  the approximation i s  t o  agree i n  
the simple  case of' f l a t -p l a t e  flow. The value of q  required t o  make 
the f term  constant  in  equation (30) i s  determined as indicated  in   the 
following  paragraph. 

The experimental  variation of H with l o g  Reo f o r  a f la t  plate  i s  
i l l u s t r a t ed   i n   f i gu re  22, along  with two simple analytic approximations 
t o   t h e  experimental  data. The simplest  approximation, 

H = 1.630 - 0.0775  logl$eg (31) 

i s  used i n  this par t  of the  analysis. Substitution of equations (31) 
and (29) in   the   def in i t ion  of 5 (eq. (28 ) )  gives 

5 = 0.00965Re8q'002155 (32) 
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The right side of equation  (33) i s  now evaluated from experimental 
data and plotted  against  r to   see whether an approximation of the form 
A + Br will be satisfactory.  These resul ts ,  shown i n   f i g u r e  23, indi- 
cate   that  such a line& 
proximation to   t he   da t a  
t ion  (33) becomes 

which can be  written as 

approximation  should-  be  adequate. The bes t  ap- 
i s  given by A = 0.01173, B = 4.200; and eqw- 

dO 
" ds - 0.01~~73 - 4.200r 

(from  eq. ( 28) ) 

d@ 0 dV0 - + 4.200 - - = O,OU73 ds vo ds 
The solution of ( 34) i s  then  given by 

where str  i s  the   s ta r t ing   po in t  of the  turbulent boundary layer. 
Equation  (35)  thus  requires  a  simple  integration  for  the  calculation of 
the momentum thickness once the   in i t ia l   va lue  of i s  known. 

Form factor .  - With the momentum thickness known, it becomes neces- 
s a ry   t o  determine H accurately  in   order   to   ascer ta in  6* and Cfr .  I n  
order t o  determine H, Maskell  develops an empirical   differential  equa- 
t ion.  A considerable amount of data i s  used i n   t h e  development, in-  
cluding  zero and negative  pressure-gradient data. The resul t ing equa- 
t ion  must be  divided  into  three  parts  to f i t  the  available  data accu- 
ra te ly .  The division i s  made i n  terms of the r range by r = 0 and 
r = ri, where ri i s  i tself  a function of H. The following  relation 
i s  obtained in   re fe rence  11: 

H = 1.754 - 0.149 logl$ee + 0 ., 01015 ( logl@ee) for r > 0 

dH 
ds Q%eQ0.268 
" - [q - r ( 0 . 3 0 ~  - 0.32)] fo r  o > r > r i  

dH 1 
ds - 268 
" [-o.E(H - 1.2)  - r ( o . 3 0 ~  - 0.15)] f o r  ri > r 
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where 

ri - - -0.15(H - 1.2) - CP 
0.17 

369 

(37) 

and CP i s  given in   f igure  24. The portion of the curve f o r  H < 1.4 
i s  given by cp = - (0.01399H - 0.01485); f o r  H > 1.6,  by 

= -0.054H 0.0796; and f o r  1 . 4 < H  < 1.6  the  curve i s  faired.  

Assuming the  dis t r ibut ion of .9* i s  now known, and also  the  value 
of H at transition,  equations (36) and (37) can  be  solved  step-by- 
s tep   for   the  complete dis t r ibut ion of H. With H and .9* known, Cfr 
can  be  found  from equation (29) . 

The point of turbulent  separation i s  determined i n   t h e  method from 
the  variation of the   f r ic t ion   coef f ic ien t  (Cfr  = 0 a t  separation). It 
i s  c lear  from i t s  form that equation (29)  cannot l ead   d i r ec t ly   t o  a 
value of Cfr  = 0. However, the  calculated Cfr  curve falls  off toward 
zero i n  such a way t h a t  an extrapolation  to  zero i s  easi ly  made. Ex- 
amples of the  separation-point  extrapolation are shown i n   f i g u r e  8. 

Ini t ia l   condi t ions.  - The problem yet remaining i s  the  proper de- 
termination of H and .9* a t  the  onset of turbulent  flow. The velocity 
prof i le  undergoes an  abrupt change from laminar  type to  turbulent  type. 
The in i t i a l   va lue  of 8" i s  taken from the  value  occurring  in  the laminar 
computation a t  the  point of t ransi t ion.  This i s  equivalent  to assuming 
that the momentum thickness i s  continuous  through  the  point of t ransi-  
tion.  Requiring  continuity of the momentum thickness  results  in a dis- 
continuity (i .e., rapid change) i n  displacement  thickness and, hence, i n  
H ( re f .  30). The experimental data now available do not  point  clearly 
t o  a sui table  means  of determining  the in i t i a l   va lue  of H. Maskell 
does  recognize some systematic  trend and presents  an  analysis  leading t o  
highly  qual i f ied  re la t ions  for   predict ing the value of H at t ransi t ion.  
For de ta i l s  of his development, see reference 11. 

As an indication of the   sens i t iv i ty  of t he   ca l cu la t ion   t o   t he   i n i t i a l  
value of H, Maskell tr ied two widely d i f fe ren t   in i t ia l   va lues  and ob- 
tained  the results shown in   f i gu re  25. In   sp i t e  of the  large  difference 
i n   i n i t i a l  value,  the computed curves of H a r e   i n  fair agreement. The 
computed values of C f r  a r e   i n  even be t t e r  agreement. These resu l t s ,  
although  not  susceptible  to  the  general  interpretation  that  the  calcu- 
la t ions  are insensi t ive  to   the  value of H at t ransi t ion,  are 
encouraging . 

Evaluation. - The accuracy of the method, given  the  location of the 
transit ion  point,  i s  demonstrated in   severa l  examples i n  reference 11. 
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Figure 26, taken  from  reference 11, illustrates  the  computed  boundary- 
layer  characteristics for an NACA airfoil  and  compares  the  results  with 
actual  experimental  data  and with the  results  of  the  method  of  von 
Doenhoff  and  Tetervin.  The  agreement is generally  satisfactory  for  the 
entire  range  of e", H, and  Cfr.  The  agreement  of  the  calculated  separa- 
tion  point  with  the  experimentally  obtained  separation  point  is  also 
quite  good. 

Transition 

A major difficulty  yet  remaining in the  computation  of  blade  bound- 
ary  layers  is  the  successful  prediction  of  the  location  of  the  transi- 
tion  point.  This  problem  is in a very  difficult  realm  of  viscous-flow 
theory  because  of  the  close  relation  of  the  transition  point to the 
Reynolds  number  and  free-stream  turbulence  of  the  flow.  The  problem  has 
been  discussed  qualitatively in a previous  section. An indication  of 
the  errors  that  may  result  from  mislocation  of  the  transition  point in 
the  calculation of the  drag  coefficient  of a a  isolated  airfoil is given 
in figure 27. The  figure  presents a plot  of  the  variation  of  calculated 
profile  drag  coefficient  against  distance  of  the  transition  point  from 
the  leading  edge. 

Although  reliable  criteria  for  transition-point  location  for  gen- 
eral  airfoil  flow  are  not  currently  available,  some work has  been  done 
along  these  lines. A low-turbulence  investigation  of an NACA 65(215)- 
114 airfoil in reference 31, for  example,  revealed  that,  for  blade-chord 
Reynolds  numbers  ranging  from 26X1O6 to 49Xl06, a criterion  for  transi- 
tion  based  on  boundary-layer  Reynolds  number  can  be  satisfactorily  es- 
tablished  as Reg = 8000. (Reg = V06/v, where 6 is  the  normal  distance 
from  the  airfoil  surface  to a point  within  the  boundary  layer  where  the 
velocity  is  equal  to 0.707 of  the  velocity  at  the  outer  edge  of  the 
boundary  layer.)  These  results  were  obtained  for  values  of  Reynolds 
number  that  are  considerably  higher  than  those  encountered in conven- 
tional  low-speed-cascade  practice. 

Much  more  work  will  have  to  be  done  on  this  problem  before  reliable 
criteria  are  determined  for  very  general  conditions  of  Reynolds  number, 
turbulence,  and  pressure  distribution.  yntil  such  criteria  are  avail- 
able,  theoretical  boundary-layer  calculations will probably  have  to  con- 
cern  themselves  with a range  of  possible  transition-point  locations. 

Circulation  Defect 

Potential-flow  calculations  provide a tool for  determining  the sur- 
face  velocity  distribution  and  hence  the  circulation  and  air  outlet  angle 
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of cascade  blades. For a viscous  fluid,  the  potential  flow  is  altered 
because  of  the  development  of  the  boundary  layer.  For many practical 
blade  shapes,  the  error  in  the  velocity  distribution  obtained  from 
potential-flow  calculations  about  the  original  blade may be  large.  Fig- 
ure 28, taken  from  reference 32, indicates  the  error in a typical  cas- 
cade  calculation.  The  theoretical  potential-flow  circulation  is  always 
greater  than  the  actual  circulation. 

References 32 and 33 found  that,  if  the  actual  (real-flow)  circu- 
lation  of a given  blade  section  could  be  predicted,  the  use  of  this 
actual  value  of  circulation  in  the  potential-flow  calculation for the 
section  would  yield  theoretical  velocity  distributions  that  agreed  much 
better  with  the  measured  values. Two mechanisms  of  incorporating  the 
actual  circulation in  the  velocity-distribution  calculation  were dis- 
cussed in reference 33. The  first  method  neglects  the  Kutta  condition 
and  directly  reduces  the  theoretical  circulation  to  the  actual  value 
obtained  from  measurements. By neglecting  the  Kutta  condition an exact 
potential  flow  about  the  original  airfoil  is  obtained,  wherein  the  rear 
stagnation  point  occurs on the  upper  surface.  The  second  method  is  to 
distort  the  airfoil  by  curving  up  the  trailing  edge  until  the  theoreti- 
cal  lift,  with  the  stagnation  point  at  the  trailing  edge,  equals  the 
experimental  lift. 

The investigation  also  found  that. a small  reduction in  the  angle  of 
attack  of  the  section  in  the  theoretical  calculation  improved  the  agree- 
ment  between  calculated  and  observed  velocities. An illustration  of  the 
effectiveness  of  the redued circulation,  with  and  without  change in 
angle  of  attack,  in  providing a close  comparison  between  theoretical 
and  measured  cascade  velocity  distributions  is  shown  in  figure 29. 
These  results  are  interesting in that a simple  procedure  is  established 
for  satisfactorily  incorporating  the  circulation  decrement  into  the 
potential-flow  velocity-distribution  calculation,  once  that  decrement  is 
known. 

The  principal  problem  now  is  the  determination  of  the  actual  circu- 
lation in the  presence  of  boundary-layer  growth. To date, no analytical 
or  empirical  data  have  appeared  to  permit  the  general  estimation  of 
actual  circulation ( o r  lift)  for  conventional  cascade  sections. An 
investigation  of  an  analytical  determination  of  the  actual  lift  of 
isolated  airfoil  sections  is  presented  in  reference 34. A brief  dis- 
cussion  of  the  method  is  included  herein,  since  the  concepts  and  pro- 
cedures  invol’ved  should be significant  also for  the  cascade  airfoil. 

The  analysis of reference 34 postulates  that  the  presence  of  surface 
boundary  layers will affect  the  potential  flow  about  the airfoil in two 
principal  ways.  First,  since the boundary  layers  tend to displace the 
main  flow away from  the  surfaces  of  the  airfoil,  the  effective  shape  of 
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the  airfoil will be  altered  according  to  the  variation  of  the  displace- 
ment  thicknesses  of  the  surface  boundary  layers. In general, with the 
boundary  layer  thicker on the  upper  than on the  lower  surface, an ef- 
fective  reduction in blade  camber will result. In addition, a reduced 
angle  of  attack  will  result  from  altering  the  effective  camber  line. 

The  altering  of  the  effective  angle  of  attack  possibly  accounts 
for  the  general  improvement  in  velocity-distribution  comparisons  (as in 
fig. 29) obtained  when a slight  reduction in angle  of  attack  is  included 
in the  theoretical  calculation. 

The  second  effect on circulation  is  the  destruction  of  the  Kutta 
condition  at  the  trailing  edge.  Reference 34 replaces  the  Kutta  condi- 
tion  with  the  theorem  that,  for  steady  motion,  the  rates  of  discharge 
of  positive  and  negative  vorticity  into  the  wake  at  the  trailing  edge 
are  equal.  Methods  of  computing  the  reduction in circulation  resulting 
from  the  change in profile  shape  and  trailing-edge  condition  are  pre- 
sented  in  the  reference.  Results  of  calculations  for  two  airfoil  shapes 
show  that a considerable  portion  of  the  difference  between  theoretical 
and  actual  lift  can  be  predicted on the  basis  of  these  considerations. 
The  results  further  show  that  the  effective  altering  of  the  profile 
shape  contributed  most  to  the  lift  defect. 

The  theoretical  calculation  of  the  lift  defect  resulting  from an 
effective  profile  change  will  generally  be  more  difficult  for a cascade 
airfoil  than  for  the  isolated  airfoil.  Accordingly,  the  consideration 
of  an  empirical  correlation  between  actual  lift  ratio  and  some  signifi- 
cant  boundary-layer  thickness  parameter may offer  more  immediate  promise 
for  cascade  sections. 

In view  of  the  preceding  discussion,  it  appears  that  an  iteration 
process may prove  necessary  for  some  boundary-layer  computation  on air- 
foils  in  cascade.  The  procedure  would  be  as  follows: 

(1) Compute  potential  velocity  distribution. 

(2) Compute  boundary-layer  development  from (1) . 
(3) Compute  circulation  defect  from  boundary-layer  characteristics 

(2)  

(4 )  Recompute  potential  velocity  distribution on the  basis  of  cor- 
rected  circulation ( 3 ) .  

(5) Continue  iteration  until  process  converges. 
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Calculation  of  Total-Pressure Loss 

In compressor  design  and  performance  analysis,  it is deslrnble  to 
determine  the loss in  total  pressure  incurred  across a blade T U . ' .  In 
the  present  section,  a  method  is  discussed  for  relating  the  total- 
pressure loss of  a  cascade  section  to  the  boun$ary-layer  characteristics 
at  the  blade  trailing  edge.  This  makes  possible,  within.the  limits  of 
the  assumptions  involved,  the  complete  theoretical  calculation  of  the 
cascade loss once  the  blade  boundary-layer  conditions  have  been  estab- 
lished.  The loss so determined  represents  the  basic  two-dimensional 
profile loss  of  the  section. 

If separation  has  not  occurred,  the  flow  field in the  plane  of  the 
blade  trailing  edge  will  appear  essentially  as a core  of  potential  (or 
free-stream)  flow  bounded  by  viscous  layers  adjoining  the  blade  surfaces. 
A considerable  portion  of  the  complete loss in total  pressure  across  a 
cascade  is  already  realized in the  viscous  layers  at  the  blade  trailing 
edge.  However,  owing  to  the lack of  uniformity  of  the  velocity  distri- 
bution  in  the  wake  (and  also in the  free  stream),  a  turbulent  mixing  of 
the  fluid  takes  place  resulting  in an additional loss in  total  pressure 
downstream  of  the  blade  trailing  edge. The complete loss attributable 
to  the  cascade  can  only  be  measured  at an axial  position  sufficiently 
far  downstream  to  assure  that  uniformity  has  been  achieved. Since,the 
rate  of  dissipation  of  the  wake  depends  on  many  factors,  experimental 
loss data  obtained  at  a  fixed  location  for  various  cascade  configurations 
will  not  be  completely  comparable  unless  properly  interpreted  in  rela- 
tion  to  the  complete loss involved. 

A notable  achievement  was  made in the  calculation  of  the  complete 
loss for  isolated  airfoils  by  Squire  and  Young  (ref. 6), who  succeeded 
in  relating  the  total  drag  to  the  boundary-layer  state  at  the  airfoil 
trailing  edge.  The  cascade  case  was  treated  by  Loitsianskii in refer- 
ences  35  and 36. With  the  assumption  that  conditions  are  nearly  uniform 
in the  plane  of  coalescence  of  the  wakes  from  neighboring  blades,  the 
conditions  far  downstream  are  related  to  conditions  at  the  plane  of 
coalescence.  Then,  the  conditions  at  the  plane  of  coalescence,  and 
consequently  at  the  far-downstream  position,  are  related  to  the 
trailing-edge  boundary-layer  characteristics. 

More  recently,  simplified  analyses have been  presented in  refer- 
ences 7 and  37. In these  theories,  losses  far  downstream  again  are  re- 
lated  to  the  trailing-edge  boundary-layer  characteristics. This rela- 
tion  is  easily  and  directly  established by assuming  free-stream 
conditions  to  be  uniform  tangentially in  the  plane  of  the  trailing edge. 
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Although  this  restriction is severe, it  is  likely  that  the  theory  can 
provide a simple  guide to better  understanding  and  estimating  cascade 
loss data. 

The  assumptions  and  results of reference 7 are  now  presented  brief- 
ly. Only  the  incompressible-flow  case  is  considered. For purposes  of 
this  analysis,  the  velocity  distributions  in  the  tangential  direction at 
various axial locations  are  assumed  to  occur as shown in figure 30. Far 
downstream  of  the  blade  row,  the  wake  is  ultimately  dissipated  and  the 
flow  is  completely  uniform in the  tangential  direction.  The  mass- 
averaged loss in  total  pressure  is  then  (since  free-stream  total  pres- 
sure in the  plane  of  the  trailing  edge  is  taken  equal  to  the  inlet  total 
pressure) 

- 
ap = P1 - P2 = P0,te - P2 

\,where  subscripts 1 and 2 denote  positions far upstream  and  far  down- 
stream of the  blade row (fig. 30) ,  and  Po,te  is  the  total  pressure in 
the  potential-flow  region  at  the  trailing-edge  position. 

From  consideration  of  the  Bernoulli  equation,  conservation of mass 
flow'and of axial and  tangential  momentum  over  the  control  surface 
bounded  by  the  dotted  streamlines in.figure 30, and  the  conventional 
definitions of displacement and momentum  thickness,  the loss coeffi- 
cient  is  given by 

where,  if  desired, V O , ~ ~  can  be  related  to  the  inlet  velocity V1 
through  the  expression 

In this  manner,  the loss involved in the  flow from an upstream  po- 
sition  to a position  of  complete  dissipation of the  wake is related  to 
the  boundary-layer  characteristics  at  the  trailing  edge  of  the  blade 
and  to  the  cascade  geometry. For a more  detailed  presentation  of  the 
development and  some  calculated  results,  see  reference 7. 
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CONCLUDING REMARKS 

It  is  apparent  from  the  preceding  analysis  that  the  boundary-layer 
theory  currently  available  is  incapable  of  completely  predicting  the 
viscous  flow  about a two-dimensional  cascade.  However,  the  qualitative 
information  provided  by  the  theory  can  serve  as a useful  guide in ob- 
taining  and  interpreting  cascade  data.  Furthermore,  some  quantitative 
results  can  be  obtained  from  the  theory in  its  present  state  for a 
limited  range  of  flow  conditions  and  assumptions, 

The  principal  conclusion  reached  from  the  qualitative  evaluation of 
cascade  boundary-layer  behavior  is  the  large  sensitivity  of  the  losses 
to  blade-chord  Reynolds  number  and  free-stream  turbulence.  Apparently, 
a wide  range  of  boundary-layer loss can  be  obtained  for a conventional 
cascade  geometry,  depending  upon  Reynolds  number  and  turbulence.  The 
importance of the  identification  and  evaluation of Reynolds  number  ef- 
fects  in  cascade  operation  and  data  analysis is thereby  indicated. 

The  primary  shortcoming of quantitative  evaluations  is  the  inabili- 
ty  of  theory  to  predict  the  location  and  characteristics  of  the  transi- 
tion  from  laminar  to  turbulent  flow.  The  computation  for a completely 
laminar  or  completely  turbulent  boundary  layer  is  acceptably  simple  and 
accurate.  Widespread  use  of  the  quantitative  calculations will follow 
the  ability  to  successfully  locate  the  transition  point.  This  problem 
is so difficult  theoretically  that an attempt  should  be  made  to  determine 
an empirical  correlation  valid  for  the  limited  variety of blade  shapes 
currently in use. 

The  question of possible  serious  Reynolds  number  effects in compres- 
sor  operation  is  raised  in  view  of  the  large  increases in loss that  may 
be  obtained  at  reduced  Reynolds  number  because  of laminar separation in 
the  cascade  flow.  Reduced  Reynolds  numbers  are  encountered in compres- 
sors  for  small-size  units  and  high-altitude  operations.  However, it  is 
recognized  that  the  viscous-flow  phenomena in the  compressor  configura- 
tion  are  far  more  complex  than  in  the  cascade.  First,  the  development 
of  the  boundary  layers  along  the  blade  elements  is  complicated  by  the 
various  spanwise  boundary-layer  motions  and  three-dimensional  effects 
existing  in  compressor  blade  rows.  Secondly,  the  turbulence  picture 
differs  because  of  blade  wakes  and  inlet  flow  distortions.  Finally, 
there  are  other  sources of Reynolds  number  effects in the  development 
of  the  casing  boundary  layers  and  of  the  other  three-dimensional  effects. 
The  observed loss characteristics  in  the  compressor  result  from  the 
various  compressor  viscous  phenomena.  Therefore,  the  extent  to  which 
cascade  viscous-flow  characteristics will be  reflected in the  compressor 
is  questionable.  The  answers  to  these  questions  must  be  supplied  by 
continued  comparative  research. 
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TABU I. - FUNCTIONS FOR TFMAITES SOLUTION OF 

LAMINAR BOUNRARY LAYER (REF. 26) 

m 

0.082 
.0818 
.0816 
.0812 
.0808 

60804 
.080 
.079 
.078 
.076 

.074 

.072 

.070 

.068 

.064 

.060 

.056 

.052 

.048 

.040 

.032 

.024 

.016 

.008 
0 

- -016 
- -032 
- -048 
- -064 
- -080 

- .10 
- .12 
- - 1 4  
- .20 
- -25  

2 (m> 

0 
. o n  
.016 
.024 
.030 

.035 

.039 

.049 

.055 
,067 

.076 

.083 

.089 

.094 

. l o 4  

,113 
122 

.130 

.138 

.153 

,168 
.182 
.195 
.208 
.220 

.244 

.268 

.291 

.313 
,333 

.359 

.382 

.404 

.463 
,500 

H (a) 

3.70 
3.69 
3.66 
3.63 
3.61 

3.59 
3.58 
3.52 
3.47 
3.38 

3.30 
3.23 
3.17 
3.13 
3.05 

2.99 
2.94 
2.90 
2.87 
2.81 

2.75 
2.71 
2.67 
2.64 
2.61 

2.55 
2.49 
2.44 
2.39 
2.34 

2.28 
2.23 
2.18 
2.07 
2 .oo 

%d 
0.938 

.953 

.956 

.962 

.967 

.969 
,971 
.970 
.963 
.952 

.936 

.919 

.902 
,886 
.854 

.825 

.797 

.770 

.744 

.691 

.640 

.590 

.539 

.490 

.440 

.342 

.249 

.156 

.064 
- .028 

- -138 
- .251 
- -362 
- -702 
1 .ooo 
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(b) Viscous  flow. 

Figure 1. - Velocity  profiles  near a f ixed boundary. 
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Figure 2. - Boundary layers and blade  wake in two-dimensional-cascade flow. 
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Figure 3. - Typical  velocity  profiles 
for  laminar and turbulent boundary 
layers .  
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Figure 4.  - Boundasy-layer flow reversal  i n  presence 
of adverse pressure  gradient.  
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Figure 5. - Laminn-boundny- 
layer  velocity  distributions 
for  different  surface  pres- 
sure  gradients. 
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Figure 6. - Effect of separation on 
velocity  distribution about an 
a i r f o i l .  
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Figure 7 .  - Potential-theoretical   velocity  distribu- 
t ion  showing calculated  point of laminar  separation 
for Joukowski prof i le  J 015 f o r  l i f t   c o e f f i c i e n t s  
of 0, 0.5, and 1.0 ( re f .  2 ) .  
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Figure 8. - Comparison of experimentally  observed  separation  points  with  those  obtained 
by  extrapolating  values of Cfr obtained from Ludwieg-Tillmann formula using  experi- 
mental data of reference 29 f o r  NACA a i r f o i l   s e c t i o n  65(216)-222 (approx.) ( ref .  11). 
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Figure 9. - Theoretical  velocity  distributions f o r  
J 025 a i r f o i l  at various  values of l i f t  coeffi-  
cient  (obtained  by  varying  angle  of  attack)  with 
i n s t a b i l i t y  and separation  points  calculated  for 
various  values of blade-chord Reynolds number 
(ref.  16 )  . 
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Figure 10. - Drag and d r a g  coefficient of 
sphere in  region of c r i t i c a l  Reynolds 
number. 
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Figure 11. - Subcritical and supercr i t ical  flow around 
sphere  (schematic, a f te r  ref .  15). 
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Figure 12. - Experimental variation of c r i t i c a l  Reynolds number of spheres  with  turbulence 
factor;  extrapolated  to  zero  turbulence  (data of ref. 18). Value of Recr for   zero 
turbulence  indicated t o   b e  between 3.85X1O5 ( re f .  38) and 4 . 1 1 ~ 1 0 ~  (ref. 19). 
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(a)  Pressure  distribution. 
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(b) Momentum thickness and form factor. 

Figure 13. - Pressure  distribution on NACA 663-018 a i r f o i l  at 
zero  angle of attack and blade-chord Reynolds number of 
2.4~106, and vaxiation of momentum-thickness r a t i o  and form 
factor  in  region of reattachment  of 10caJ.l.y separated flow 
( r e f .  20) . 
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(b)  Variation of drag  coefficient  with  angle of attack. 

Figure 14. - I l l u s t r a t i o n  of e f fec t  of local  laminar  separation 
on pressure  distribution and drag  character is t ics   for  NACA 
65-(12)lO a i r f o i l  in cascade.  Inlet-air  angle, 45'; sol idi ty ,  
1.5. 
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Blade-chord Reynolds number, Rec 

Figure 15. - Qualitative variation of trailing-edge momentum-thickness ratio with blade-chord 
Reynolds number for several levels of blade loading on conventional airfoils in cascade. 
(Not to be considered quantitatively correct.) 
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Figure 16. - Variation of total-pressure- loss   coeff ic ient   with 
blade-chord Reynolds  number, for   parabol ic-arc   blade lOC4/40 
P40. Inlet-air angle, 28' to 40°; s o l i d i t y ,  1.333 ( r e f .   39 ) .  
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(a) NACA 65-(12)lO blade.  Inlet-air   angle,  45O; sol idi ty ,  1.5 
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Nomnal t m e l  - 
Turbulence  increased 

0 1 2 3 4 5x105 
Blade-chord  Reynolds number, Rec 

(b)  Lighthill  blade, 50 percent  laminar  flow.  Inlet-air  angle, 
45.5O; so l id i ty ,  1.0 (ref. 40). 

Figure 17. - Effect of blade-chord  Reynolds number and free-stream 
turbulence on minimum-loss coeff ic ient  of  cascade  blade  section 
i n  two-dimensional  tunnel. 
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Figure 18. - Variation of 2(m) with m for t heo re t i ca l   ve loc i ty   d i s t r ibu t ions  

? 

( r e f .  26) .  



NACA RM E56B03 

- .02 
m 

( a )  m < 0.  

.1 3.0 7 

3 

395 

0 

2 



396 NACA RM E56B03 

I 
”” vo = V1( s/c )” 
- - - Schubauer’s e l l i p se  (Etartree) 

- - Igl isch 
Vg = A - BS (HoW&h) r- 

t 

c - Pohlhausen 

I 14 - .02 

m 
2 .  

I 

P .06 .08 

Figure 20. - Variation of y ( m )  with m for   theoret ical  
veloci ty   dis t r ibut ions  ( ref .  26) . 
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Figure 21. - Comparison of solutions  obtained  by  approximate 
method of Thwaites with  exact  solutions  (ref. 26 ) .  



H = 1.754 - 0.149 loglo  Re6 + 0.01015 (loglo Ree)' 
1.5 

1.4 
k 
0 

cw cd 

CI 

t: 

& '  ;2 1.3 

1.2 
2.0  2.5 3.0 3.5 4.0 4.5 5.0 

Figure 22. - Profile  parameter H fo r   f l a t -p l a t e   f l ow (ref.  11). 
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Figure  23. - Experimental  values of function  1.2155 [ c  - (€I + 1 . 8 2 3 ) r I   ( r e f .  11). 
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Figure 24. - Defini t ion  of  cp as funct ion  of  H ( ref .  11). 
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s/c 

Figure 25. - E f f e c t   o f   i n i t i a l   v a l u e  of H on 
calculated  values  of  form  factor  and  skin- 
f r i q t i o n   c o e f f i c i e n t   i n   t u r b u l e n t  boundary 
layer  on  upper   surface  of   a i r foi l   sect ion 
RAE 101. Blade-chord  Reynolds number, 
1.7X106; l i f t  coe f f i c i en t ,  0.4 ( r e f .  11). 
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Figure 26. - Comparison of experimental and calculated  distributions of boundary-layer  parameters for  NACA a i r fo i l   sec t ion  
66,2-216. Blade-chord Reynolds number, 2.64X106; angle of attack, 10.1' ( re f .  11). 
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Figure 27. - Variation  of  profile  drag  with  loca- 
t ion   o f   t rans i t ion   po in t   for   14-percent - th ick  
wing a t  blade-chord  Reynolds number of lo7 
( re f .  6 ) .  
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Figure 28. - Comparison of  experimental  and  theo- 
r e t i c a l   v e l o c i t y   d i s t r i b u t i o n  on a i r f o i l   i n  
cascade.  Airfoil,  NACA 65-( 1 2 ) l O -  i n l e t - a i r  
angle, 60'; angle of attack, 14 .1  ; angle  of 
a t t a c k  of  mean vector  velocity, 6.5'; turning 
angle, 18.6O; so l id i ty ,  1.0 ( r e f .  32) . 
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Figure 29. - Comparison of experimental  velocity  distribu- 
t ion  with  theoretical   velocity  distribution  corrected 
for   c i rculat ion and angle of attack on a i r f o i l   i n  cas- 
cade. Airfoil ,  JUCA 65-(12)lO; in le t -a i r  angle, 60'; 
angle of attack, 14.1'; angle of attack of mean vector 
velocity, 6.5'; turning  angle, 18.6'; sol idi ty ,  1.0 
(ref. 32) .  
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Figure 30. - Cascade flow indicat ing  veloci ty   dis t r ibut ion a t  t r a i l i n g  edge  and a f t e r  
complete mixing has  occurred. 
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